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1    Introduction

(E, θ)
(M,ω)

(M,ω) (E, θ)
E
θ ∈ Ω1,0(End(E)) θ∧ θ = 0

(E, θ) ω ω

θ

F ↪→E

Let   be  a  Higgs  sheaf  over  a  compact  Kähler  manifold
. Higgs  bundles  and  Higgs  sheaves,  which  were   stud-

ied  by  Hitchin[1]  and  Simpson[2,3],  play  an  important  role  in
many  different  areas  including  gauge  theory,  Kähler  and
hyperkähler geometry, group representations, and nonabelian
Hodge theory. A Higgs sheaf on   is a pair  , where
  is  a  coherent  sheaf  on  M,  and  the  Higgs  field

  is  a holomorphic section such that  .
A  torsion-free  Higgs  sheaf    is  -stable  (resp.  -
semistable) if for every  -invariant proper coherent sub-sheaf

 such that

µω(F ) =
degω(F )
rank(F )

< (⩽)µω(E) =
degω(E)
rank(E)

(1)

µω(F ) ω F ω Fwhere   is called the  -slope of  , and  -degree of 
is defined as follows:

degω(F ) =
w

M
c1(F )∧ ωn−1

(n−1)!
,

c1(F ) Fwhere   is the first Chern class of  .
(E, θ)

(E, θ) = ∅
(E, ∂̄E , θ)

(E, θ)
(E, ∂̄E , θ) (E, θ)

(E, θ) = (E, ∂̄E , θ)

Let Σε be  a  set  of  singularities,  where    is  not  locally
free. If   is locally free on the whole M, i.e., Σε , there
is  a  Higgs  bundle    on M  such  that  the  Higgs  sheaf

  is  generated  by  the  local  holomorphic  sections  of
. A locally free Higgs sheaf   can be considered

as a Higgs bundle, i.e.,  .
(E, θ)

θ

Given an unstable torsion-free coherent Higgs sheaf  ,
one  can  associate  a  filtration  by  -invariant coherent   sub-
sheaves as follows:

0 = E0 ⊂ E1 ⊂ · · · ⊂ Ek = E (2)

Qi = Ei/Ei−1 ω

µω(Qi) > µω(Qi+1)
such  that  the  quotient    is  torsion-free,  -
semistable, and  , which is called the Harder-

(E, θ)
Grhn(E, θ) = ⊕k

i=1Qi

(E, θ) [ω]
Qi

Narasimhan  filtration  of  .  The  associated  graded  object
  is uniquely  determined  by  the   isomorph-

ism  class  of    and  the  Kähler  class  .  Moreover,  for
every quotient  , a further filtration by sub-sheaves exists,

0 = Ei,0 ⊂ Ei,1 ⊂ · · · ⊂ Ei,ki = Qi (3)

Qi, j = Ei, j/Ei, j−1 ω

µω(Qi, j) = µω(Qi) j
(Ei, j)

(E, θ)

such that the quotients   are torsion-free and  -
stable,  and    for  each  .  The  double  filtration

  is called  the  Harder-Narasimhan-Seshadri  (HNS)   filtra-
tion of the Higgs sheaf  . The associated graded object

Grhns(E, θ) =
k⊕

i=1

ki⊕
j=1

Qi, j (4)

(E, θ)

[ω]
k∑

i=1

ki −1

is uniquely determined by the isomorphism class of   and

Kähler  class  .  The  number    is  the  length  of  the

HNS filtration.
H (E, ∂̄E , θ)Given a Hermitian metric   on the Higgs bundle  ,

we consider the Hitchin-Simpson connection:

∂̄θ := ∂̄E + θ, D′ := ∂H + θ
∗H , DH,θ = ∂̄+∂H (5)

DH

H θ∗H θ H
where    is the  Chern  connection  with  respect  to  the  Her-
mitian metric   and   is the adjoint of   with respect to  .
The curvature  of  the  Hitchin-Simpson  connection  is   ex-
pressed as follows:

FH,θ = FH + [θ,θ∗H]+∂Hθ+ ∂̄Eθ
∗H (6)

FH

DH (E, ∂̄E , θ)
ω

M

where    is  the  curvature  of  the  Chern  connection,  denoted
by  .  A Hermitian  metric  on  the  Higgs  bundle    is
said  to  be  -Hermitian-Einstein  if  it  satisfies  the  following
Einstein condition on  , i.e.,

√
−1Λω(FH + [θ,θ∗]) = λE,ωIdE (7)
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λE,ω =
2π

Vol(M,ω)
µω(E) Λω

ω

where   and   denotes  the  contraction

with the Kähler metric  . Hitchin[1] and Simpson[2] proved that
a  Higgs  bundle  admits  a  Hermitian-Einstein  metric  if  and
only if  it  is  Higgs  poly-stable.  Many interesting  and   import-
ant generalizations and extensions can also be found in the lit-
erature (see Refs. [1, 4 –12] ).

H0

E AH0 E
H0 A1,1

H0

E (A, θ) ∈ A1,1
H0
×Ω1,0(End(E))

∂̄Aθ = 0 θ∧ θ = 0 B(E,H0 )

(E,H0)

(E,H0) (A0, θ0) ∈ B(E,H0 )

Let   be a Hermitian metric on the complex vector bundle
,   be the space of connections of   compatible with the

metric  , and   be the space of the unitary integrable con-
nection  of  .  A  pair    is  a  Higgs
pair if   and  . Let   denote the space of all
Higgs pairs on the Hermitian vector bundle  . We con-
sider  the following Yang-Mills-Higgs flow on the Hermitian
vector bundle   with initial data  :

∂A
∂t
= −D∗

AFA −
√
−1(∂AΛω − ∂̄AΛω)[θ,θ∗],

∂θ

∂t
= −[
√
−1Λω(FA + [θ,θ∗]), θ]

 (8)

H(t)
(E,A0, θ0) H0

The  Yang-Mills  flow was  first  introduced  by  Atiyah-Bott  in
Ref.  [13].  Simpson[2]  induces  the  following  Hermitian-Yang-
Mills-Higgs (HYMH) flow for Hermitian metrics   on the
Higgs bundle   with initial metric  :

H−1 ∂H
∂t
= −2

(√
−1Λω(FH + [θ0, θ

∗H
0 ])−λE · IdE

)
,

H(0) = H0

 (9)

σ(t) σ(t)∗σ(t) = H−1
0 H(t) (A(t), θ(t)) =

(σ(t)(A0), σ(t)(θ0))

Simpson[2]  proved  the  long-time  existence  of  the  Hermitian-
Yang-Mills-Higgs flow and demonstrated convergence under
the condition that the Higgs bundle is stable. In Ref. [14], Li
and Zhang  showed  that  by  choosing  complex  gauge   trans-
formations    that  satisfy  , 

  is  the  unique  long-time  solution  of  the
Yang-Mills-Higgs flow Eq. (8).

