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Schematic illustration for the structure of the fermionic hierarchical equations of motion (HEOM) method.

Public summary
m This review provides an overview of the formally rigorous fermionic HEOM formalism.

m This review introduces the recent advances in spectrum decomposition schemes for environmental memory and hier-
archical terminators.

m The review surveys recent applications of the fermionic HEOM method to the simulation of strongly correlated quantum
impurity systems and the investigation of novel quantum phenomena.
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Abstract: Investigations of strongly correlated quantum impurity systems (QIS), which exhibit diversified novel and in-
triguing quantum phenomena, have become a highly concerning subject in recent years. The hierarchical equations of mo-
tion (HEOM) method is one of the most popular numerical methods to characterize QIS linearly coupled to the environ-
ment. This review provides a comprehensive account of a formally rigorous and numerical convergent HEOM method, in-
cluding a modeling description of the QIS and an overview of the fermionic HEOM formalism. Moreover, a variety of
spectrum decomposition schemes and hierarchal terminators have been proposed and developed, which significantly im-
prove the accuracy and efficiency of the HEOM method, especially in cryogenic temperature regimes. The practicality and
usefulness of the HEOM method to tackle strongly correlated issues are exemplified by numerical simulations for the char-
acterization of nonequilibrium quantum transport and strongly correlated Kondo states as well as the investigation of
nonequilibrium quantum thermodynamics.

Keywords: quantum impurity systems; hierarchical equations of motion; open quantum systems; strong electron

correlation
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1 Introduction

Over the past decades, the rapid developments of science and
technology have allowed people to explore the quantum
world. Research on quantum impurity systems (QIS) has be-
come a significant subject and has received extensive atten-
tion for its widespread applications in physics!"?,
chemistry"™, nanoelectronics”*, quantum information pro-
cessing” ', spintronics!'"?, and quantum computation* ',
QIS are typical open systems involving few degrees of free-
dom, which differs from the surrounding material environ-
ment. The material environment contains a huge (practically
infinite) number of near-degenerate degrees of freedom,
which usually serves as an electron reservoir and thermal
bath. The strongly correlated states of QIS mentioned in this
review originate from the strong coupling between the sys-
tem and environment. A typical and famous example is the
Kondo state that emerges in the low-temperature regime!* '*\.
Physically, the appearance of Kondo states originates from
the local spin moment of the system being screened by the
spins of itinerant electrons in the surrounding environment!”.
Because of the presence of the Kondo state, the strongly cor-
related QIS exhibit diversified novel quantum phenomena.
These include the Kondo effect ', local magnetic aniso-
tropy!®, quantum memristive effect® !, unconventional
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superconductivity”, and thermoelectric effect* >,

To date, there have been enormous experimental efforts on
the precise measurement and control of QIS, such as molecu-
lar magnets, nanoclusters, quantum dots, etc. For instance,
single molecular magnets can be used to construct spin
qubits, and hence, they are expected to become the building
blocks of quantum storage devices”. Another example is that
the manipulation of local quantum states in magnetic mo-
lecules has been realized by using scanning tunneling micro-
scopy (STM)!'>?"*! and mechanically controlled break junc-
tion (MCBJ) setups™ .. These intriguing experimental find-
ings have aroused increasing interest and enthusiasm from re-
searchers. To better investigate and understand the physical
origin of experimental observations, the development of the-
oretical methods has become essential. However, accurate
simulations of strongly correlated QIS still face multifold
challenges. First, as an open quantum system, the exchange of
energy and particles with the environment is inevitable, which
leads to a huge computational complexity. Second, conven-
tional perturbation methods have difficulty treating strong
system-bath coupling problems and multielectron cotunnel-
ling processes. Third, QIS itself may involve complicated
electron-electron and vibronic coupling interactions.
Moreover, the evolution of a system often reflects the non-
Markovian memory of the environment. Therefore, an
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accurate, efficient and universal theoretical method capable of
tackling all these challenges and exactly characterizing
strongly correlated QIS is highly desirable.

A vast amount of theoretical effort has been devoted to de-
veloping formally explicit nonperturbative methods. These in-
clude the numerical renormalization group (NRG) method”"**,
the density matrix renormalization group (DMRG) method™!
and its time-dependent extension (TD-DMRG)¥**! the exact
diagonalization (ED) method"”, the quantum Monte Carlo
(QMC) method™ ™, the real-time path integral (PI)
method", the iterative summation of path integrals (ISPI)
method“—", Green’s function method“", the stochastic
equation of motion (SEOM) method”'~*, the multiconfigura-
tion time-dependent Hartree (MCTDH) method™ > and its
multilayer extension (ML-MCTDH) method™ and the second-
quantized version (ML-MCTDH-SQR) method™ . Al-
though these methods have been successfully applied to some
specific physical models, they are still restrained by certain
intrinsic limitations. For example, the NRG method is only
applicable to the normalizable Hamiltonian form and faces
difficulties in characterizing systems far from thermal equilib-
rium™"*1. The QMC method often suffers from the dynamical
sign problem, and its performance in the low temperature re-
gime is unsatisfactory””*. The time-dependent versions of
the DMRG, QMC, and PI methods have difficulties in obtain-
ing converged results in the long-time regime, and the
MCTDH method often encounters numerical problems when
it is used to handle a complicated environment™. In addition,
because of the limited computer resources and memory stor-
age space at present, the above methods are only suitable for a
number of physical models™. Therefore, it is vital to find an
efficient, accurate, and universal approach to investigate QIS
and provide important theoretical insights into experimental
findings.

An alternative numerically exact approach called the hier-
archical equations of motion (HEOM) method has emerged as
a popular method, which is based on quantum dissipation the-
ory (QDT) and formulated in terms of the reduced density
matrix. It is a powerful numerical approach to describe the re-
duced system dynamics and steady-state properties of QIS
coupled to a non-Markovian and nonperturbative environ-
ment. The mathematical form of the HEOM is a hierarchical
set of linear differential equations, whose basic variables are
the reduced system density operator and auxiliary density op-
erators (ADOs); see Fig. 1. These variables contain the key
information about the evolution of the quantum states of the
systems. In principle, the HEOM formalism is formally rigor-
ous, as long as the bath environment satisfies Gaussian-Wick
statistics, such as free electron reservoirs. It is capable of re-
vealing the underlying physics of the strong electron-electron
interactions, the fluctuation-dissipation relation, and non-
Markovian memory in a nonperturbative manner, and it can
be directly applied to the numerical simulations of various
QIS, thereby accurately evaluating system observables, in-
cluding the static and dynamic response properties in both
equilibrium and nonequilibrium situations.

