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Public summary
m By vast calculation and analysis, we drive many evolution equations in Higgs bundles.
m Generalized the decomposition of the Donaldson’s functional in Higgs bundle case.

m [t provides an analytic method for studying the algebraic singular set and analytic singular set in the future work.
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1 Introduction

Let (&,0) be a Higgs sheaf over a compact Kéhler manifold
(M, w). Higgs bundles and Higgs sheaves, which were stud-
ied by Hitchin!" and Simpson™’, play an important role in
many different areas including gauge theory, Kihler and
hyperkéhler geometry, group representations, and nonabelian
Hodge theory. A Higgs sheaf on (M, w) is a pair (&,6), where
& is a coherent sheaf on M, and the Higgs field
0 € Q'°(End(&)) is a holomorphic section such that A6 =0.
A torsion-free Higgs sheaf (8,60) is w-stable (resp. w-
semistable) if for every #-invariant proper coherent sub-sheaf
¥ < & such that

deg (F)
rank(F)

deg (&)
rank(&)

Mo (F) = < (O (&) = (1

where u,(F) is called the w-slope of F, and w-degree of F
is defined as follows:

n—1

n-n0

deg,(F) = [ c(F)n

where ¢,(F) is the first Chern class of ¥ .

Let 2, be a set of singularities, where (&,6) is not locally
free. If (&,0) is locally free on the whole M, i.e., 2,= 0, there
is a Higgs bundle (E,d,,6) on M such that the Higgs sheaf
(&,0) is generated by the local holomorphic sections of
(E,0;,60). A locally free Higgs sheaf (&,60) can be considered
as a Higgs bundle, i.e., (&,0) = (E, ;. 0).

Given an unstable torsion-free coherent Higgs sheaf (&,6),
one can associate a filtration by @-invariant coherent sub-

sheaves as follows:
0=8§c&c---c& =8 2)

such that the quotient @ =&;/&., is torsion-free, w-
semistable, and u,(Q) > u,(Q.,), which is called the Harder-
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Narasimhan filtration of (&,6). The associated graded object
Gr'"(&,0) = @,Q; is uniquely determined by the isomorph-
ism class of (&,60) and the Kéhler class [w]. Moreover, for
every quotient Q, a further filtration by sub-sheaves exists,

0=6,Cc&,Cc--C&, =@ (3)

such that the quotients Q,; = &,,/&, ., are torsion-free and w-
stable, and p,(Q;;) = 1, (Q) for each j. The double filtration
(&) is called the Harder-Narasimhan-Seshadri (HNS) filtra-
tion of the Higgs sheaf (&,0). The associated graded object

GI"™(&,0) = QkB éB Q,

=1 j=1

“4)

is uniquely determined by the isomorphism class of (&,6) and

k
Kéhler class [w]. The number Zk"_l is the length of the

HNS filtration. -
Given a Hermitian metric H on the Higgs bundle (E,d;,6),
we consider the Hitchin-Simpson connection:

8,:=0,+0,D :=8,+6", D,,=0+0, 5)

where D, isthe Chern connection with respect to the Her-
mitian metric # and 8" is the adjoint of 6 with respect to H.

The curvature of the Hitchin-Simpson connection is ex-
pressed as follows:
Fuy=Fy+[0,0"1+0,0+0,0" (6)

where F, is the curvature of the Chern connection, denoted
by Dy. A Hermitian metric on the Higgs bundle (E,8;,0) is
said to be w-Hermitian-Einstein if it satisfies the following
Einstein condition on M, i.e.,

V=1A(F, +16,6']) = A, 1d, (7)
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2n
Vol(M, w)
with the Kahler metric w. Hitchin" and Simpson'™ proved that
a Higgs bundle admits a Hermitian-Einstein metric if and
only if it is Higgs poly-stable. Many interesting and import-
ant generalizations and extensions can also be found in the lit-
erature (see Refs. [1, 4 —12]).

Let H, be a Hermitian metric on the complex vector bundle
E, Ay, be the space of connections of E compatible with the
metric H,, and Aj; be the space of the unitary integrable con-
nection of E. A pair (A,0) € A, x Q'°(End(E)) is a Higgs
pair if 9,0 =0 and @A 6 = 0. Let B, ,,, denote the space of all
Higgs pairs on the Hermitian vector bundle (E, H,). We con-
sider the following Yang-Mills-Higgs flow on the Hermitian
vector bundle (E, H,) with initial data (A, 6,) € B u,):

where A;, = u,(E) and A, denotes the contraction

O =Dy F, - T~ 8001601,
(®)
Z_f = —[V=1A(F, +[6.6]).6]

The Yang-Mills flow was first introduced by Atiyah-Bott in
Ref. [13]. Simpson™ induces the following Hermitian-Yang-
Mills-Higgs (HYMH) flow for Hermitian metrics H(¢) on the
Higgs bundle (E, Ay, 6,) with initial metric H,:

OH
H' = = =2(V=1AL(F, +160,6,"1) - A ~1d5),}

H(0) = H,

)

Simpson™ proved the long-time existence of the Hermitian-
Yang-Mills-Higgs flow and demonstrated convergence under
the condition that the Higgs bundle is stable. In Ref. [14], Li
and Zhang showed that by choosing complex gauge trans-
formations o(7) that satisfy o(t)'c(r) = H,'H(?), (A(t), 6(r)) =
(0(®)(Ay), o(£)(6,)) is the unique long-time solution of the
Yang-Mills-Higgs flow Eq. (8).