A(ti)
A∞

Grhns
ω (E,∂A0 , θ0)

Grhns
ω (E,∂A0 , θ0)

⊂
⊂

(E, ∂̄A0 , θ0)

According  to  Uhlenbeck's  compactness[15,16], for  any   se-
quence   along the flow, there is a subsequent that weakly
converges to a Yang-Mills connection   in the gauge trans-
formation sense outside a closed subset Σan of Hausdorff com-
plex co-dimension of at  least 2.  We call Σan  the bubbling set
or  the  analytic  singular  set.  In  contrast,  we denote Σalg as  the
singular  set  of  the  associated  graded  object  ,
i.e.,    is  locally  free  away  from Σalg,  which is  a
complex  analytic  sub-variety  of  complex  co-dimension  of  at
least  2  that  we  call  algebraic  singular  set.  According  to  the
results  in  Refs.  [17, 18],  it  is  not  difficult  to  obtain
that Σalg   Σan.  It  is  an  interesting  problem  to  demonstrate
that Σan   Σalg.  This  problem  was  solved  by  Daskalopoulos
and Wentworth in Ref. [19] for Kähler surfaces, and by Sib-
ley and Wentworth in Ref. [20] for Kähler manifolds. In this
paper,  we  derive  the  curvature  estimate  in  the  case  where

  is  non-semistable  and  the  Harder-Narasimhan-
Seshadri filtration has no singularities with length one, which
generalizes  Li,  Zhang,  and  Zhang's  result[21]  in  the  Higgs
bundle case. In fact, we obtain the following theorem:

(E,H0)
(M,ω) (A(t), θ(t))

Theorem 1.1. Let   be a Hermitian vector bundle on
a compact Kähler manifold  , and   be the solu-
tion  of  the  Yang-Mills-Higgs  flow  (8)  with  an  initial  Higgs

(A0, θ0) ∈ A1,1
H0
×Ω1,0(End(E)) (E, θ0) =

(E,A0, θ0)

C

pair  . If the Higgs bundle 
 is non-semistable and the HNS filtration has no sin-

gularities with  length  one,  then  there  exists  a  uniform   con-
stant   such that

sup
(x,t)∈M×[0,+∞)

(
|FA + [θ,θ∗]|2H0

+2|∂Aθ|H0

)
(x, t) ≤C (10)

, ∅

H(t)

If  the  algebraic  singular  set Σalg  ,  we  hypothesize  that
the  theorem holds  away from the  algebraic  singular  set.  The
proof  is  complicated,  and  we  mainly  adapt  some  Li,  Zhang,
and Zhang's techniques to our cases of interest. However, the
proof is even more complicated in the Higgs bundle case. We
next provide an overview of the proposed proof. Let   be
the  long-time  solution  of  the  HYMH  flow  (9).  It  is  well
known that

|FH(t) + [θ0, θ
∗H
0 ]+ ∂̄Eθ

∗H
0 +∂Hθ0|2H = |FA + [θ,θ∗]|2H0

+2|∂Aθ|2H0
(11)

FH(t),θ0 DH(t),θ0

H(t)
θ0 θ

Therefore,  we  only  need  to  estimate  the  curvature  tensor
 of  the  Hitchin-Simpson connection   with  respect

to the evolved Hermitian metric  . For simplicity,  we de-
note   as   as a fixed Higgs field. According to the assump-
tion of Theorem 1.1, there exists an exact sequence

0→ (S , ∂̄S , θS )→ (E, ∂̄E , θ)→ (Q, ∂̄Q, θQ)→ 0 (12)

(S , ∂̄S , θS ) (Q, ∂̄Q, θQ) ωsuch  that    and    become  torsion-free,  -
stable Higgs bundles, and

µω(S ) > µω(E) > µω(Q) (13)

HS (t) HQ(t)
(S , θS ) (Q, θQ)

H(t) (E, θ) γ(t)
β(t) (1,0)

θ H(t)
HS (t) HQ(t) γ(t) β(t)

C0 H(t)

(E, ∂̄E , θ) C0

H(t)
C0

H̃S (t) = e2(λS −λE )tHS (t) H̃Q(t) = e2(λQ−λE )tHQ(t)

(S , θS ) (Q, θQ) µω(S ) > µω(Q)
|TS (t)|HS (t) |TQ(t)|HQ (t) |γ(t)|H(t)

|β(t)|H(t) C0

|FH(t) + [θ,θ∗]+ ∂̄Eθ
∗ +∂Hθ|H(t)

Let   and   be the Hermitian metrics on the Higgs sub-
bundle    and  quotient  bundle    , respectively,   in-
duced by the evolved metric   on  ,   as the second
fundamental  form,  and let   be  the    form induced by
the Higgs field   and  .We derive the evolution equations
for  ,  ,  ,  and    (see Eqs.  (20),  (21),  (23),  and
(24)).  In  Ref.  [2],  Simpson generalized  the  Hermitian-Yang-
Mills flow to the Higgs bundle case. Under the assumption of
stability, using the results of Uhlenbeck and Yau[22],  Simpson
obtained  a  uniform  -estimate  on  . This  implies   uni-
form  higher-order  estimates  including  the  uniform  curvature
estimate.  When    is  unstable,  the  -norm  of  the
evolved metric   may be unbounded. In our case, we first
obtain  a  uniform  -bound  on  the  rescaled  metrics,  i.e.,

 and  . This  is  crucial
in the proof of the proposed theorem, where we use the stabil-
ities  of    and    ,  and  the  property  .
Then, we prove that the norms of  ,  ,  ,
and    are  uniformly  bounded  using  the  uniform  -
estimate.  By  choosing  suitable  test  functions  and  using  the
maximum  principle,  we  obtain  a  uniform  estimate  of

.

HS (t) HQ(t) γ(t)
(1,0) β(t)

C0

C1

The remainder of this paper is organized as follows. In Sec-
tion 2, we derive the evolution equations for the induced met-
rics   and  ,  the second fundamental  forms  ,  and
the induced   forms  . We also obtain the decomposi-
tion  of  Donaldson's  functional,  which  is  used  in  Section  3,
where we derive a uniform  -bound for the rescaled metrics.
In Section 4, we obtain the uniform  -estimate and complete
the proof of Theorem 1.1. 
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2    Evolution  of  the  second  fundamental
form and the Higgs field

(M,ω)
(E, ∂̄E , θ) M (E, ∂̄E)

θ ∈ Ω1,0
M (End(E))

Let    be  a  Kähler  manifold  that may  be  non-compact,
and let   be a Higgs bundle over  . That is,   is
a  holomorphic  vector  bundle  together  with  a  Higgs  field

 satisfying

∂̄Eθ = 0 and θ∧ θ = 0.