In 1989, Tanimura and Kudo first proposed the HEOM
formalism to study an open quantum system coupled to a high
temperature bath®™. Subsequently, they extended this method
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Fig. 1. Schematic diagram for the hierarchal structure of the HEOM.
Each green discs represents a density operator. p© is the reduced-system
density operator and p”>? is the nth-tier ADOs. Purple double-arrows de-
note the couplings between two density operators. The size of the hier-
archy space is set by the horizontal M and vertical L dimensional para-
meters. M is the number of basis functions to unravel the environmental
memory and L denotes the truncation tier. Reprinted with permission
from Ref. [114]. Copyright 2018, American Institute of Physics.

to lower temperatures by adding correction terms™ 1, The
HEOM formalism has also been derived by Shao et al. based
on stochastic decoupling of system-bath dissipative interac-
tions'” and by Xu and Yan et al. based on the Feynman-Ver-
non path-integral formulation ). Later, Tanimura and
coworkers developed real-time and imaginary-time HEOM to
calculate thermodynamic variables ‘. Shi and Yan pro-
posed an efficient filtering algorithm to reduce the number of
ADOs, which significantly improves the computational effi-
ciency of the HEOM method™”. Wu et al. developed an exten-
ded HEOM to study the dynamics of the spin-boson model in
near-zero temperature regimes™’”. Shi and coworkers formu-
lated the HEOM method in the framework of matrix product
states and improved its numerical stability”" . The HEOM
method has been widely applied to study open quantum sys-
tems coupled to bosonic environments, and considerable pro-
gress has been made in the study of nonlinear
spectroscopy™ ™, quantum information ", and quantum
heat transport™. In 2008, Jin, Zheng, and Yan extended the
HEOM method to open quantum systems linearly coupled to
fermionic reservoirs”), and later to strongly correlated QIS,
which are the main subject of this paper™. This has enabled
comprehensive studies on the Kondo effect at low temperat-
ures'” > In particular, Zheng and coworkers have de-
veloped a computer program—HEOM for QUantum Impur-
ity with a Correlated Kernel (HEOM-QUICK) —which
provides an accurate, efficient and universal tool for the char-
acterization of strongly correlated QIS®Y. Moreover, the
HEOM-QUICK program has been utilized in conjunction
with the density functional theory (DFT) method to conduct
first-principles-based simulations on the local quantum states
of single molecular junctions, which have offered useful in-
sights into a variety of novel quantum phenomena!'*- -1,

In addition to the above efforts, impressive progress has
been achieved by other authors. For instance, Hartle et al. em-
ployed the HEOM method to simulate nonequilibrium elec-
tron transport with vibronic couplings through nanosy-
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stems™” ") and investigated the nonequilibrium steady-state
properties®”*»*I. In recent years, Bédtge and Thoss have de-
rived the HEOM formalism for open quantum systems
coupled with both bosonic and fermionic environments and
employed it to reveal the intricate interplay among electronic
and vibrational degrees of freedom in quantum transport pro-
cesses”l. Additionally, Klaus et al. implemented the HEOM
method with shared memory parallel programming tech-
niques to improve the computational efficiency and enable
simulation for large complex systems"”. Shi and coworkers
have applied the Tucker and hierarchical Tucker tensors to ef-
ficiently construct the HEOM®.

It is worth noting that different theoretical methods have
inherent advantages and disadvantages. For instance, while
the NRG method has been very successful in studying the low-
energy equilibrium properties of QISF, it often encounters
problems in the exploration of high-energy nonequilibrium
properties™”. The DMRG, TD-DMRG and MCTDH methods
are capable of characterizing the steady-state properties of
QIS and addressing quantum transport problems™”. However,
the study of long-time dynamics behavior using these meth-
ods requires an intensive computational cost”. The ISPI
method allows for the investigation of long-time propagation
and complex environments"**! but it often involves the
cutoff of environmental memory“**!., The HEOM method is
capable of resolving the combined effects of time-dependent
external sources, system-environment dissipation, non-
Markovian memory, and many-body correlation in a nonper-
turbative manner® ‘! and hence provides a highly accurate,
efficient and universal tool for characterizing the stationary
and dynamic properties of strongly correlated QIS .

Despite the rapid progress and emerging applications of the
HEOM method, it still faces several challenges. First, for ex-
tremely low temperature regimes where long-time memory
should be considered, it is necessary to introduce high-order
ADOs and use more memory basis functions to resolve mul-
tielectron cotunnelling process and non-Markovian memory
effect. This inevitably leads to enormous computational
costs!""*-1_Second, the hierarchical space needs to be trun-
cated at a finite size in practical calculations, which not only
brings numerical errors, but also makes the Liouville matrix
in the HEOM space slightly ill-conditioned so that the numer-
ical instability problem emerges in the calculation of station-
ary-state properties and long-time dissipative dynamics®'"'",
Over the past few years, researchers have made numerous ef-
forts to develop novel schemes to overcome these challenges.
These schemes generally fall into two categories: schemes for
decomposing the environmental memory and schemes for
truncating the hierarchy. The former is devoted to reprodu-
cing the exact reservoir correlation functions to minimize the
horizontal dimension M of the hierarchy in HEOM
theory™ %1% while the latter is targeted at reducing the
vertical dimension [, as much as possible without comprom-
ising the accuracy of the output®"'*'"); see Fig. 1. These de-
velopments in methodology significantly improve the effi-
ciency and applicability of the HEOM method, especially in
cryogenic temperature regimes. Moreover, their implementa-
tion greatly reduces the computational cost and alleviates the
numerical instability problem in the time evolution calcula-
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tion.

This paper aims to review the recent theoretical advances
in the development of fermionic HEOM method and some of
its representative applications. Emphasis will be placed on
realizing highly efficient and accurate HEOM calculations at
cryogenic temperatures as well as the characterization of
strongly correlated QIS. The remainder of this paper is organ-
ized as follows. In Section 2, we review the construction of
the HEOM formalism, along with recent advances in spec-
trum decomposition schemes and terminators. The usefulness
and practicality of the fermionic HEOM method are exempli-
fied by studies on nonequilibrium quantum transport, precise
control of local quantum states, and quantum thermodynam-
ics problems in Section 3. Concluding remarks and perspect-
ives on the HEOM method are given in Section 4.

2 Advances in the
HEOM method

development of

2.1 Modeling quantum impurities and electron reser-
voir environment

Let us consider a typical open quantum system embedded in a
noninteracting fermionic reservoir environment consisting of
free electrons. The total system-and-environment Hamiltoni-
an reads (for brevity, we set /i = ky = e = 1 hereafter)

[:IT = nys + I:Im + Hc()up]ing' (1)

Here, Ifly is the system Hamiltonian, and FI,CS:Z}L:

Zemdfyksdm is the noninteracting reservoir Hamiltonian, with
aks

d',(d,,) being a spin-s electron creation (annihilation) operat-
or for the kth state with energy €,, in the a-reservoir.