According to Uhlenbeck's compactness!>'“, for any se-
quence A(t;) along the flow, there is a subsequent that weakly
converges to a Yang-Mills connection A, in the gauge trans-
formation sense outside a closed subset 2, of Hausdorff com-
plex co-dimension of at least 2. We call 2, the bubbling set
or the analytic singular set. In contrast, we denote 2, as the
singular set of the associated graded object Gr™(E,d,,,6,),
ie., GrZ“‘(E, O4,-6,) is locally free away from X, whichis a
complex analytic sub-variety of complex co-dimension of at
least 2 that we call algebraic singular set. According to the
results in Refs. [17,18], it is not difficult to obtain
that X, c 2,,. It is an interesting problem to demonstrate
that 2, c 2. This problem was solved by Daskalopoulos
and Wentworth in Ref. [19] for Kahler surfaces, and by Sib-
ley and Wentworth in Ref. [20] for Kdhler manifolds. In this
paper, we derive the curvature estimate in the case where
(E,SAU,HO) is non-semistable and the Harder-Narasimhan-
Seshadri filtration has no singularities with length one, which
generalizes Li, Zhang, and Zhang's result®” in the Higgs
bundle case. In fact, we obtain the following theorem:

Theorem 1.1. Let (E, H,) be a Hermitian vector bundle on
a compact Kdhler manifold (M, w), and (A(¢),6()) be the solu-
tion of the Yang-Mills-Higgs flow (8) with an initial Higgs
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pair (A,,6,) € A, x 2"°(End(E)). If the Higgs bundle (&,6,) =
(E,A,,0,) is non-semistable and the HNS filtration has no sin-
gularities with length one, then there exists a uniform con-
stant C such that

(10)

sup
(x,1)EMX[0,4+00)

(1F.+10.01;

o + 20,01, ) () < C

If the algebraic singular set 2, # 0, we hypothesize that
the theorem holds away from the algebraic singular set. The
proof is complicated, and we mainly adapt some Li, Zhang,
and Zhang's techniques to our cases of interest. However, the
proof is even more complicated in the Higgs bundle case. We
next provide an overview of the proposed proof. Let H(¢) be
the long-time solution of the HYMH flow (9). It is well
known that

|F o + 60, 61+ 8:6," + 0,602, = |F + 16,61, +210,6F, (11)

Therefore, we only need to estimate the curvature tensor
Fy4 of the Hitchin-Simpson connection Dy, with respect
to the evolved Hermitian metric H(f). For simplicity, we de-
note 6, as 0 as a fixed Higgs field. According to the assump-
tion of Theorem 1.1, there exists an exact sequence

0 — (S,05,65) = (E,0:,0) = (Q,0,,0,) >0 (12)

such that (S,ds,65) and (Q,d,,6,) become torsion-free, w-
stable Higgs bundles, and

Ho(S) > po(E) > u,(Q) (13)

Let Hy(¢) and H,(¢) be the Hermitian metrics on the Higgs sub-
bundle (S,6;) and quotient bundle (Q,6,) , respectively, in-
duced by the evolved metric H(¢) on (E,#6), y(z) as the second
fundamental form, and let B(¢) be the (1,0) form induced by
the Higgs field 8 and H(r).We derive the evolution equations
for Hs (1), Hy(1), y(t), and B(r) (see Egs. (20), (21), (23), and
(24)). In Ref. [2], Simpson generalized the Hermitian-Yang-
Mills flow to the Higgs bundle case. Under the assumption of
stability, using the results of Uhlenbeck and Yau®”, Simpson
obtained a uniform C-estimate on H(f). This implies uni-
form higher-order estimates including the uniform curvature
estimate. When (E,d,,0) is unstable, the C’-norm of the
evolved metric H(f) may be unbounded. In our case, we first
obtain a uniform C°bound on the rescaled metrics, i.e.,
Hy(t) = e " H(t) and H,(t) = o' H,(¢). This is crucial
in the proof of the proposed theorem, where we use the stabil-
ities of (§,65) and (Q,6,) , and the property w,,(S) > w1, (Q).
Then, we prove that the norms of |Ts (1)l s 170 (Dluyis [YOluos
and |B(f)|y, are uniformly bounded using the uniform C°-
estimate. By choosing suitable test functions and using the
maximum principle, we obtain a uniform estimate of
|F e + 10,01+ 00" + 06|