S θ (E, ∂̄E , θ)Let   be a  -invariant holomorphic sub-bundle of  .
We assume that an exact sequence of Higgs bundles exists

0→ (S , ∂̄S , θS )→ (E, ∂̄E , θ)→ (Q, ∂̄Q, θQ)→ 0 (14)

θS θQ θ

S Q = E/S
θ ∂̄S ∂̄Q

S

where   and   are the Higgs fields on the  -invariant holo-
morphic  sub-bundle    and  the  quotient  bundle    in-
duced  by  ,  ,  respectively,  and    are holomorphic   struc-
tures  on  the  holomorphic  sub-bundle    and  the  quotient

Q ∂̄Ebundle   induced by  .
H EGiven a Hermitian metric   on  , we obtain the following

bundle isomorphism:

fH : S ⊕Q→ E, (X, [Y]) 7→ i(X)+ (IdE −πH)(Y) (15)

X ∈ S , Y ∈ E, i : S ↪→ E
πH : E→ S S

H
S ⊕Q

where    is  the  inclusion  map  and
 is the orthogonal projection into   with respect to

metric  .  Then, the pull-back metric, holomorphic structure,
and Higgs field on   respectively are

f ∗H(H) =
(
HS 0
0 HQ

)
, f ∗H(∂̄E) =

(
∂̄S γ
0 ∂̄Q

)
, f ∗H(θ) =

(
θS β
0 θQ

)
(16)

γ(t) ∈ Ω0,1
M (S ⊗Q∗) β ∈ Ω1,0

M (S ⊗Q∗)where    and  . The   corres-
ponding  Gauss-Codazzi  equation  for  the  Hitchin-Simpson
connection is

f ∗H(FH,θ) = f ∗H(FH + [θ,θ∗H]+∂Hθ+ ∂̄Eθ
∗H) =(FHS −γ∧γ∗H ∂S⊗Q∗γ

−∂̄S ∗⊗Qγ
∗H FHQ −γ∗H ∧γ

)
+(

∂HS θS + ∂̄S θ
∗HS
S +γ∧β∗H −β∧γ∗H ∂S⊗Q∗β+ θ

∗HS
S ∧γ+γ∧ θ

∗HQ

Q

∂̄S ∗⊗Qβ
∗H −γ∗H ∧ θS − θQ∧γ∗H ∂HQθQ + ∂̄Qθ

∗H
Q −γ∗H ∧β+β∗H ∧γ

)
+

(
[θS , θ

∗HS
S ]+β∧β∗H θ∗HS

S ∧β+β∧ θ
∗HQ

Q

β∗H ∧ θS + θQ∧β∗H [θQ, θ
∗HQ

Q ]+β∗H ∧β

)
(17)

H(t)
(E, ∂̄E , θ) H0

S Q

Let    be  the  solution  of  the  HYMH  flow  (9)  on  the
Higgs  bundle   with  initial  metric  .  Now,  we  split
the HYMH flow into the sub-bundle   and quotient bundle  .
Recall from Ref. [21] that

f −1
H

∂ fH(t)

∂t
=

(0 Ψ (t)
0 0

)
(18)

and

f ∗H

(
H−1 ∂H
∂t

)
=

H−1
S

∂HS

∂t
0

0 H−1
Q

∂HQ

∂t

− f −1
H

∂ fH

∂t
−

(
f −1

H

∂ fH

∂t

)∗ f ∗H (H)

(19)

Using  the  flow (9)  and  Gauss-Codazzi  (17)  equations,  we
have

H−1
S

∂HS

∂t
=−2

(√
−1Λω(FHS+[θS , θ

∗HS
S ]−γ∧γ∗H+β∧β∗H)−λE · IdS

)
(20)

H−1
Q

∂HQ

∂t
= −2

(√
−1Λω(FHQ+[θQ, θ

∗HQ

Q ]−γ∗H∧γ+β∗H ∧β)−λE · IdQ

)
(21)

f −1
H

∂ fH

∂t
=

(
0 2

√
−1Λω(∂S⊗Q∗γ+ θ

∗HS
S ∧β+β∧ θ

∗HQ

Q )
0 0

)
(22)

Now, we consider the evolution of the second fundamental

γ(t) β(t)forms   and  :
H(t)

H0 γ(t)
β(t) θ H(t)

Lemma 2.1. Let    be  the  solution  of  the  HYMH flow
(9) with initial metric   and   be the second fundamental
form, and let   be induced by   and  . Then we have

∂γ(t)
∂t
= 2∂̄S⊗Q∗

(√
−1Λω(∂S⊗Q∗γ+ θ

∗HS
S ∧β+β∧ θ

∗HQ

Q )
)

(23)

and

∂β(t)
∂t
=2θS ◦

(√
−1Λω(∂S⊗Q∗γ+ θ

∗HS
S ∧β+β∧ θ

∗HQ

Q )
)
−

2
(√
−1Λω(∂S⊗Q∗γ+ θ

∗HS
S ∧β+β∧ θ

∗HQ

Q )
)
◦ θQ (24)

Ψ (t) = 2
√
−1Λω(∂S⊗Q∗γ+ θ

∗HS
S ∧

β+β∧ θ∗HQ

Q )
Proof. For simplicity, we let 

 and denote
∂̄ fH = ∂̄E ◦ fH − fH ◦ ∂̄S⊗Q (25)

and then

f −1
H ∂̄ fH = f ∗H(∂̄E)− ∂̄S⊕Q =

(
0 γ
0 0

)
(26)

γ
t

For the first  evolution equation of  ,  taking the derivative
of the above equation with respect to  , we have that

0 ∂γ(t)
∂t

0 0

 = ∂∂t ( f −1
H ∂̄ fH) =

− f −1
H

∂ fH

∂t
f −1

H ∂̄ fH + f −1
H ◦ ∂̄E ◦ fH ◦ f −1

H

∂ fH

∂t
+

f −1
H

∂ fH

∂t
◦ ∂̄S⊕Q =

(
0 ∂̄S⊗Q∗Ψ (t)
0 0

)
.
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Thus, we obtain the first evolution Eq. (23).
β

f ∗H(θ) t
Concerning the second evolution equation of  ,  taking the

derivative of   with respect to  , we have that0 ∂β(t)
∂t

0 0

 = ∂∂t ( f ∗H(θ)) =
∂

∂t
( f −1

H ◦ θ ◦ fH) =

− f −1
H

∂ fH

∂t
f −1

H ◦θ◦ fH + f −1
H ◦ θ ◦ fH ◦ f −1

H

∂ fH

∂t
=(0 θS ◦Ψ (t)−Ψ (t)◦ θQ

0 0
)
.

∂β(t)
∂t
= θS ◦Ψ(t)−Ψ(t)◦ θQAs a result, we obtain that  .

fH(t)Lemma 2.2. Let   be the bundle isomorphism defined in
(15). Then, we have that

f −1
H0

fH(t) =

(IdS G(t)
0 IdQ

)
(27)

G(t) ∈ Γ(S ⊗Q∗) G(0) = 0where   and  . Furthermore,

∂G
∂t
= 2
√
−1Λω(∂S⊗Q∗γ+ θ

∗HS
S ∧β+β∧ θ

∗HQ

Q ) (28)

and

∂̄S⊗Q∗G = γ−γ0 (29)

Ψ (t) = 2
√
−1Λω(∂S⊗Q∗γ+

θ∗HS
S ∧β+β∧ θ

∗HQ

Q )

Proof. Similar to the proof in Ref. [21], we have Eq. (27).
For the sake of simplicity, we denote 

.
Taking the derivative of Eq. (27) with respect to  t and us-

ing Eq. (22), we have that

∂

∂t
( f −1

H0
fH) = f −1

H0
fH ◦ f −1

H

∂ fH

∂t
=

(0 Ψ (t)
0 0

)
.

As a result, we obtain Eq. (28).