H.oupiing = Z(&LF s+ H.c.) represents the system-reservoir
avs

coupling Hamiltonian, with F, = Z tslons, Where £,,,, is the
k

coupling strength between the vth orbital of the impurity sys-
tem and the kth state of the a-reservoir. The impurity system
usually involves a small number of degrees of freedom. A key
quantity to characterize open quantum systems is the system-
reduced density matrix p, which is calculated by taking the
partial trace of the total density matrix p; over the reservoir
subspace:

P(t) = Trres[pT(Z)]- (2)

Reservoirs are usually treated by quantum statistics methods;
that is, the grand canonical density operator is utilized to de-
scribe the thermodynamic equilibrium state of the «a-
reservoir’”, which has the form of

e Falha—ttaNe)

Pu(Topt,) = A3)

Tr,. [e—ﬁa (ha~p1a M) ]

Here, N, = Z‘iskﬁm is the occupancy number operator of
k
the a-reservoir and g, is the chemical potential of the a-reser-
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voir. 8, = 1/T,, where T, represents the temperature of the a- exactly expressed as
reservoir.The reservoir spectral density functions assume a .
Lorentzian function form of Flyl= exp{ —f drR[z, {|//}]}, )
T (@) ST Y £yl S0 = €)=
k R W =i ) al W (D18, (6 ()~
Fm,‘,,SWi (4) oavs
(W=Q, P+ W’ B,y Dal [y ()] (10)

where I, is the coupling strength between impurities and
reservoir a, and Q, and W, represent the band center and the
band width of the a-reservoir, respectively. It is evident that
the linearly coupled noninteracting electron reservoirs satisfy
the Gaussian statistics, and thus, the influence of the a-reser-
voir on the dynamic properties of systems is completely cap-
tured by the reservoir correlation functions

Co(t=7)=C2,,(t=7) = (F7 (DT, (1))rerr Q)

Here, the notation o = + or — is introduced and & = —o rep-
resents the opposite sign of o. F' (f)=e’Fi e and

avs

F;N(z)Ee"ﬂ“"FL,,.Se""qw*” are the Heisenberg operators. The

reservoir correlation functions obey the time-reversal sym-
metry and detailed-balance relations, i.e.,

[C7,. (O] = CT,,.(=1) = P CT(t—iB,). (6)

More importantly, the expression of the reservoir correla-
tion functions can further be associated with the spectral
density functions J,,,,(w) and the Fermi distribution function
f7(w) via the fluctuation-dissipation theorem in the fermionic
grand canonical ensembles,

1 e .
Cl = — | dwe™ [ (@), (). (7)

where f7(w) = 1/[1+e”“#] is the Fermi distribution func-
tion with the inverse temperature 8, and the chemical poten-
tial .

2.2 An overview of the fermionic HEOM formalism

In the following, the formally rigorous HEOM formalism is
constructed through the Feynman-Vernon influence function-
al path-integral theory with Grassmann algebra. The construc-
tion starts with an initial factorization ansatz with the system
decoupled from the reservoirs, which is expressed as
pr(ty) = p(t))p.s. This ansatz is considered to be exact as long
as the initial time ¢, takes the infinite past, i.e., , » —oc0. De-
note U(t,1,) as the reduced propagator in the Liouville space.
At the present time ¢, the system-reduced density operator p(7)
can be described via p(r) = U(t,1,)p(t,). The path-integral ex-
pression of the reduced Liouville-space propagator has the
form of” """

U, 0. 1) = me Dy F [yl ®)

olio]

where S[y] is the reduced-system classical action function,
with {¢} being an arbitrary basis set defined in the system
space, and ¥ = (Y,y¥’). F[¢] is the Feynman-Vernon influ-
ence functional, which captures the effect of the environment
on the reduced system. By using Wick’s theorem on the ther-
modynamic Gaussian average, the influence functional can be

03024

Here, R is the dissipation functional. The Grassmann vari-
able 87  is a generating functional related to a specific prin-

avs

cipal dissipative mode, which is expressed as

81, [ = —i{B [N -Bolawh), (1)

with BY [t;{y}] = Z L: drCy . (t,7)a’ [Y(v)]and BY [t;{y'}] =

’

Z f drC?. . (t,7)a’ [ (r)]. Hereafter, a multicomponent in-
dex j={casvwm} is introduced to label a principal dissipa-
tion mode for brevity. To construct a formally closed HEOM,
a sum-overpoles (SOP) representation is adopted to unravel

the reservoir correlation functions, i.e.,
M
Co (=)= ) e, (12)
m=1

Here, the reservoir correlation functions are expanded by a
series of exponential functions, where the complex paramet-
ers {n;} and {y;} represent the expansion coefficients and ex-
ponents. M is the total number of poles, which is given by
summing the number of poles of the Fermi distribution func-
tion P and the reservoir spectral density functions Q, i.e.,
M =P+ Q. Each individual exponential term in Eq. (12)
makes the generating functional B, in Eq. (11) become

B LW = -ifn Bl Wl -nB s, (13)

with B,[t;{y}]1 =2, f[; dre“a’ [y(7)]. The time derivative
of B, satisfies
6fBj[f;{|/’}] = _Vij[t;{l/’}]_
ifna WOl-na W) (14

Similarly, a series of auxiliary density operators (ADOs)
{p}’,sn=1,---,L} with the truncation tier £ can be defined
via

P =U, (t,1)p(t), (15)

where the path-integral expression of these auxiliary propag-
ators U, is

gl ; STy
U, gt = [ DY F e (16)

with 7, =8, -8, F.

Ji-jn
Taking the time derivatives of Eq. (15), the final closed
HEOM for nth-tier ADOs have a compact form oft - 1%
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P, == [iLy+yn, 0ol
_i Z(— D7Cip5l i 17)

_ (n+1)
l: ‘ﬂfpll “nJ*®

Eq. (17) clearly exhibits the relations between the nth-tier
ADOs and its tier-up and tier-down ADOs. The structure of
the hierarchy is shown in Fig. 1. System reduced density op-
erator p = p® and the ADOs {p!”. ;n=1,---,L} inthe hier-
archy obey the Grassmann parity, and they are the key quant-
ities to characterize the impurity system. In Eq. (17), £,,.(?)
represents the Liouville-space reduced system operator,
defined as Lsys(t)é = [I-AIS),S(I), O] for an arbitrary fermionic op-
erator O. The damping parameters A OE Zy,-,(t), where

v, (t) is a characteristic dissipation rate corresponding to the
relevant exponent in Eq. (12). In addition, C;=C¢,,,, and

A; = A, are superoperators that satisfy C 0 =n,a5,0 + ’7,,0%
and A, 0=[a" a, 0], respectively.