The remainder of this paper is organized as follows. In Sec-
tion 2, we derive the evolution equations for the induced met-
rics H,(f) and H,(f), the second fundamental forms (), and
the induced (1,0) forms B(r). We also obtain the decomposi-
tion of Donaldson's functional, which is used in Section 3,
where we derive a uniform C°-bound for the rescaled metrics.
In Section 4, we obtain the uniform C'-estimate and complete
the proof of Theorem 1.1.
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2 Evolution of the second fundamental
form and the Higgs field

Let (M,w) be a Kidhler manifold that may be non-compact,
and let (E,d,,0) be a Higgs bundle over M. That is, (E,d;) is
a holomorphic vector bundle together with a Higgs field

0 € Q)°(End(E)) satisfying
0:6=0 and 6AO=0.

Let S be a #-invariant holomorphic sub-bundle of (E,d;,6).
We assume that an exact sequence of Higgs bundles exists

(14)

where 6; and 6, are the Higgs fields on the #-invariant holo-
morphic sub-bundle S and the quotient bundle Q = E/S in-
duced by 6, d;, respectively, and , are holomorphic struc-
tures on the holomorphic sub-bundle S and the quotient

JoFug) =[5 (Fy+16,0"1+0,0+0,6™) =

(FHx - Y A ’y*H

05~®QY*H
( Os-0of™ =™ Nbs

(;95 OIS 4 BABH

NG+ 0y ABH

0= (8,05,05) = (E,0;,0) = (Q,00,6,) = 0

Ose0 Y
FHQ - )’*H A Y

_QQ/\,)/*H

(6o, 6

Let H(t) be the solution of the HYMH flow (9) on the
Higgs bundle (E,d;,6) with initial metric H,. Now, we split
the HYMH flow into the sub-bundle S and quotient bundle Q.

Recall from Ref. [21] that
L Ofuo _ 0 W
=0 ") (18)
and
O0H;
oH s 0 af B\
g ) = ot H H
fH( ot ) 0 . aH fH (fH ot )
° o

(19)

Using the flow (9) and Gauss-Codazzi (17) equations, we
have

H 623 =2 V=1AL(Fy 6,6, -y Ay "B AB" )1, - 1ds )
(20)

H
H- aatQ = 2( \/__1Am(FHQ+[9Q, 0*‘QHQ]_,)/*H/\,}/+ﬁ*H /\ﬁ)_/lg . IdQ)
@)
fH a(;;H = (8 2 \/__IAU((?S@Q*’)/ +00;H) /\ﬁ +ﬁ A Q*QHQ)) (22)

Now, we consider the evolution of the second fundamental

1-3

6" /\,8+,8/\9HQ)
‘1B A

bundle Q induced by &,.
Given a Hermitian metric /# on E, we obtain the following
bundle isomorphism:

fu:S®0—-E, X[YDriX)+dds—my)(Y) (15)

where Xe€S,Y€E,i:S —E is the inclusion map and
n, » E — S is the orthogonal projection into S with respect to
metric H. Then, the pull-back metric, holomorphic structure,
and Higgs field on S & Q respectively are
/)
b,

(16)

where y(f) € Q' (S® Q") and € Q)’(S®Q"). The corres-
ponding Gauss-Codazzi equation for the Hitchin-Simpson

0

H, S

men=(5 ) feo=(5 7). no-=(5

connection is

)+

Oy, 05 + 050" +y AB™ =B AY™

Oseg-B+ O Ay+y A 0*QHQ +
0100+ 0,0, =y AB+BT Ny

an

forms y(¢) and B(z):

Lemma 2.1. Let H(?) be the solution of the HYMH flow
(9) with initial metric H, and y(¢) be the second fundamental
form, and let 5(¢) be induced by 8 and H(¢). Then we have

dy()

o =250 (V=1A,Bs0 v + 6 AB+BAE,))  (23)
and
‘9’8 © g0 (V=TA, (o0 y + 6, AB+BAE,")) -
2(V=1ABseo v+ 6, AB+BAG, )06,  (24)

Proof. For simplicity, we let P(t) = 2 V=1A,(0sep. ¥ + 65 A
B+BA6,"°) and denote

éfH=5EofH_fHoéS®Q (25)

and then

Ja'0fu = £00p) = Bs = (0 0)

For the first evolution equation of vy, taking the derivative
of the above equation with respect to ¢, we have that

(26)

6)’0‘)) ) _
0 == -
ot :_(fH afH):
{0 0o ) o
Ofu [ 0fu
_fH ffH afH+fH oa OfHofH af
8fH 2 (0 Byep P
o 6““’9_(0 Qo )
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Thus, we obtain the first evolution Eq. (23).
Concerning the second evolution equation of 8, taking the
derivative of f;,(6) with respect to ¢, we have that

) %O)_
(f,,(9)) = —(fH ofo fy)=
0

O

| fH 1 Ofn

_fH fH OgofH"'fH oQofHofH ot =

(0 65 o Y’(t) =¥(0)o 9@)
0 .
op(t )
As a result, we obtain that o = =0, 0¥ () -Y(t)0b,.