∂̄S⊗Q∗

Finally,  taking  the  derivative  of  Eq.  (28)  with  respect  to
, we have that

∂̄S⊗Q∗
∂

∂t
G = ∂̄S⊗Q∗Ψ (t) =

∂

∂t
γ (30)

0 tIntegrating Eq. (30) from   to  , we obtain Eq. (29).
C0In  the  proof  of  the  -estimate,  we  need  to  decompose

Donaldson's  functional  in  the  Higgs  bundle  case,  which  was
proved by Donaldson (see Ref. [23]) for the holomorphic vec-
tor bundle case.

Let  us  recall  Donaldson's  functional  in  the  Higgs  bundle
case:

M0
E(H0,H)=

w 1

0

w
M

tr
(√
−1Λω(FH(s) + [θ,θ∗])H−1(s)

∂H(s)
∂s

)
ωn

n!
ds

(31)

and

ME(H0,H) =M0
E(H0,H)−λE

w
M

logdet(H−1
0 H)
ωn

n!
=

w 1

0

w
M

tr
(
(
√
−1Λω(FH+[θ,θ∗])−λEIdE)H−1 ∂H

∂s

)
ωn

n!
ds

(32)

H(s) H0 H E

M

where   is the path connecting the metrics   and   on  .
Donaldson  proved  that  the  integral  above  is  independent  of
the path when the base manifold   is Kähler.
If we have an exact sequence of Higgs bundles, then

0→ (S , θS )→ (E, θ)→ (Q, θQ)→ 0 (33)

S θ θS θQ S
Q θ

H E HS HQ S Q
γH ∈ Ω0,1

M (S ⊗Q∗)
βH ∈ Ω1,0

M (S ⊗Q∗)
θ H

where   is  -invariant and   and   are the Higgs fields on 
and  ,  respectively, induced  by  .  Recall  that  a  Hermitian
metric   on   induces Hermitian metrics  ,   on  ,  , re-
spectively. Note also that   is the second fun-
damental  form,  and    is  determined  by  the
Higgs field   and Hermitian metric  . Then we have the fol-
lowing lemma:

ME(H0,H(t))
Lemma 2.3. For any exact sequence of Higgs bundles (33),

Donaldson's  functional    has the  following   de-
composition:

M0
E(H0,H(t)) =M0

S (H0,S ,HS (t))+M0
Q(H0,Q,HQ(t))+

||γ(t)||2L2 − ||γ(0)||2L2 + ||β(t)||2L2 − ||β(0)||2L2 (34)

H0,S H0,Q S Q
H0 E H(t)

H0 H(t)

where   and   are the Hermitian metrics on   and   in-
duced by   on  .   is a path-connecting metric between
 and  .

M0
E tProof. Taking derivative of   with respect to  , we have

d
dt
M0

E(H0,H(t))=
w

M
tr
(√
−1Λω(FH(t)+[θ,θ∗H(t)])H−1(t)

∂H(t)
∂t

)
ωn

n!
(35)

f ∗H(t)(H(t))
Then, we obtain Donaldson's functional of the pullback met-
ric  :

d
dt
M0

E( f ∗H(H0), f ∗H(t)(H(t))) =

w
M

tr
(√
−1Λω( f ∗H(t)(FH(t) + [θ,θ∗H(t)])) f ∗H(t)

(
H−1(t)

∂H(t)
∂t

))
ωn

n!
=

w
M

tr



√
−1Λω(FHS + [θS , θ

∗
S ])

√
−1Λω(∂S⊗Q∗γ)

+
√
−1Λω(−γ∧γ∗ +β∧β∗) +

√
−1Λω(θ∗S ∧β+β∧ θ∗Q)√

−1Λω(−∂̄S ∗⊗Qγ
∗)

√
−1Λω(FHQ + [θQ, θ

∗
Q])

+
√
−1Λω(β∗H ∧ θS + θQ∧β∗) +

√
−1Λω(−γ∗∧γ+β∗∧β)


H−1

S

∂HS

∂t
−Ψ (t)

−Ψ (t)∗ H−1
Q

∂HQ

∂t


 ω

n

n!
=
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d
dt
M0

S (H0,S ,HS )+
d
dt
M0

Q(H0,Q,HQ)+

w
M

√
−1Λωtr

(
(−γ∧γ∗)H−1

S

∂HS

∂t
+ (−γ∗∧γ)H−1

Q

∂HQ

∂t

)
ωn

n!
+

w
M

√
−1Λωtr

(
(∂S⊗Q∗γ)(−Ψ (t)∗)+ (−∂̄S ∗⊗Qγ

∗)(−Ψ ((t))
) ωn

n!
+

w
M

√
−1Λωtr

(
(β∧β∗)H−1

S

∂HS

∂t
+ (β∗∧β)H−1

Q

∂HQ

∂t

)
ωn

n!
+

w
M

√
−1Λωtr

(
(θ∗S ∧β+β∧ θ∗Q)(−Ψ (t)∗)+ (β∗∧ θS + θQ∧β∗)(−Ψ (t))

) ωn

n!
=:

d
dt
M0

S (H0,S ,HS (t))+
d
dt
M0

Q(H0,Q,HQ(t))+ I1 + I2 + I3 + I4.

Recall that

(
∂γ

∂t

)∗H
=

(
∂̄S⊗Q∗Ψ (t)

)∗H
= ∂S ∗⊗QΨ (t)∗H (36)

Using Eq. (36) and Stokes formula, we have

I2=−
w

M

√
−1Λω∂tr (γΨ (t)∗)

ωn

n!
−
w

M

√
−1Λωtr

(
γ∧∂S ∗⊗QΨ(t)∗

) ωn

n!
+

w
M

√
−1Λω∂̄tr (γ∗Ψ (t))

ωn

n!
+
w

M

√
−1Λωtr

(
γ∗∧∂̄S⊗Q∗Ψ (t)

) ωn

n!
=

−
w

M

√
−1Λωtr

(
γ∧

(
∂γ

∂t

)∗)
ωn

n!
+

w
M

√
−1Λωtr

(
γ∗∧

(
∂γ

∂t

))
ωn

n!
.

Given that

d
dt
γ(t)∗H(t) =

d
dt

(
H−1

Q γ̄
T HS

)
=

−H−1
Q

∂HQ

∂t
H−1

Q γ̄
T HS +H−1

Q

(
∂γ

∂t

)T

HS +H−1
Q γ̄

T ∂HS

∂t
=

(
∂γ

∂t

)∗
−H−1

Q

∂HQ

∂t
γ∗ +γ∗H−1

S

∂HS

∂t
(37)

we obtain

I1 + I2 =w
M

√
−1Λωtr

(
−γ∧γ∗H−1

S

∂HS

∂t
−γ∗∧γH−1

Q

∂HQ

∂t

)
ωn

n!
+

w
M

√
−1Λωtr

(
−γ∧

(
∂γ

∂t

)∗
+γ∗∧

(
∂γ

∂t

))
ωn

n!
=

w
M

√
−1Λωtr

(
γ∗H−1

S

∂HS

∂t
∧γ−H−1

Q

∂HQ

∂t
γ∗∧γ+

(
∂γ

∂t

)∗
∧γ

)
ωn

n!
+

w
M

√
−1Λωtr

(
γ∗∧

(
∂γ

∂t

))
ωn

n!
=

w
M

√
−1Λωtr

(
∂

∂t
(γ∗)∧γ+γ∗∧

(
∂γ

∂t

))
ωn

n!
=

d
dt

w
M

√
−1Λω (γ∗(t)∧γ(t)) ω

n

n!
=

d
dt
||γ(t)||2L2 .