2.3 Decomposition of environmental memory

As shown in Fig. 1, the structure of the hierarchy is exhibited
as a two-dimensional pyramid, which consists of the reduced-
system operator and the ADOs. The horizontal dimension of
the pyramid resolves all the available principal dissipation
modes between the system and environment, and its width is
determined by the number of basis functions A in the SOP
representation. The vertical dimension resolves all the pos-
sible dissipation events occurring through the available dis-
sipation modes, and its height is determined by the value of
truncation tier L. Generally, M and L together set the size of
the hierarchy space, and thus determine the computational
and memory cost of the HEOM calculations. It is highly de-
sirable to minimize the computational cost while obtaining
accurate results; thus, a vast amount of effective spectrum de-
composition schemes and terminators are successively pro-
posed to reduce the horizontal dimension 3/ and the vertical
dimension [, respectively. It is well known that the decom-
position of environmental memory is based on the expansion
of the reservoir correlation functions C,,(?) (see Eq. (12)), i.e.,
the SOP unraveling of the Fermi function f”(w) and the reser-
voir spectral density function J,,,. (w). In earlier years, vari-
ous spetrum decomposition schemes have been proposed and
developed, including the Matsubara spectrum decomposition
(MSD) scheme", the partial fractional decomposition (PFD)
scheme!”, a hybrid spectrum decomposition and frequency
dispersion scheme!”), and the Padé spectrum decomposition
(PSD) scheme!'™ '™ "I, Despite the success of these schemes,
a common disadvantage of these schemes is that they have a
rather short accuracy length at extremely low temperatures,
thus hindering the investigation of strong correlation prob-
lems such as the Kondo effect. Therefore, an effective and ac-
curate spectrum decomposition scheme to eliminate the low-
temperature curse is highly desirable.

To this end, several novel schemes for the decomposition
of environmental memory have been proposed to accurately
reproduce the reservoir correlation functions. These include

0302-5

the low-frequency logarithmic discretization (LFLD)
scheme!™, the Fano spectrum decomposition (FSD)
scheme™*, the time-domain Prony fitting decomposition (t-
PFD) scheme!*, etc.

LFLD scheme. It was proposed in 2017 for the efficient
decomposition of the fermionic reservoir spectrum!*!. This
scheme subtly combines the advantages of the minimum-dis-
sipaton ansatz!'' and the PSD scheme and requires a smaller
number of exponential functions to expand the reservoir cor-
relation functions to greatly improve the efficiency and accur-
acy of the HEOM method at low temperatures.

FSD scheme. Subsequently, the FSD scheme has been fur-
ther put forward, which aims at overcoming the discontinuity
of Fermi/Bose functions at w =0 near zero temperature and
thus allowing the HEOM method for cryogenic
measurement™ ). This scheme is applicable for both fermion-
ic and bosonic reservoir environments, although we only re-
view the fermionic case later. The emphasis of the FSD
scheme is placed on the efficient and accurate SOP expan-
sion of Fermi distribution functions, that is, fragmenting the
Fermi distribution function into two parts: a high-temperat-
ure reference and a low-temperature correction. The high-
temperature reference part f*°(w,T,) is decomposed accur-
ately via the standard PSD scheme as follows

_2n,

PSD
) :
fe e To) 2 TU (T, + €

(18)

where T, is an artificial reference temperature that is used to
calibrate the boundary between the high-temperature refer-
ence and low-temperature correction. P, is the number of
Padé first-order poles, which usually depends on the selec-
tion of the reference temperature 7,,. The positive real para-
meters {17,} and {g,} can be numerically given with high preci-
sion. The remaining part is called the low-temperature correc-
tion Afi(w,T,T,) is mainly responsible for the discontinuity
in the vicinity of w = 0 and influences the convergence speed
of the results. It can be approximatively expressed as

D
Af(@,T,T) = ) Fi(,Tya,b,), (19)
d=1
where {(F/(w,Ty;a,,b,);d=1,---,D} are a set of modified
Fano functions with the following expression
i ba,w/T,
Fi(w,To;a0,b)) = ———————. 20
F T4 = o T 20
Here, the positive integers {j,} specify the orders of the Fano
poles; the fitted real numbers {a,} and {b,} are dimensionless
and temperature dependent. The resultant expansion of the
Fermi function ff*°(w,T) is the sum of Eq. (18) and Eq. (19),
has the form of

f:sn(w’ T) fPSD(a)’ TU) + Afi:((l), Ta T(J) (2 1)

D
with the effective number of poles being P, = P, + Z Ja- Tt is

worth noting that the high-order Fano poles with j, '1 would
cause extra polynomial-exponential terms to expand reser-
voir correlation functions, which improves the expression
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shown in Eq. (12). Consequently, with the FSD scheme, the
reservoir correlation functions are unraveled by a series of
polynomial exponential functions, which can be expressed as

,
Clt=1)= Y =Ty e, (22)
p=1

Here, {m,} are nonnegative integers, and P =P, + P, is the
total number of memory basis functions, where P, represents
the number of poles for unraveling the reservoir spectral
density function J(w). It has been confirmed by Fig. 2 that the
FSD scheme is superior to the standard PSD scheme for low-
temperature expansion of the Fermi distribution function.
Fig. 2a depicts the expansion of the Fermi distribution func-
tion based on the PSD scheme and the FSD scheme, as well
as its exact results at a rather low temperature. Apparently, re-
latively accurate results can be obtained by the FSD scheme
with P, =20 for the high-temperature reference part and

D
Z J.=9 for the low-temperature correction part, while this
d=1
requires P > 600 for the standard PSD scheme. Moreover,
with the same number of total poles, the FSD scheme has a
much longer accuracy length than the standard PSD scheme.
Fig. 2b exhibits the comparison between the low-temperature
correction part in the FSD scheme and the exact results. The
negligible numerical error verifies the usefulness of the Fano
function to expand the low temperature correction part. In
general, these results show the superiority of the FSD scheme
over other spectrum decomposition schemes for expanding
the Fermi distribution function, especially in extremely low
temperature regimes.

On the one hand, the FSD scheme requires fewer basis
functions to unravel the non-Markovian memory of the envir-
onment, which accelerates computational speed and reduces
the memory cost. On the other hand, the use of the FSD
scheme indeed yields highly accurate results, even in ex-
tremely low temperature regimes. Hence, the FSD scheme is
an advanced and reliable spectrum decomposition scheme to
expand the reservoir correlation functions.

t-PFD scheme. Recently, a highly accurate, efficient and
universal exponential series method called the time-domain

Prony fitting decomposition (t-PFD) scheme has also been
proposed! ™. This scheme is capable of directly unraveling ar-
bitrary reservoir correlation functions C,,(¢) to the following
form:

C.i()=C2(D+iCY(t) ~

res res

M, M;
Z é«me—/l,,,z + lz " ewlm,r.

m=1 m'=1

(23)

Here, {£,;A4,}- and {{, ; A, }-parameters are obtained by fitting
the real part C?)(¢) and the imaginary part C?(f), respectively,
with only one of the parts being temperature dependent. The
total number of poles is M = M, + M,, and all of them are first-
order poles. Whatever the form of spectral density functions
J(w), the fitting results for the frequency-domain reservoir
correlation functions in the vicinity of w =0 via the t-PFD
scheme always have smaller errors than those in convention-
al schemes. Moreover, the numerical efficiency and accuracy
of the HEOM method based on the t-PFD scheme is signific-
antly improved, especially in cryogenic temperature regimes.
In Particular, the advances and superiority of the t-PFD
scheme have been exemplified by demonstrating the HEOM
calculations on the single-impurity Anderson model (SIAM).
Therefore, the proposal of the t-PFD scheme is a huge break-
through for the development of HEOM methodology.