Lemma 2.2. Let f,, be the bundle isomorphism defined in
(15). Then, we have that

I )
where G(1) e I'(S ® Q) and G(0) = 0. Furthermore,
6;_2\/_/1 (Osop Y +0; AB+BAGY)  (28)
and
500G =7~ (29)

Proof. Similar to the proof in Ref. [21], we have Eq. (27).
For the sake of simplicity, we denote ¥ (f) = 2 ‘/:Aw(asggx’y+
0" AB+BAE,).

Taking the derivative of Eq. (27) with respect to ¢ and us-
ing Eq. (22), we have that

St = Fiduofy 2= (3 ¥D).

As a result, we obtain Eq. (28).
Finally, taking the derivative of Eq. (28) with respect to
0500, We have that

Osopr %G = Ogep P(1) = gy 30)

Integrating Eq. (30) from O to ¢, we obtain Eq. (29).

In the proof of the C’-estimate, we need to decompose
Donaldson's functional in the Higgs bundle case, which was
proved by Donaldson (see Ref. [23]) for the holomorphic vec-
tor bundle case.

d
ML H). £ (H) =

H
J\ tr( \/_A (fH(z)(FH (1) + [0 0 H([)]))fﬁ(,) (H ( )6 (t) ))

V=TA(Fy, +165.6;1)
+V=1A (=Y AY +BAB)
V=1A,(=05-007")

+ V=IALB A b +0, ABY)

[
M

V=1A,(Fu, +[60,6;))
+V=1A,(—=y' Ay +B AB)

1-4

Let us recall Donaldson's functional in the Higgs bundle

case:
) —ds
n!

(€1)

OH (s)

Mi(Hy, H)= jjtr(x/_A (Fuy +[0,0 DH' (s)

and
ME(H()vH) = Mg(Ho,H) - /IE

j f tr(( V1A (F 46,01 -A,1d ) H! aH) Y ds
(32)

where H(s) is the path connecting the metrics H, and H on E.
Donaldson proved that the integral above is independent of
the path when the base manifold A7 is Kéhler.

If we have an exact sequence of Higgs bundles, then

0—(S,65) > (E,0) = (0,0,) > 0 (33)
where S is §-invariant and 6, and 6, are the Higgs fields on S
and Q, respectively, induced by 6. Recall that a Hermitian
metric H on E induces Hermitian metrics Hy, H, on S, Q, re-
spectively. Note also that y, € Q% (S ® Q") is the second fun-
damental form, and B, € Q;(S ® Q) is determined by the
Higgs field § and Hermitian metric /. Then we have the fol-
lowing lemma:

Lemma 2.3. For any exact sequence of Higgs bundles (33),
Donaldson's functional M;(H,, H(t)) has the following de-
composition:

MG (Ho, H(1)) = M§(Hos, Hy (1)) + My (Hy o, Ho (1) +

Iy DIl = Iy Ol +IBOIL — 1B (34)
where H,; and H,, are the Hermitian metrics on S and Q in-
duced by H, on E. H(t) is a path-connecting metric between
H, and H(¢).
Proof. Taking derivative of M, with respect to 7, we have
OH(t
M, @)=, tr( VETASF O™ DH () 202 ) ) =

(35

Then, we obtain Donaldson's functional of the pullback met-
ric f;,(H(1)):

n!
‘/—_IAM (85®Q" 7) OH,
+V=IAG AB+BAG) | [ 2 ¥ ||
=10 o e[l
¢ ot
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d d
_Mg(Ho.S’HS) + _MO (HO,Q’HQ)+

f V=14 tr(( 7/\7)H‘

[ VLA (Gsa0 VI )+ (=Bsagy )= sv«z»)

(
IREY tr((ﬂ/\ﬁ VH'
(

BHQ w”+
ot | n!

o'
+
n!

[ NV=TA (O AB+BAG)=PW)) +(B NOs+0, 7B~ sv(t)))

—M“(H(,S,Hs(t))+ M° C(Hog, HoO)+ 1 + L+ L +1,.

Recall that

9 «H B »
(a—Z) = (Bsoe (1) = Byoag P (1) (36)

Using Eq. (36) and Stokes formula, we have

* wn * w"
L= jM V=14, 0t (y (1) )E‘IM VoA (A0 ¥(0)) ot
_ N wn . _ w’l _
jM V=1A,dtr (y" (1)) EJ’jM V=1At (¥ Adseo (1) =

dy 67 W'

—j\' Atry/\ IV 1Aty A —.

ot ) n!