(38)

Given that

∂β

∂t
= θS ◦Ψ (t)−Ψ (t)◦ θQ (39)

We can obtain (
∂β

∂t

)∗
= Ψ ∗(t)◦ θ∗S − θ∗Q ◦Ψ ∗(t) (40)

Thus, we have

I4 =
w

M

√
−1Λω

(
(θ∗S ∧β+β∧ θ∗Q)(−Ψ ∗(t))+ (β∗∧ θS + θQ∧β∗)(−Ψ (t))

) ωn

n!
=

w
M

√
−1Λω

(
β∧ (θ∗S ◦Ψ ∗(t)− θ∗Q ◦Ψ ∗(t))+ (θS ◦Ψ (t)−Ψ (t)◦ θQ)∧β∗

) ωn

n!
=

w
M

√
−1Λωtr

(
β∧

(
∂β

∂t

)∗
+
∂β

∂t
∧β∗

)
ωn

n!
.

Given that

d
dt
β(t)∗H(t) =

(
∂β

∂t

)∗
−H−1

Q

∂HQ

∂t
β∗ +β∗H−1

S

∂HS

∂t
(41)

we obtain

I3 + I4 =
w

M

√
−1Λωtr

(
(β∧β∗)H−1

S

∂HS

∂t
+ (β∗∧β)H−1

Q

∂HQ

∂t

)
ωn

n!
+

w
M

√
−1Λωtr

(
β∧

(
∂β

∂t

)∗
+
∂β

∂t
∧β∗

)
ωn

n!
=
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w
M

√
−1Λωtr

(
β∧

((
∂β

∂t

)∗
−H−1

Q

∂HQ

∂t
β∗ +β∗H−1

S

∂HS

∂t

))
ωn

n!
+

w
M

√
−1Λωtr

((
∂β

∂t

)
∧β∗

)
ωn

n!
=

w
M

√
−1Λωtr

(
β∧ d

dt
(β)∗ +

(
∂β

∂t

)
∧β∗

)
ωn

n!
=

d
dt

w
M

√
−1Λωtr (β(t)∧β∗(t)) ω

n

n!
=

d
dt
||β(t)||2L2

(42)

Combining Eqs. (38) and (42), we have

d
dt
M0

E(H0,H(t)) =

d
dt
M0

S (H0,S ,HS (t))+
d
dt
M0

Q(H0,Q,HQ(t))+

d
dt
||γ(t)||2L2 +

d
dt
||β(t)||2L2 (43)

0 tIntegrating Eq. (43) from   to  , we obtain Eq. (34).

|γ(t)|2H(t) = −
√
−1Λωtr(γ∧γ∗H(t)) |β(t)|2H(t) =√

−1Λωtr(β∧β∗H(t))

At the end of this section, we consider parabolic inequalit-
ies  for    and 

,  which  will  be  used  in  the  next  section.
Through direct calculation, we obtain(

∆− ∂
∂t

)
|γ(t)|2H(t) =

2|∇H(t)γ|2H(t) +2Ricω(∂k, ∂̄ j)gkl̄gi j̄tr
(
γl̄H−1

Q γ
T
ī HS

)
+

4Re⟨gkl̄
(
FHS (∂k, ∂̄ j)γl̄ −γl̄FHQ (∂k, ∂̄ j)

)
dz̄ j,γ⟩H(t)−

4Re⟨∂̄S⊗Q∗ (θ∗S ∧β+β∧ θ∗Q),γ⟩H(t)+

2⟨
(
−
√
−1Λω(γ∧γ∗ −β∧β∗)

)
◦γ+

γ ◦
(√
−1Λω(γ∗∧γ−β∗∧β)

)
⟩H(t)+

2Re⟨(−
√
−1Λω[θS , θ

∗
S ])◦γ+

γ ◦ (
√
−1Λω[θQ, θ

∗
Q]),γ⟩H(t) (44)

and(
∆− ∂
∂t

)
|β(t)|2H(t) =

2|∇H(t)β(t)|2H(t) +2Ricω(∂i, ∂̄l)gkl̄gi j̄tr
(
βkH−1

Q β̄ j
T
HS

)
+

4Re⟨gkl̄(DH(t)
∂k

DH(t)
∂̄l
βi)dzi + (DH(t)

∂̄l
βi)(∇∂k dzi,β)⟩H(t)−

4Re⟨θS ◦Ψ (t)−Ψ (t)◦ θQ,β⟩H(t)+

2⟨
(
−
√
−1Λω(γ∧γ−β∧β∗)

)
◦β+

β◦
(√
−1Λω(γ∗∧γ−β∗∧β)

)
,β⟩H(t)+

2Re⟨
√
−1Λω([θS , θ

∗
S ])◦β−β◦

√
−1Λω([θQ, θ

∗
Q]),β⟩H(t) (45)

 

3    C0-estimate of the rescaled metrics
(S , ∂̄S , θS ) (Q, ∂̄Q, θQ) ωNote  that  the  Higgs  bundles    and    are  -

stable. According to the Donaldson-Uhlenbeck-Yau theorem,

KS KQ ω

(S , ∂̄S , θS ) (Q, ∂̄Q, θQ)
we  can  suppose  that    and    are  -Hermitian-Einstein
metrics on   and  , i.e.,

√
−1Λω(FKS + [θS , θ

∗KS
S ]) = λS IdS (46)

and

√
−1Λω(FKQ + [θQ, θ

∗KQ

Q ]) = λQIdQ (47)

λS =
2π

Vol(M,ω)
µω(S ) λQ =

2π
Vol(M,ω)

µω(Q)where   and  .

hS (t) = K−1
S HS (t) hQ(t) = K−1

Q HQ(t)
h̃S (t) =e2(λS −λE )thS (t) h̃Q(t) = e2(λQ−λE )thQ(t)
Let  us  denote  ,  ,  and  set

  and  .  Using  (20)  and
(21), we have that

(∆− ∂
∂t

)trh̃S = 2tr
(
−
√
−1Λω∂̄h̃S h̃−1

S ∂KS h̃S

)
−2(λS −λE)tr(h̃S )−

2tr
(
h̃S

√
−1Λω(FHS −FKS )

)
− tr

(
h̃S H−1

S

∂HS

∂t

)
=

2tr
(
−
√
−1Λω∂̄h̃S h̃−1

S ∂KS h̃S

)
−

2tr(h̃S (
√
−1Λωγ∧γ∗))+2tr(h̃S (

√
−1Λωβ∧β∗))+

2tr
(
h̃S (
√
−1Λω[θS , θ

∗HS
S − θ∗KS

S ])
)
⩾ 0

(48)

and

(∆− ∂
∂t

)trh̃−1
Q =

2tr
(
−
√
−1Λω∂̄h−1

Q ◦ h̃Q ◦∂HQ h̃−1
Q

)
+

2tr
(
h̃−1

Q (
√
−1Λωγ∗∧γ)