In summary, the rapid progress of spectrum decomposition
schemes not only realizes highly accurate and efficient meas-
urements for QIS but also allows the HEOM method to ac-
cess unprecedentedly low temperature regimes. However, the
asymptotic instability problem remains inevitable in HEOM
calculations, which will become one of the main issues of fu-
ture research.

2.4 Terminators

The advances of the spectrum decomposition scheme re-
ferred to in the previous section target reproducing exact
reservoir correlation functions and optimizing the horizatonal
dimension of pyramid M. As mentioned before, the hierarch-
ical structure of the HEOM method contains two dimensions.
Naturally, the optimization of the vertical dimension is anoth-
er choice to improve the HEOM method. To date, a variety of
terminators have been developed to achieve the goal of exact

AAF

I l A ;:xacl 10.5
1 .OW ------- PSD(29) U FFE
---------- PSD (600) Af
FSD(10+9) —error
— FSD(20+9)
o5 — 0.0
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Fig. 2. (a) The expansion of the Fermi function based on the PSD scheme (green/blue dotted line), the FSD sheme (yellow/red solid line), and the exact
results (empty triangles). (b) The low-temperature correction part in the FSD scheme (red solid line) expanded by the Fano functions and the numerical
error (blue solid line). The original and reference temperatures are in unit of r: 7 =0.001, Ty = 0.1. Reprinted with permission from Ref. [98]. Copyright

2019, American Institute of Physics.
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and effective Lth tier truncation. These include:

Zero-value terminator. This conventional truncation
scheme has been achieved in a simple and straightforward
way, that is, to set all the ADOs beyond Lth tier {p">"} to

Jiedn
zerol!07 112113

1. Based on the zero-value terminator, Han et al.
analyzed and studied the exact truncation tier of the fermion-
ic HEOM method via a termination pattern originating from
the Pauli exclusion principle!'. For a general system coupled
to fermion reservoirs, the exact density operators up to the nth
tier can be obtained by the (n+ L)th-tier truncation with
L=2N_N,, where N, =2 for the fermionic environment and
N, represent the system degrees of freedom. In contrast, for a
noninteracting system, the exact truncation tier is only half of
that for general systems, i.e, L’ = N,N,. It is commendable
that the termination pattern is always effective regardless of
the number of reservoirs, the system-environment coupling
strength, and the spectrum decomposition scheme. However,
an intrinsic shortage of the zero-value terminator is that the
influences from the higher-tier(n > L) ADOs are entirely
ignored.
Zero-derivative  terminator. Instead of having
{p"" =0}, the zero-derivative terminator has been de-
veloped for the hierarchal structure, which sets the first-order
time derivative of (L+ 1)th-tier ADOs {p") } to zero!".
Meanwhile, the ") naturally satisfy the equations of mo-
tion (EOM) of (L + 1)th-tier ADOs (see Eq. (17)). Combining

these two equations, the value of p|*) can be evaluated by

L+1 -1
(L+l) .
p./'l"nfl.+1 ~ _(I‘ESYS + Z’yjy) X
r=1

L+l (24)

L+l-r (L)
[Z(_) erpjl"'/'y—x.fm"'fL+1]'
r=1

This expression is then substituted into the EOM of the Lth
tier ADOs, which gives rise to a truncation for the hierarchal
structure. Clearly, the influences from higher-tier ADOs are
partially considered in the terminal tier of the hierarchy.
Moreover, the use of a zero-derivative terminator does not re-
quire more memory cost to store the ADOs since no extra ba-
sic variables are invoked during calculations. Usually, the
ADOs are sparse matrices, which means that a large percent-
age of elements in the ADO matrix are exactly zero. By tak-
ing advantage of this feature, the memory cost can be greatly
reduced. To this end, they developed an efficient algorithm
consisting of two ansatz to quickly locate and screen out all
zero elements. Consequently, the proposal of a zero-derivat-
ive terminator and the use of sparsity of ADO matrices signi-
ficantly improve the efficiency of the HEOM method. After-
wards, Kasper and Thoss combined the zero-derivative ter-
minator with an iterative approach to yield an efficient steady-
state solver for the HEOM method and thus simulated
nonequilibrium quantum transport processes in molecular
junctions™.

Adiabatic terminator. Recently, an adiabatic terminator
was proposed to further improve the numerical performance
of the fermionic HEOM method"". Zheng and coworkers
found that the distribution of the poles of reservoir correla-
tion functions unraveled by the FSD scheme is sufficiently
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discrete. This implies that dissipation rates of different dissip-
ation modes are distinguishable. Inspired by the well-known
Born-Oppenheimer approximation, which separates the mo-
tion of electrons and nuclei due to their difference in motion
speed. The adiabatic terminator has been realized by decoup-
ling the principal dissipation mode with the fastest dissipa-
tion rate from the other slow ones.

The HEOM hierarchy truncated at the first tier corres-
ponds to a quantum master equation obtained by adopting the
self-consistent Born approximation as follows:

P =—iLyp)=i ) |&p0-p 0] (25)

with {p,} being the auxiliary dynamical variables and can be
expressed as

g =-i > [ det—ryu-o)x
Z j (26)

:
[neesp@@) -me " pme |,

where U(t—7) is the reduced system propagator. Recall the
EOM for the zero-tier ADO:

p0) = =iLyp-i Y [ O -p" ] (27

J

Since Eq. (25) and Eq. (27) describe the same dissipative dy-
namics, Eq. (26) can be regarded as the adiabatic terminator
for the first-tier HEOM. Defining a dissipative Liouville pro-
pogator W, = f“: dy;(t—ty»U(t—T1)e”"™ and its conjug-
ate W!, = f/; drni(t =7y Ut —7)e”"”, the adiabatic termin-
ator for the first-tier ADOs is then given by

P x =iy (Wi - Wi per). (28)

v

Similarly, the adiabatic terminator for the Lth-tier ADOs can
be expressed by a general form as