Given that

IL+1,=
jM V-1Atr{ =y Ay’ H’

Jocmeon(5 ) (%?))%

-
-
IR tr(yH s - H, 9
ol
(5

s ot

.

. (9@
IM \/—_1Awtr E(y)/\y+y /\(at)) =

n!

d N o'
I AR CAOIS TR

d
—|ly®II.
Gltll)/( )]l

d *H(t d —1 =T .
d—[y(t) © = d—[(HQ y Hs) = Given that
\OH, ay\ 8H. B _g P(1)— ¥(t)oh
— Qyy-1=T 1| 97 1T s _ o, = Us© - 0 0g
~H' —Ho HS+HQ(6t)HS+HQy = = ot
We can obtain
(6_7) iy e 1 0H, *+7*H;‘%
ot ot ot B\
(37) (E) =¥ (1)ob; — 0,0 ¥ (1)
we obtain Thus, we have
1A :fM V=1A, (05 AB+BAGY=T (D) + (B Abs +0, AB)=P(1)) ‘r‘:‘ =
[ NTIAL(BA@; 0 7 (1) 0,0 (1)) + (6 0 V(D)= ¥(1) 0 Op) A ‘;L' -
f\/_/\t(ﬁ/\(ﬂ) % ﬁ)
ot n!’
Given that L+1, = f V=14 tr((ﬂ/\ﬁ )H!
d oo = (B _ py-10Ho J’Hs B\, 9
S0 = (L) -y Lep v (41 [, v a(pn (% ) » ﬂ)n!

we obtain

(O0H,\ W
H' +
"o "o )n

Ho /\+87A Y .
77 ot yn!

n

(39%)

(39

(40)

6HQ)
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\0H,
ot

(9H s

— B +BH

L]
L)

| V=14, tr(ﬂ/\—(ﬂ)+(aﬁ) ,8)

n!

d LW
3 ), 1A o A )

d 2
(42)

Combining Eqs. (38) and (42), we have
d 0
5ME(HO,H(I)) =

d d
aMg(Ho,s H (1) + 5M‘;(HO,Q,HQ(t))+

d 2 d 2
3 YOI + B (43)

Integrating Eq. (43) from O to z, we obtain Eq. (34).

At the end of this section, we consider parabolic inequalit-
ies for |y, =- \/—_lAwtr(y AyT)  and B, =
V=TAtr(BAB"®), which will be used in the next section.
Through direct calculation, we obtain

(A - E) b, =

2V YL, +2Ric,(8,.8,)g" g tr (viH, Yl Hy ) +
ARe(8" (Fuy(850,) Y1~ iF 1y (01,0))) 42, ¥~
4Re(seq- (05 AB+BNAEY, Yo+

(= V=140 Ay =BAB))oy+

yo( V=14, AY =B AB)uo+

2Re((— V=14, [65.6;]) o y+

70 (N=1A,160,0,1), ¥ (44)

and

(o= 2o, -

2V OB, +2Ric,(8,,0)g" g tr (B.H, B, Hy ) +
4Re(g"(DLDB,)dZ + (D B)(V,, 42 B)) iy~
4Re(bs o V(1) — V(1) 000, ui+

(- V-14,y Ay =BAB)) o B+

Bo( V=147 Ay =B AB)).Bluc+

2Re( V=1A,([6,6;1) 0 B~ o V=1A,([6.6,1). 800y (45)

3

Note that the Higgs bundles (S,0s,6;) and (Q,0,,6,) are w-
stable. According to the Donaldson-Uhlenbeck-Yau theorem,

C’-estimate of the rescaled metrics

s

1-6

we can suppose that K; and K, are w-Hermitian-Einstein
metrics on (S,ds,6) and (Q,0,,6,), i.e.,

V=1A,(Fy, +165,6,1) = A,1d, (46)
and
V=1A,(Fy, +16,,6,°1) = 2,1d, (47)
2 2
where /13 = pr(S) and /lQ Yo ](M )/.lw(Q)

Let us denote hy(t) = K'Hs(), hy(t) = K,'Hy(f), and set
hg(t) =€~y (£) and hy(t) = = hy(r). Using (20) and
(21), we have that
(A- %)trﬁg = 2tr (= V=1A,0hs ' 0., hi) = 2(As = Ap)tr(hs)—

aHs)_

2r (s V=1A,(F, = Fy)) —tr (hs H' =
2r (= V=1A,0h 7' 3y, Es)—

2tr(hs (V=1A,y Ay")) + 2tr(hg (V=1ABAB))+
2tr (g (V=14,16,,6," = 6°1)) > 0

(48)
and
(A- (%)trﬁ; =
2t (= V=1A,9h5 0 hg0 9, iy )+
2t (g (V=1A,y" Ay)) - 2t (hg (V=1AB AB)) +
2r 7y (V=14,105.6,° - 6,1)) > 0 (49)

where we have applied the non-negativity of V-1A4,y" Ay and
V-1A,8AB". We also used the following equalities:

s (V=TA, 16,65 — 6, D)) = 057 = hs6shs ', (50)
and
tr{ig (V=1A,16,.6,° - 6,°)} = ig* 0Dy, B, (S1)

Using inequalities (48) and (49), and the maximum prin-
ciple, we can obtain a uniform bound on trhs +trl~zé‘. In fact,
we obtain the following lemma:

Lemma 3.1. There exists a uniform constant C, such that

sup (trizs (x,0) + e (x, t)) <C,

xeM

(52)

for all 7 € [0, +00).