)
−2tr

(
h̃−1

Q (
√
−1Λωβ∗∧β)

)
+

2tr
(
h̃−1

Q (
√
−1Λω[θQ, θ

∗KQ

Q − θ
∗HQ

Q ])
)
⩾ 0 (49)

√
−1Λωγ∗∧γ√

−1Λωβ∧β∗
where we have applied the non-negativity of   and

. We also used the following equalities:

tr
{
h̃S (
√
−1Λω[θS , θ

∗HS
S − θ∗KS

S ])
}
= |θS h̃

1
2
S − h̃S θS h̃−

1
2

S |2KS
(50)

and

tr
{
h̃−1

Q (
√
−1Λω[θQ, θ

∗KQ

Q − θ
∗HQ

Q ])
}
= |h̃−

1
2

Q θQ − h̃
1
2
QθQh̃−1

Q |2KQ
(51)

trh̃S + trh̃−1
Q

Using inequalities  (48)  and  (49),  and  the  maximum   prin-
ciple,  we can  obtain  a  uniform bound on  .  In  fact,
we obtain the following lemma:

C0Lemma 3.1. There exists a uniform constant   such that

sup
x∈M

(
trh̃S (x, t)+ trh̃−1

Q (x, t)
)
⩽C0 (52)

t ∈ [0,+∞)for all  .

det(h̃−1
S (t)) det(h̃Q(t))

trh̃−1
S (t) trh̃Q(t)
C0 h̃S (t) h̃Q(t)

In the following,  we will  derive uniform upper  bounds on
 and  , which imply uniform upper bounds

on    and    using (52).  Then,  we  will  obtain   uni-
form  -bounds  on    and  .  At  the  beginning  of  the
proof, the following proposition are required:

Proposition 3.2. Along the heat flow (9), we have
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tr
(√
−1Λω(FHS + [θS , θ

∗
S ]−γ∧γ∗ +β∧β∗)−λS · IdS

)
⩽ v(t)

(53)
v(t) ⩾ 0

r +∞
1 v(t)dt ⩽C1 C1where    satisfies  ,  and    is  a  uniform

constant.
Proof. From Lemma 2.3, for any exact sequence of Higgs

bundles,
0→ (S , θS )→ (E, θ)→ (Q, θQ)→ 0 (54)

we have proved that
M0

E(H0,H(t)) =M0
S (HS ,0,HS (t))+M0

Q(HQ,0,HQ(t))+

||γ(t)||2L2 − ||γ(0)||2L2 + ||β(t)||2L2 − ||β(0)||2L2 (55)
According to the flow equations (20) and (21), we have thatw

M
logdet(H−1

S (0)HS (t))
ωn

n!
=

w t

0

∂

∂l

w
M

logdet(H−1
S (0)HS (l))

ωn

n!
dl =

w t

0

w
M

tr
(
H−1

S (l)
∂HS (l)
∂t

)
ωn

n!
dl =

−2
w t

0

w
M

tr
(√
−1Λω(FHS + [θS , θ

∗
S ]−

γ∧γ∗ +β∧β∗)−λEIdS )
ωn

n!
dl =

−2
w t

0

w
M

(|γ(l)|2H(l) + |β(l)|2H(l))
ωn

n!
dl−

2(λS −λE)rank(S )tVol(M,ω) (56)
and w

M
logdet(H−1

Q (0)HQ(t))
ωn

n!
=

2
w t

0

w
M

(
|γ(l)|2H(l) + |β(l)|2H(l)

) ωn

n!
dl−

2(λQ −λE)rank(Q)tVol(M,ω) (57)
Then,
ME(H0,H(t)) =MS (HS ,0,HS (t))+MQ(HQ,0,HQ(t))+

||γ(t)||2L2 − ||γ(0)||2L2 + ||β(t)||2L2 − ||β(0)||2L2−
2(λS −λE)2rank(S )tVol(M,ω)−
2(λQ −λE)2rank(Q)tVol(M,ω)−

2(λS −λQ)
w t

0

w
M

(
|γ(l)|2H(l) + |β(l)|2H(l)

) ωn

n!
dl (58)

Furthermore,  from  the  definition  of  Donaldson's  functional
and Gauss-Codazzi Eq. (17), it follows that
MS (HS ,0,HS (t))+MQ(HQ,0,HQ(t)) =

− ||γ(t)||2L2 + ||γ(0)||2L2 − ||β(t)||2L2 + ||β(0)||2L2−

2(λS −λQ)
w t

0

w
M

(
|γ(l)|2H(l) + |β(l)|2H(l)

) ωn

n!
dl−

4
w t

0
||∂S⊗Q∗Ψ(l)||2L2 dl−

2
w t

0
||
√
−1Λω(FHS + [θS , θ

∗
S ]−γ∧γ∗ +β∧β∗)−

λS · IdS ||2L2 (l)dl−

2
w t

0
||
√
−1Λω(FHQ + [θQ, θ

∗
Q]−γ∗∧γ+β∗∧β)−

λQ · IdQ||2L2 (l)dl (59)

Now, we set
ṽ(t) = 2||∂S⊗Q∗Ψ (t)||2L2 + (λS −λQ)

(||γ(t)||2L2 + ||β(t)||2L2

)
+

||
√
−1Λω(FHS + [θS , θ

∗
S ]−γ∧γ∗ +β∧β∗)−λS · IdS ||2L2 (t)+

||
√
−1Λω(FHQ + [θQ, θ

∗
Q]−γ∗∧γ+β∗∧β)−λQ · IdQ||2L2 (t)

(60)
(S , ∂̄S , θS ) (Q, ∂̄Q, θQ) ω

M MS (HS ,0, ·)
MQ(HQ,0, ·)

Given  that    and    are  -stable  Higgs
bundles  over  ,  Donaldson's  functional    and

 are bounded from below. Together with the above
Eq. (59), we obtain w +∞

0
ṽ(t)dt ⩽ C̃1 < +∞ (61)

C̃1where   is a uniform positive constant.
By contrast, along with the heat flow Eq. (9), we have(
∆− ∂
∂t

)
|
√
−1Λω(FH(t) + [θ,θ∗])−λEIdE |2H(t) ⩾ 0 (62)

K(x,y, t)

CK

According  to  the  estimate  of  the  heat  kernel    by
Cheng and Li in Ref. [24] (or see Theorem 3.2 in Ref. [25]), a
positive constant   exists such that

0 < K(x,y, t) ⩽CKt−n (63)
Applying the maximum principle, we have

|
√
−1Λω(FH(t)+ [θ,θ∗])−λEIdE |2H(t)(x, t+ s) ⩽w

M
K(x,y, s)|

√
−1Λω(FH(t) + [θ,θ∗])−λEIdE |2H(y, t)

ωn

n!
(y) ⩽

CK s−n
w

M
|
√
−1Λω(FH(t) + [θ,θ∗])−λEIdE |2H(t)(y, t)

ωn

n!
(y)