P =i | Wotip i
v (29)
Wb o]
The hierarchy is finally truncated by substituting the values of
pi") into the EOM for the Lth-tier ADOs. Extensive numeric-
al demonstrations have shown that the adiabatic terminator
greatly enhances the convergence of calculation results and
alleviates long-time numerical instability problems. For ex-
ample, Fig. 3 depicts the impurity spectral function A(w) cal-
culated by the adiabatic terminator and zero-value terminator
at different truncation tiers L. It is observed that the numeric-
al results calculated by the HEOM method with the zero-
value terminator converge at L =7, while that only requires
L =5 with the adiabatic terminator. Moreover, in general, the
calculation results are considered to be quantitatively accur-
ate as long as convergence is achieved. Therefore, compared
with the zero-value terminator, the adiabatic terminator sub-
stantially enhances the efficiency and accuracy for the calcu-
lations of A(w).
In summary, the proposals of these terminators greatly ac-
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Fig. 3. Impurity spectral function A(w) of an SIAM at different truncation tiers 7. The scattered data are obtained by the HEOM calculations with zero-
value terminator and adiabatic terminator, respectively. Parameters here are all in unit of 1: T =0.04, ¢ = ¢ = -U/2 = -4, and W =20. The inset shows the
Kondo resonance peak in the vicinity of w = 0. Reprinted with permission from Ref. [100]. Copyright 2021, American Institute of Physics.

celerate the convergence of calculation results and alleviate
the computational burden in practical applications. However,
the simulation of long-time dissipative dynamics in complex
systems is still difficult. Hence, a goal for future research is to
develop more sophisticated terminators and apply them to in-
vestigate more intricate dynamic processes.

3 Applications of the fermionic HEOM
method

Thanks to the continuous development of analytic formalism
and numerical algorithms, the HEOM method has been ap-
plied to explore a broad range of systems and phenomena, in-
cluding the local heating effect of quantum dots™* ** """, nonequ-
ilibrium quantum transport through nanosystems! - 11611,
strongly correlated Kondo states at molecule/substrate inter-
faces!"” """ dynamic and thermodynamic properties of
QISP 2210 quantum  state evolution™ "' 271 nonlinear
and multidimensional spectroscopies™ > precise control
of spin states of magnetic molecules™ ' *-"" "> and so on.

3.1 Characterization of nonequilibrium quantum trans-
port

In recent years, nonequilibrium quantum transport in molecu-
lar junctions or quantum dots (QDs) has received wide atten-
tion and has exhibited various intriguing quantum phenom-
ena such as Coulomb blockade!'*"** Franck-Condon block-
ade®” 11 strong current fluctuations!'* " and the
quantum memristive effect” . The HEOM method is one of
the most powerful tools to accurately characterize nonequilib-
rium quantum transport.

For example, the nonequilibrium charge transport in nano-
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junctions with strong vibronic couplings was numerically
exact investigated by Hartle and Thoss in 2016"”. The HEOM
method has been applied to study a vibrationally coupled
transport model with a broad spectrum of parameters, includ-
ing resonant and off-resonant transport as well as ranging
from the adiabatic to nonadiabatic regimes. The calculation
results have shown that nonequilibrium effects play an im-
portant role in all these regimes. Particularly, for the off-res-
onant transport regime, the complex interplay of different
transport processes and deviations from the commonly known
G,/2 rule of thumb are revealed via the analysis of the in-
elastic cotunneling signal for a vibrational mode in full
nonequilibrium. Subsequently, to extend the HEOM method
to efficiently treat QIS with a large nonequilibrium vibration-
al excitation, Thoss and coworkers changed the treatment for
vibronic couplings within the HEOM formalism". Instead of
considering the vibrational degrees of freedom of nanosys-
tems as part of the reduced system, they are treated as part of
the bath subspace. The HEOM method has been employed to
solve a model nanosystem consisting of a single electronic
level coupled to two fermionic leads and a single vibrational
mode. On the one hand, the convergence behavior with re-
spect to the truncation of electronic and vibrational hierarchy
has been investigated in both the adiabatic and nonadiabatic
transport regimes. On the other hand, the calculation results
have elaborated the phenomenon of vibrational instability,
that is, electronic-vibrational coupling decreases with increas-
ing current-induced vibrational excitation.

In addition to the average current, the fluctuations and high-
order cumulants of the distribution of transferred charge are
also important to characterize and understand electron trans-
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port in nanosystems. In the framework of full counting statist-
ics, the numerically exact evaluation of current fluctuations
and high-order current cumulants for nonequilibrium charge
transport in nanosystems has been realized by the HEOM
method!"'”. Based on the calculations for a vibrationally
coupled electron transport model, the influence of cotunnel-
ing in the off-resonant transport regime has been investigated.
Meanwhile, it has been confirmed that the correction to the
elastic noise upon opening of the inelastic transport channel is
nonuniversal and greatly influenced by the nonequilibrium vi-
brational excitation. Generally, actual QIS are coupled with
both bosonic and fermionic reservoirs and involve many in-
teracting electronic and vibrational degrees of freedom. Based
on this fact, Birtge and Thoss recently reconstructed the
HEOM formalism and demonstrated its usefulness for a
nanosystem model coupled with multiple fermionic and bo-
sonic reservoirs”. The voltage and thermally driven quantum
transport have been investigated by evaluating of the charge
current, heat current, and their differential behaviors. Addi-
tionally, the calculation results have manifested the intricate
interplay of electronic and vibrational degrees of freedom in
the nonequilibrium transport scenario.

In addition, numerous efforts have been made to utilize the
HEOM method to simulate real-time dynamic evolution pro-
cesses. For instance, the real-time electric current dynamics of
strongly correlated QDs driven by an external periodic
voltage has been investigated”'.. It was found that the dynam-
ic current-voltage (/-V) characteristic pattern is sensitively de-
pendent on the frequency Q of the AC voltage. At a low Q,
the dynamic /-7 curve behaves close to the steady-state fea-
tures, while at a high Q, the shape of the /-V curve is similar
to an ellipse, which originates from the phase difference
between the current and AC voltage. More importantly, at an
intermediate ), the dynamic /-V characteristics form a hyster-
esis loop with self-crossing in the first and third quadrants.
This highlights the remarkable memory effects due to Kondo
resonance. Moreover, it has been observed that the memory
effects are suppressed as the temperature increases, which
results in the QDs recovering classical behavior.

Afterwards, with the proposal of the FSD scheme and the
adiabatic terminator, the description for the time evolution of
the electric current at a relatively lower temperature with a
high precision has also been achieved”. Fig. 4a displays the
voltage-driven time-dependent electric current calculated by
adopting three sets of parameters for the FSD scheme. These
arrows mark the time from which the calculation results start
to diverge. Clearly, the calculated dynamic current would di-
verge after a certain time due to the notorious asymptotic in-
stability problem, but the time starting to diverge can be
delayed by adopting a more accurate set of parameters.
Fig. 4b depicts the time evolution of the voltage-driven elec-
tric current calculated by the zero-value terminator and the
adiabatic terminator at different truncation tier [.. The numer-
ical results obtained by HEOM-adia at L = 5 diverge at a later
time than those obtained by HEOM-zero at L =5. Addition-
ally, the response of the electric current predicted by HEOM-
adia at [ = 4 remains convergent and stable for a long time,
as shown in the inset of Fig. 4b. These calculation results
again demonstrate the advantages of the novel adiabatic

0302-9

terminator.