In the following, we will derive uniform upper bounds on
det(fl;‘(t)) and det(sz(t)), which imply uniform upper bounds
on trfz;‘(t) and trilQ(t) using (52). Then, we will obtain uni-
form C°-bounds on hy(f) and h,(t). At the beginning of the
proof, the following proposition are required:

Proposition 3.2. Along the heat flow (9), we have
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tr( V=TA(Fo +165.6;1-y Ay +BAB) = A5 -1d ) < (1)
(53)
where v(f) > 0 satisfies flm v(t)dt < C,, and C, is a uniform
constant.
Proof. From Lemma 2.3, for any exact sequence of Higgs
bundles,
0—(S,05) = (E,0) = (Q,6,) -0 (54)
we have proved that
M (Hy, H(1)) = My (H; o, Hs (1) + M, o(Hoo, Ho(D)+
Iy @IL: = Iy O + 11BN = IBO)IE:  (55)

According to the flow equations (20) and (21), we have that

fM logdet(H;' (0)H

“’dz:

)
jo = jM logdet(H;' (0)Hy
fof (H (l)aHS(l))_dl_
—2L fMtr (V=1AL(F, +16,.6;1-
YAY +HBAB) = A,1d) 2l =

- Zf j (l')’(l)lﬁ(n + lﬁ(l)li’"))‘:_;dl

2(Ag — Ag)rank(S )t Vol(M, w) (56)
and
2 (vl + wa»m,))
2(1, - A,)rank(Q)EVol(M, w) (57)
Then,

M(Ho, H(t)) = M (Hyo, Hs (1)) + MQ(HQU’HQ(t))"'
Ol = Iy Ol + 1BOI: = 1B~
2(As — A )'rank(S )t Vol(M, w)—
2(Ay — A)’rank(Q)Vol(M, w)—

2= 0) [ [, (OF, +BOE,) 2l (58)

Furthermore, from the definition of Donaldson's functional
and Gauss-Codazzi Eq. (17), it follows that

M (Hs o, Hy (1)) + MQ(HQ.U»HQ(t)) =
= lly®II5 + Iy Ol = 1BOI: + ||/3(0)||iz—

24-29) [ | (v, + vsunmn)

4 [ 1800 POl

2 [IN=TALFy +160,6;1-y Ay +BAS)-
As - Idg |12, (DdI-

2 [IN=IAF,, + 100, 0,1= Y Ay+B AB-

A, - 1d,|1% (Ddl (59)

Now, we set

(1) = 2/|0500- POl + (A5 = 20) (YOI +1BOI:) +

| V=TA,(F s +[65,60;1=y Ay +BAB) = As - 1ds | (1) +

I V=1A,(Fy, +[60.6,1= ¥ Ay +B AB) = Ao Tdgl (1)

(60)

Given that (S,d,6) and (Q,0,,6,) are w-stable Higgs
bundles over M, Donaldson's functional M;(Hs,,-) and
My(H,,,-) are bounded from below. Together with the above
Eq. (59), we obtain

Lm W)dt < C, < +o0 (61)
where C, is a uniform positive constant.
By contrast, along with the heat flow Eq. (9), we have
(A— —)I V=1A,(Fue, +160,0°]) — /lEIdEIH(,) > (62)

According to the estimate of the heat kernel K(x,y,f) by
Cheng and Li in Ref. [24] (or see Theorem 3.2 in Ref. [25]), a
positive constant C exists such that

0< K(x,y,1) < Ct™ (63)
Applying the maximum principle, we have

| V1AL (Fy (1) +16,6'1) = A,1d, P, (x, 1+ 5) <
J, KOy DI V=TAF iy +10.6D = A1 00) (y>\

Cos™ [ INZTAL(Fy +16,6') = A:1d, (0, D<)
M n!
(64)

for any >0, s> 0. Using the Gauss-Codazzi equation (17)
and (64), we have

2(/13 - /lQ) :
tr( V=1A,(Fuy +165,6;1-y Ay +BAB) = AsTds ) (1) <
| V=1A,(Fy + (6,6 1) = A,1d, , ~
(A5 — Ag)’rank(S) - (Ao — Ag)'rank(Q)-
240 = A)tr (V=TA(F ) +[6,6]) = 2,1d, ) <