(64)
t > 0 s > 0for  any  ,  .  Using  the  Gauss-Codazzi  equation  (17)

and (64), we have
2(λS −λQ) ·

tr
(√
−1Λω(FHS + [θS , θ

∗
S ]−γ∧γ∗ +β∧β∗)−λS IdS

)
(t) ⩽

|
√
−1Λω(FH(t) + [θ,θ∗])−λEIdE |2H(t)−

(λS −λE)2rank(S )− (λQ −λE)2rank(Q)−
2(λQ −λE)tr

(√
−1Λω(FH(t) + [θ,θ∗])−λEIdE

)
⩽

CK

( t
2

)−n w
M
|
√
−1Λω(FH( t

2 ) + [θ,θ∗])−λEIdE |2H( t
2 )−

(λS −λE)rank(S )− (λQ −λE)2rank(Q)+

(λE −λQ)|tr
(√
−1Λω(FH(t) + [θ,θ∗])−λEIdE

)
| ⩽

CK

( t
2

)−n

ṽ
( t
2

)
+

2(λE −λQ)|tr
(√
−1Λω(FH(t) + [θ,θ∗])−λEIdE

)
|+

CK

( t
2

)−n

{(λS −λE)2rank(S )+ (λQ −λE)2rank(Q)}
(65)

Let us set

v(t) = (2(λS −λQ))−1
{
CK

( t
2

)−n

ṽ
( t
2

)
+

2(λE −λQ)max
x∈M
|tr

(√
−1Λω(FH(t) + [θ,θ∗])−λEIdE

)
|+

CK

( t
2

)−n

{(λS −λE)2rank(S )+ (λQ −λE)2rank(Q)}
}
(66)
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n ≥ 1
v(t)

Combining formulas (61) and (65), and noting that  , we
conclude that   is the targeted function.

C0

H̃S (t) = e2(λS −λE )tHS (t) H̃Q(t) =
e2(λQ−λE )tHQ(t)

Using  Proposition  3.2,  we  obtain  a  uniform  -bound  on
the  rescaled  metrics    and 

.
H(t)

(E, ∂̄E , θ)
H0 HS (t) HQ(t)

(S , θS ) (Q, θQ) ĥS (t) = e2(λS −λE )tH−1
S (0)HS (t)

ĥQ(t) = e2(λQ−λE )tH−1
Q (0)HQ(t)

Ĉ0

Theorem  3.3.  Let    be  the  solution  of  the  Hermitian-
Yang-Mills-Higgs flow (9) on the Higgs bundle   with
initial  metrics  ,  ,  and   be the induced Hermitian
metrics  on    and  .  Set 
and  .  Then,  there  exists  a  uniform
constant   such that

sup
x∈M

{trĥS (x, t)+ trĥ−1
S (x, t)+ trĥQ(x, t)+ trĥ−1

Q (x, t)} ⩽ Ĉ0 (67)

t ⩾ 0for all  .
HS (0) HQ(0)Proof. Noting  that  the  metrics    and    are  fixed

Hermitian metrics, we can check that

−C1IdS ⩽
√
−1Λω(FHS (0) + [θS , θ

∗
S ]) ⩽C1IdS (68)

and

−C1IdQ ⩽
√
−1Λω(FHQ (0) + [θQ, θ

∗
Q]) ⩽C1IdQ (69)

M C1

C2

for  the  entire  ,  where    is  a  uniform  constant.  Then,  we
obtain a uniform constant   such that

∆ log
(
trh̃S (0)+ trh̃−1

S (0)
)
⩾ −C2 (70)

and

∆ log
(
trh̃Q(0)+ trh̃−1

Q (0)
)
⩾ −C2 (71)

C3

According  to  formulas  (70),  (71)  and  Moser's  iteration,  we
have  the  following  mean  inequalities,  including  a  uniform
constant   such that

sup
M

log
(
trh̃S (0)+ trh̃−1

S (0)
)
⩽C3

w
M

log
(
trh̃S (0)+ trh̃−1

S (0)
) ωn

n!
(72)

and

sup
M

log
(
trh̃Q(0)+ trh̃−1

Q (0)
)
⩽C3

w
M

log
(
trh̃Q(0)+ trh̃−1

Q (0)
) ωn

n!
(73)

L1

C4

From  the  uniform  -estimate  in  Ref.  [26,  Lemma  5.1],  we
know that there exists a uniform constant   such that

sup
M

{log(trh̃S (0)+ trh̃−1
S (0))+ log(trh̃Q(0)+ trh̃−1

Q (0))} ⩽C4 (74)

Set

ĥS (t) = e2(λS −λE )tH−1
S (0)HS (t)

and

ĥQ(t) = e2(λQ−λE )tH−1
Q (0)HQ(t).

From (52) and (74), we can obtain that

sup
(x,t)∈M×[0,+∞)

(
trĥS (x, t)+ trĥQ(x, t)

)
⩽C5 (75)

C5where    denotes  a  uniform  constant.  According  to  (20),  it
follws that
∂

∂t
logdet(ĥ−1

S )=2tr
(√
−1Λω(FHS +[θS , θ

∗
S ]−γ∧γ∗+β∧β∗)−λS IdS

)
(76)

From (62), the Gauss-Codazzi equation (17), and the maxim-
um principle, we have

sup
(x,t)∈M×[0,+∞)

|
√
−1Λω(FH(t) + [θ,θ∗])−λEIdE |2H(t) ⩽C6 (77)

and

sup
(x,t)∈M×[0,+∞)

|tr
(√
−1Λω(FHS+[θS , θ

∗
S ]−γ∧γ∗ +β∧β∗)−λS IdS

)
| ⩽C6

(78)
C6

C7

where   denotes a uniform constant. Then, (53) implies that
there exists a uniform constant   such that

sup
(x,t)∈M×[0,+∞)

log
(
det ĥ−1

S (x, t)
)
⩽C7 (79)

As a result, we have

det(ĥS (t))det(ĥQ(t)) = det(H−1
0 H(t)) (80)

and then

logdet(ĥQ(x, t)) = logdet(ĥ−1
S (x, t))+ logdet(H−1

0 H(x, t)) ⩽C8

(81)

(x, t) ∈ M× [0,+∞) C8

Ĉ0

for  all  ,  where    denotes a  uniform   con-
stant. Combining (75), (79) and (81), we can easily conclude
that there exists a constant   such that

sup
(x,t)∈M×[0,+∞)

(
trĥS + trĥ−1

S + trĥQ + trĥ−1
Q

)
(x, t) ⩽ Ĉ0 (82)

 

4    Uniform curvature estimate
C0 H̃S (t) H̃Q(t)
|TS (t)|HS (t) |TQ(t)|HQ (t) |γ(t)|H(t)

|β(t)|H(t)