Therefore, the HEOM method is capable of describing
nonequilibrium quantum transport and the real-time evolu-
tion dynamics in nanosystems, which provides important the-
oretical insights into the relevant experiments.

3.2 Characterization of strongly correlated Kondo states
and their interplay with local spin excitations

Over the past two decades, strongly correlated Kondo states
in molecular junctions have attracted wide attention. The
HEOM method has been successively applied to characterize
the Kondo states and clarify their competition with local spin
excitations!* """ Tn 2014, the investigation of the Kondo
phenomena for a magnetic absorption system consisting of a
dehydrogenated CoPc molecule adsorbed on an Au(111) sur-
face was realized by combining DFT and the HEOM
method!""”. In this work, the DFT approach is responsible for
determining the geometric and electronic structures of the ad-
sorption system, while the HEOM method is utilized to calcu-
late the physical observables by adopting an appropriate
SIAM with the relevant parameters extracted from the DFT
calculations. A major finding is that the zero-bias peak in
the differential conductance dI/dV spectra has obvious tem-
perature dependence in low-temperature regimes. This re-
veals the presence of strongly correlated Kondo states.

Another magnetic adsorption system, FePc/Au(111), has
been investigated by several STM experiments, which con-
firmed that the measured Kondo features have strong adsorp-
tion site dependence® '*). To determine the underlying phys-
ics of the experimental observations, the combined
DFT+HEOM method has been employed to calculate the
dI/dV spectra for the on-top and bridge adsorption configura-
tions!™". The simulation results have shown that their Kondo
features at zero bias have remarkable differences. For the on-
top adsorption configuration, the d1/dV curve resolves a Fano-
Kondo antiresonance line shape, which is completely absent
for the bridge adsorption configuration. A reasonable explan-
ation for such a difference is that the Fano-Kondo signature in
magnetic molecule/metal composites is strongly influenced
by the environment-induced coupling.

Later, the combined DFT+HEOM approach was used to in-
vestigate the characteristics of local spin excitation in two
bilayer composite junctions, i.e., FePc/FePc/Pb(111) and
FePc/CoPc/Pb(111)!), Fig. 5 depicts the simulated dI/dV
spectra for both composite junctions. In Fig. 5a, two step-like
features near V ~ +110mV are clearly presented, which ori-
ginate from the inelastic spin-flip excitations between the
doubly degenerate ground states |m, = +1) and the excited
state |m, = 0) of the molecule. In contrast, Fig. 5b exhibits
four steps located at V ~+30mV and V =~ +140mV. The
emergence of more steps is ascribed to the presence of
nonzero in-plane magnetic anisotropy, which causes splitting
of the doubly degenerate ground states |m, = +1) and thus
gives rise to two different spin excitation processes. These
results provide important theoretical insights into experiment-
al observations and highlight the capability and usefulness of
the HEOM method to characterize spin excitations in various

QIS.

The intricate interplay between strongly correlated Kondo
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Fig. 4. (a) The time evolution of ac voltage-driven electric current. The arrows represent the time of divergence start. The parameters are (in units of A):
U=-2¢=12, A =Ag =05, T=0.05 W=20, eVy=15, and w=0.3. y represents different parameter sets adopted for the FSD scheme, among which
y = 1000 (marked by the star in the legend) is the most accurate. Reprinted with permission from Ref. [22]. Copyright 2020, American Institute of Phys-
ics. (b) The variation of real-time electric current /;(r) driven by ac voltage, flowing from impurity to left reservoir. The results are calculated by HEOM-
adia and HEOM-zero at different truncation tier r,, respectively. The arrows mark the time from which the results start to diverge. The inset shows the
long-time evolution of I,(r) calculated by HEOM-adia truncated at ; = 4. The parameters adopted are all in unit of : V5 =3.0, wy=1.2, T=0.1,
e =€ =-U/2=-12, and W = 40. Reprinted with permission from Ref. [100]. Copyright 2021, American Institute of Physics.

states and local spin excitations has also been studied by the
DFT+HEOM method. Fig. 6 clearly demonstrates the differ-
ential conductance spectra of a composite junction consisting
of a single iron(Il) porphyrin molecule adsorbed on the
Pb(111) substrate®. The dI/dV spectrum (red curve) depic-
ted in Fig. 6a displays a three-peak lineshape. While the zero-
bias peak characterizes the Kondo resonance, the two side
peaks at V = +D indicate the presence of local spin excita-
tions. The attribution of these peaks can be confirmed by tak-
ing the magnetic anisotropy D=0 (gray curve). Fig. 6b
displays the dI/dV spectrum (red curve) for a smaller dis-
tance between the tip and the magnetic molecule. In this case,
the dI/dV spectrum only resolves a single Kondo peak even
though D takes the same value as that in Fig. 6a. The absence
of the two side peaks is due to the strong Kondo resonance,
which overwhelms the spin excitations. Nevertheless, the
weak spin excitations still reduce and broaden the Kondo

peak, as indicated by a comparison with the gray curve cor-
responding to the case of D = 0. Therefore, the DFT+HEOM
method is capable of disclosing the subtle competition
between the Kondo resonance and the spin inelastic excitations.

Another example is the physical origin of the unconven-
tional Kondo resonance signatures for the Ni-tip/Co/Cu(100)
junction in spin-polarized scanning tunneling spectroscopy
has been studied by the DFT+HEOM method™. Fig. 7a and b
depict the calculated and experimentally measured dI/dV
spectra at different tip displacements z, respectively. With z
taking a more negative value, the Kondo resonance peak at
zero bias gradually splits into two asymmetric peaks, which
correspond to two different electron cotunneling processes.
The height of asymmetric peaks is sensitively dependent on
the hybridization strengths I'; and I',, (o =7 or ), where [
represents the hybridization strength between Co and the sub-
strate Cu(100), while I, (I';) is the hybridization strength
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Fig. 5. The di/dV spectra calculated by the DFT+HEOM method for the

(a)FePc/FePc/Pb(111)and(b)FePc/CoPc/Pb(111)compositesattemperature

T = 60 K. Reprinted with permission from Ref. [140]. Copyright 2018,

Royal Society of Chemistry.

between the Ni tip and Co under a negative (positive) bias.
Fig. 7c displays the simulated splitting width AV between two
asymmetric peaks against the difference in hybridization
strengths AE =T; —I,;. Their linear relationship has been ex-
pressed analytically by fitting these data points. The simula-
tion results agree closely with the experimental observations,
which highlights the usefulness of the DFT+HEOM method
for understanding unconventional Kondo features.