( ) f | V=TAL(Fus, + 0.6 = A1, -
(A5 = A)rank(S) — (A, — A¢)’rank(Q)+
(A = Atr (V=TA(Fyy + 6,61 2,1d,.) | <

t\"_(t
clz) o(3)+
2 = )t V=TA(Fy +16,61) = A,1d, ) |+
Cy (é)in {(As — )’ rank(S) + (1, — A)’rank(Q)}
(65)

Let us set

V(1) = (24 = 4))” {C(%)v(%) +

24, = Ag) max ftr( V=TA(F i, +[6.0°]) = A.1d, ) |+
xeM

C (%) {(As = A;)’rank(S) + (1, — /IE)zrank(Q)}}
(66)
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Combining formulas (61) and (65), and noting that n > 1, we
conclude that v(¢) is the targeted function.

Using Proposition 3.2, we obtain a uniform C°-bound on
the rescaled metrics Hy(f) =" H(r) and Hy(r) =
ez(/le/IE)IHQ(t) )

Theorem 3.3. Let H(¢) be the solution of the Hermitian-
Yang-Mills-Higgs flow (9) on the Higgs bundle (E,d;,6) with
initial metrics H,, Hs(f), and H,(¢) be the induced Hermitian
metrics on (S,6s) and (Q,6,). Set he(r) = e H N (0)H, (1)
and sz(t) = e’ H (0)H,y(t). Then, there exists a uniform
constant C, such that

supftrhis (x, 1) + trh; (x, 1) + trhy (x, 1) + triz;(x, ny<C, (67)

xeM
forallz> 0.
Proof. Noting that the metrics Hy(0) and H,(0) are fixed
Hermitian metrics, we can check that

~C\lds < V=1A,(Fyy )+ [65,6;]) < C1ds (68)
and
~Cldy < V=1A,(Fyy0 +[6,6,]) < C,1d, (69)

for the entire pf, where C, is a uniform constant. Then, we
obtain a uniform constant C, such that

Alog(try (0) + trf;' (0)) > —C, (70)

and

Alog(tri,(0) + trfr, (0)) > —C, (71)

According to formulas (70), (71) and Moser's iteration, we
have the following mean inequalities, including a uniform
constant C; such that

w

suplog (trizs (0) + tri;' (0)) <G IM log (trfzs (0) + trfzg! (O)) :
M n.
(72)

and

n

7 7-1 7 7-1 w
suplog (g 0) + i () < C: | log(iwhg(0) + 1w, (0)) —
(73)
From the uniform [!-estimate in Ref. [26, Lemma 5.1], we
know that there exists a uniform constant C, such that

sup{log(trh (0) + tr/z;'(0)) + log(tr,(0) + trh, (0)} < Cy (74)

Set

hy (1) = €~ HE () Hs (1)
and

ho(t) = €< H ' (0)H, ().
From (52) and (74), we can obtain that
(trfzs (x,0)+ trﬁQ(x, t)) < Cs (75)

sup
(x,1)EMX[0,+00)

1-8

where Cs denotes a uniform constant. According to (20), it
follws that

a% logdet(h; )=2tr ( V=1A,(Fy +[65.6, 1=y Ay +B A - 1ds )
(76)

From (62), the Gauss-Codazzi equation (17), and the maxim-
um principle, we have

sup | V=1A,(Fue, +16,0']) — A1d.[,, < Cq

(x,EMX[0,+00)

)

and
sup  Jtr( V=TA(Fu 465,60, 1=y Ay +B A )-As1d )| < C
(x,1)eMX[0,+00)
(78)

where C, denotes a uniform constant. Then, (53) implies that
there exists a uniform constant C, such that

sup log (detﬁ;‘(x, t)) <G (79)
(x,1)EMX[0,4+00)
As a result, we have
det(hy (1)) det(hy(1)) = det(H," H(?)) (80)

and then

logdet(fi,(x,1)) = logdet(f;' (x,1)) + logdet(H;'H(x,1)) < Cy
(81)

for all (x,1) € M x[0,+00), where C, denotes a uniform con-
stant. Combining (75), (79) and (81), we can easily conclude
that there exists a constant C, such that

trhs + tohy' + trhy +triz;)(x, n<é, (82

sup
(x,)EMX[0,+00)

4 Uniform curvature estimate

Using the above uniform C’-estimate of H(f) and H,(f), we
first prove that the norms of |75 ()l [To(Oluyws 1Yl and
|B()l 4, are uniformly bounded.