Using the  above uniform  -estimate  of   and  ,  we
first prove that the norms of  ,  ,  , and

 are uniformly bounded.
Let us set

TS (t) = DHS (t),∂̄S −DH0 ,∂̄S = h−1
S ∂H0,S hS = (∂HS (t)hS )h−1

S (83)

and

TQ(t) = DHQ (t),∂̄Q −DH0 ,∂̄Q = h−1
Q ∂H0,Q hQ = (∂HQ (t)hQ)h−1

Q (84)

hS (t) = H−1
0,S HS (t) hQ(t) = H−1

0,QHQ(t)where    and  . Direct   calcula-
tions yield(
∆− ∂
∂t

)
|TS |2HS

=

2|∇HS (t)TS |2HS (t) +2Ricω(∂k, ∂̄s)gkīgls̄tr
(
TS (∂l)H−1

S TS (∂i)T HS

)
+

2Re⟨[
√
−1Λω([θS , θ

∗
S ]−γ∧γ∗ +β∧β∗),TS ],TS ⟩HS (t)+

4Re⟨∂HS

(√−1Λω([θS , θ
∗
S ]−γ∧γ∗ +β∧β∗)),TS ⟩HS (t)+

4Re
{
gi j̄gkl̄⟨[TS (∂i),FH0,S (∂k, ∂̄ j)],TS (∂l)⟩HS (t)

}
+

4Re
⟨
∂H0,S (

√
−1ΛωFH0,S ),TS

⟩
HS (t)

(85)
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and(
∆− ∂
∂t

)
|TQ|2HQ

=

2|∇HQ (t)TQ|2HQ (t) +2Ricω(∂k, ∂̄s)gkīgls̄tr
(
TQ(∂l)H−1

Q TQ(∂i)T HQ

)
+

2Re⟨[
√
−1Λω([θQ, θ

∗
Q]−γ∗∧γ+β∗∧β),TQ],TQ⟩HQ (t)+

4Re⟨∂HQ

(√−1Λω([θQ, θ
∗
Q]−γ∗∧γ+β∗∧β)),TQ⟩HQ (t)+

4Re
{
gi j̄gkl̄⟨[TQ(∂i),FH0,Q (∂k, ∂̄ j)],TQ(∂l)⟩HQ (t)

}
+

4Re
⟨
∂H0,Q (

√
−1ΛωFH0,Q ),TQ

⟩
HQ (t)

(86)

However,  we  can  also  obtain  the  following  inequality  (see
(2.5) in Ref. [14] for further details):(
∆− ∂
∂t

)
|θ|2H(t) ⩾ 2|∇H(t)θ|2H(t) +2|Λω[θ,θ∗H(t)]|2H(t) −2|Ric(ω)||θ|2H(t)

(87)

C0

|θ|2H(t)

M× [0,+∞)

From  the  local  -estimate in  (67)  and  the  maximum   prin-
ciple, it can be concluded that   is also uniformly bounded
on  , i.e.,

sup
M×[0,+∞)

|θ|2H(t) = sup
M×[0,+∞)

(|θS |2HS (t) + |θQ|2HQ (t) + |β(t)|2H(t)

)
< C̃1 (88)

C1Together with the local uniform  -estimate in Ref. [21, Pro-
position 4.2], we obtain the following proposition:

H(t)
H0 (E, ∂̄E , θ) TS (t) TQ(t)

(83) (84) γ

C̃2

Proposition 4.1. Let   be the solution of the heat  flow
(9)  with  initial  metric   on  ,  let    and   be
defined by   and  , and let   be the second fundament-
al form. Then, there exists a constant   such that

sup
(x,t)∈M×[0,+∞)

(|TS (t)|2HS (t) + |TQ(t)|2HQ (t) + |γ(t)|2H(t) + |θ|2H(t)

)
(x, t) < C̃2

(89)

According to Eqs. (44), (85), and (86), we obtain(
∆− ∂
∂t

)(|TS |2HS (t) + |TQ|2HQ (t) + |γ(t)|2H(t)

)
⩾

1
4
(|FHS |2HS

+ |F2
HQ
|+2|∂H(t)γ|2H(t)

)−
C̃3

(|γ|2H(t) + |θ|2H(t)

)(|TS |2HS (t) + |TQ|2HQ (t) + |γ(t)|2H(t) + |θ|2H(t)

)−
C̃4

(|TS |2HS (t) + |TQ|2HQ (t) + |γ(t)|2H(t) + |θ|2H(t)

)− C̃5 (90)

C̃i C0

ĥS ĥQ HS ,0 HQ,0

(M,ω)

where  constant    depends  only  on  the  uniform  local 
bound of   and  ,  ,  ,  and the lower bound of  Ricci
curvature of  . Let us consider

Ξ(x, t) = |∇H(t)

(
FH(t) + [θ,θ∗H(t)]

)|2H(t) + |∇H(t)θ|2H(t)(x) (91)

Then, it follows that(
∆− ∂
∂t

)
Ξ ≥

2
(|∇H(t)(FH(t) + [θ,θ∗H])|2H(t) + |∇2

H(t)θ|2H(t)

)− C̃6Ξ
3
2−

C̃6(|θ|2H(t) + |Rm(ω)|)Ξ(x, t)− C̃6|∇ωRic(ω)|2 (92)

C̃6

n r
where    is a  constant,  depending  only  on  the  complex   di-
mension   and rank  , and Rm is the Riemann curvature of M.
The proof of inequality (92) can be found in Ref. [26].

Proof of Theorem 1.1. For the sake of simplicity,  we de-
note

ν = |θ|2H(t) + |γ|2H(t) + |TS |2HS (t) + |TQ|2HQ (t) (93)

C̃7By estimating (89), we can choose a constant   such that

0 ⩽
1
2

C̃7 ⩽ C̃7 − ν(x, t) ⩽ C̃7 (94)

(x, t) ∈ M× [0,+∞)for all  .
Now we consider the following test function:

ζ1 =
Ξ

C̃7 − ν
+Wν (95)

ζ1(p, t0) = max
M×[0,t1]

ζ1 (p, t0)Let  . Then, at the maximum point  , we
have(
∆− ∂
∂t

)
ζ1 =

1
C̃7 − ν

(
∆− ∂
∂t

)
Ξ+

Ξ

(C̃7 − ν)2

(
∆− ∂
∂t

)
ν−

2
C̃7 − ν

∇
(
Ξ

C̃7 − ν

)
· ∇(C̃7 − ν)+W

(
∆− ∂
∂t

)
ν (96)

and

∇
(
Ξ

C̃7 − ν

)
+W∇ν = 0 (97)

C̃7 W

(p, t0)

Substituting (97) into (96),  choosing the constants   and 
sufficiently  large,  and  using  formulas  (90)  and  (92),  at  the
maximum point   we have(
∆− ∂
∂t

)
ζ1 =

1
C̃7 − ν

(
∆− ∂
∂t

)
Ξ+

Ξ

(C̃7 − ν)2

(
∆− ∂
∂t

)
ν−

2W
C̃7 − ν

|∇ν|2 +W
(
∆− ∂
∂t

)
ν ⩾ Ξ− C̃8 (98)

C̃8

ν (M,ω)
where   is a positive constant that depends only on the local
uniform bound of   and curvature of  . Thus, we obtain

Ξ(p, t0) ⩽ C̃8 (99)
C̃9Then, there exists a constant   such that

sup
M×[0,+∞)

|FH(t) + [θ,θ∗]|2 + |∇H(t)θ|2H(t) ⩽ C̃9 (100)

This completes the proof of Theorem 1.1. 
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