In addition, several experiments have found that the ap-
pearance of the Kondo signature usually requires magnetic
atoms to adsorb on the fcc or hep domain of the substrate!*”.
However, in reality, such a requirement is difficult to satisfy
because the substrate usually has some inhomogeneous re-
gions. To regularize the Kondo resonance features, a novel
strategy has been proposed, and its feasibility has been
demonstrated in the Co/Au(111) composite system!”. With
this strategy, a CoPc molecule is utilized to capture the dis-
persed Co adatoms absorbed on the Au(111) surface. The
CoPc molecule can be regarded as a mold that regularizes the
local spin distribution and the Kondo states of the captured
Co adatoms. The resultant atom-mold complexes are highly
symmetric and have strong d,-m bonding interactions between
the Co adatom and the isoindole units. These are the key reas-
ons to gain uniform and regular Kondo resonance features.
More importantly, when the CoPc molecular mold simultan-
eously captures multiple Co adatoms, fine tuning of
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the Kondo states is realizable through the long-range superex-
change interactions between Co adatoms separated by more
than 12 A. The manipulation processes are simulated by
using the DFT+HEOM method, and the numerical results are
highly consistent with the experimental observations. This
result thus further affirms the practicality and importance of
the DFT+HEOM method. Hence, we can conclude that the
DFT+HEOM method is a reliable and powerful tool to char-
acterize the Kondo resonance features and reveal their intric-
ate interplay with local spin inelastic excitations.

3.3 Characterization of nonequilibrium thermodynamic
properties

In recent years, the quantum thermodynamic properties of
nanosystems have aroused great research interest™- ', A
novel approach, achieved by measuring the local temperature
of a QIS, has been proposed to investigate the local thermo-
dynamic properties'*-'*’. For instance, the zero current condi-
tion (ZCC)“"1 and minimal perturbation condition
(MPC)&+!'>11 are two representative conditions that lay the
theoretical foundation for determining the local temperatures
of nonequilibrium QIS.

The ZCC usually requires the measurement of tiny heat
currents, which is rather difficult to realize in experiments,
and thus largely limits the applicability of the ZCC'"* '\, In
contrast, MPC is a straightforward protocol that avoids the
direct measurement of heat currents®'>'* ' However,
MPC is only applicable to single impurity systems. To over-
come this limitation, a local MPC (LMPC) has been de-
veloped to extend the conventional MPC to open quantum
systems consisting of multiple quantum impurities™. In
Ref. [25], the HEOM method is employed to calculate vari-
ous physical quantities, such as the electric current and mag-
netic susceptibility, and thus determine the local temperature
of the QIS. The calculation results suggested that the local
temperature 7 is unique for a single impurity system, and the
value of 7+ depends on the specific choice of local observ-
able O, particularly in the near-resonance regions.

Fig. 8 depicts the local temperature profile based on the
ZCC and the LMPC for a noninteracting four-impurity chain
under a thermal bias. For the case of a strong impurity-lead
coupling, as shown in Fig. 8a, both the LMPC and the ZCC
give the almost linear variation of local temperature 7, with
respect to the impurity-i, which obeys the classical Fourier’s
law. In contrast, Fig. 8b displays the local temperature profile
with a weak impurity-lead coupling strength. The ZCC and
the LMPC give rise to different predictions for the distribu-
tion of local temperature. The local temperature of all four
impurities obtained by the ZCC nearly maintains the same
value, while that determined by the LMPC exhibits conspicu-
ous oscillations along the chain. The emergence of the oscilla-
tions originates from the quantum resonance effects. The
inset illustrates that the peaks of the impurity spectral func-
tion A(w) become higher and sharper as the impurity-lead
coupling strength decreases, and the distance between neigh-
boring peaks is clearly influenced by the coupling strength ¢
between two adjacent impurities. This example affirms that
the HEOM method is a useful and reliable approach to simu-
late and understand the measurements of local temperatures,
paving the way for the investigation of various thermodynam-
ic properties.
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4 Conclusions and perspectives

In conclusion, this paper reviews the theoretical construction
of a formally rigorous and numerically exact fermionic
HEOM method and elaborates its expression based on the
Feynamn-Vernon path-integral formulation. With the con-
tinuous improvement of methodology over the past decade,
the HEOM method has become one of the most popular the-
oretical approaches to characterize the strongly correlated
QIS and reveal the physical origin of experimental phenom-
ena. Specifically, on the one hand, the proposal of a variety of
spectrum decomposition schemes including the LFLD, FSD,
and t-PFD schemes, has enabled the HEOM method to accur-
ately and efficiently investigate unprecedentedly low temper-
ature regimes. On the other hand, the rapid progress of hier-
archical terminators accelerates the convergence speed of cal-
culation results with high precision and thus significantly im-
proves the computational efficiency and saves memory costs.
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Numerous applications have also been exhibited to confirm
the usefulness of the HEOM method and the superiority of
the newly proposed schemes and terminators. For example,
the HEOM method allows a highly accurate and efficient
characterization of nonequilibrium quantum transport in
nanosystems. The highly concerned Kondo resonance fea-
tures and their competition with local spin excitations are
clearly disclosed via the DFT+HEOM method. Moreover, the
HEOM method plays an important role in the investigation of
quantum thermodynamic properties. Therefore, the HEOM
method is a universal, powerful and reliable theoretical tool to
investigate diversified strong correlation effects in the QIS.
However, the HEOM method still faces several serious
challenges, including the rapidly growing computational cost
for the simulation of large complex systems and numerical in-
stability problems. These problems severely limit the scope of
application of the HEOM method and hinder the investiga-
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Fig. 8. The distribution of local temperature T; along a linear chain con-
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lated by the HEOM method at different A, and 7. Reprinted with permis-
sion from Ref. [25]. Copyright 2021, American Physical Society.

tion of long-term evolutionary behavior. Hence, in future
work, on the one hand, better spectrum decomposition
schemes and hierarchal terminators are pursued; on the other
hand, some novel theoretical frameworks, such as matrix
product states proposed by Shi et al.”"'"1 will be ex-
plored to improve the numerical stability and computational
efficiency of the HEOM method.

In terms of practical applications, the HEOM method is ex-
pected to provide a reliable and useful tool for more emer-
ging fields, such as the precise measurement and control of
local spin states in single molecule junctions. Recent techno-
logical advances, including spin-polarized STM and the com-
bination of STM with electron spin resonance (ESR) spectro-
scopy, have enabled the measurement of spin-related proper-
ties and spin-spin interactions in single atomic or molecular
junctions with unprecedentedly high spatial and energy resol-
ution™"'*l. Moreover, the combination of STM with pulsed
ESR or pump-probe techniques has allowed the real-time
control of local spin states in nanostructures!* """, These im-
pressive experimental measurements and observations present
new challenges and opportunities for theoretical methods, in-
cluding the fermionic HEOM method. Work along this direc-
tion is underway.
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