Let us set

Ts(H) = DHS(/).és - DHO.BS = h;]aHovg hs = (8H5(r)hs )hs_l (83)

and

To(t) = Dyying, = Diyay = hg 0 s ho = (Opgnho)hy (84)

Hoo

where hy(t) = Hy H(t) and hy(f) = H; ,H,(t). Direct calcula-
tions yield

0
(-2 -

2|vHS(t)TS|2

Hs (1)

+2Ric,(8,.8,)8 g " tr(T5 (3, H; T5 (0, Hy )+
2Re([ V=14,(165.0,1 =y Ay +BAB)Ts1. Toduyot
ARe(Dy, (V=1A,([05.0,1=y Ay +BAB)). Tt
ARe{g TS (0, Fo 008DV To @i+

4Re<aﬂn.x ( \/__lAwFHQ.S )s TS >

Hg (1)

(85)
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and

0
(=Gt =

2AVOT [

Ho(t)

+2Ric,(8,,0,)8 8" tr(To(8)H,' To(8,)" Hy)+
2Re([ V=1A,(100,6,1 =7 Ay +B AB. T, Toduyn+

4Re(D,, (V=14,([60,6,1 =¥ Ay +B A, Tyt
4Re{g"f"g”<[TQ(a,->, Fou,(0.)]. TQ(a,)>HQ(,,}+

4Re(6HO_Q( \/—_1AMFH0,Q)’ TQ >HQ(t)
(86)

However, we can also obtain the following inequality (see
(2.5) in Ref. [14] for further details):

0
(A - 6—t)|e|;,, > 2V, 0, + 21A[0,67

H(t)

—2[Ric(w)|l6l;

H(t)

87

2
H(t)

From the local C’-estimate in (67) and the maximum prin-
ciple, it can be concluded that |6]}, , is also uniformly bounded
on M x[0,+c0), i.e.,

Sup |0|i1(r) = Sup (|05|i15(x) + |9Q|?-IQ(1) + Iﬁ(t)ﬁ{(;)) < él (88)

Mx[0,+00) Mx[0,+00)
Together with the local uniform C'-estimate in Ref. [21, Pro-
position 4.2], we obtain the following proposition:
Proposition 4.1. Let H(¢) be the solution of the heat flow
(9) with initial metric H, on (E,d;,6), let Ts(¢) and T,(f) be
defined by (83) and (84), and let y be the second fundament-
al form. Then, there exists a constant C, such that

sup +1603,)(x, 1) < G,

(x.1)EMX[0,+00)

(sl + 1T o0, + YO,

(89)

According to Eqgs. (44), (85), and (86), we obtain
A 0 T T, c) >

- E (| SlHS(/) +| Q|HQ(/) + |7(t)|ﬁ(z)) Z

1

Z('FHS |i15 + |F§1Q| + 2|8H(1)’)/|il(t))_

C3(|’y|i1(/) + |9|?—1(/))(|TS ?-15(,) + |TQ|?-1Q(,) + h’(t)ﬁ{(,, + |9|?—1(/))_

C~‘4(|T‘S |i[3 ) + |TQ|i1Q(;) + |’y(t)|;l1(/) + |0|il(t)) - CS (90)

where constant C, depends only on the uniform local C°
bound of /A, and sz, Hg,, H,,, and the lower bound of Ricci
curvature of (M, w). Let us consider

E(x, 1) = |VH(1)(FH(1) +[6, 9*"“)])&(,) + |VH(1)9|2(,)(-X) 1)
Then, it follows that
0
A_—Fz
( ot
2(V O (F sy + 10,0 DIy + V5,0 — CoZF -
G501, + IRm(w)DE(x,1) — |V, Ric(w) (92)

1-9

where C; is a constant, depending only on the complex di-
mension n and rank r, and Rm is the Riemann curvature of M.
The proof of inequality (92) can be found in Ref. [26].

Proof of Theorem 1.1. For the sake of simplicity, we de-
note

— 2 2 2
V=100 + W + 1T sl

+[T| 93)

2
Ho ()

By estimating (89), we can choose a constant C, such that

1. ~ ~
0< G <C~-v(x,)<C

4
. (94)
for all (x,7) € M X [0, +00).
Now we consider the following test function:
= — = + Wy 95
=g 95)

Let £,(p,t,) = max £,. Then, at the maximum point (p,t,), we
Mx[0.t1]
have

7] 1 a = a
A2V = —(A-Z)m+ — A-Z -
( Bt)g' C7—v( az) +(C7_V)2( ar)v

2 = N d
—~ Vi = -V(C, - A——
=555 Cewa- gl 09
and
v(ﬁ" )+WVv:0 (97)
C,—v

Substituting (97) into (96), choosing the constants €, and W
sufficiently large, and using formulas (90) and (92), at the
maximum point (p,#,) we have

—_

0 1 0 B 0
A-—=)ti=—A-=)E+—= A—— -
( at)"v C7—y( at) +(C7—v)2( 8t)v

W P ~
- |Vv|2+vv(A——)v>E—c8
C,—v ot

(98)

where C; is a positive constant that depends only on the local
uniform bound of v and curvature of (M, w). Thus, we obtain

E(p,t) < Cx 99)
Then, there exists a constant C, such that
sup |Fy +16,6 1F + V.ol < Co (100)

Mx[0,+00)

This completes the proof of Theorem 1.1.
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