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1    Introduction

Ω ⊂ Rn(n ⩾ 2)
The Harnack  estimates  for  the  harmonic  equation  have  been
investigated profoundly[1, 2].  Let   be a  connected
domain.  In  2006,  Caristi  and  Mitidieri[3]  considered the  Har-
nack  inequality  for  nonnegative  solutions  to  the  biharmonic
equation

(−∆)2u(x) = 0, in Ω. (1)

k k ⩾ 3

They used the mean value formulas for the biharmonic func-
tions, which are the solutions to the biharmonic equations and
the maximum principle, to prove the Harnack inequality. Mo-
tivated  by  the  approaches  and  results  in  their  work,  we  will
consider  the  Harnack  inequality  for  the  nonnegative  weak
solutions to the  -harmonic ( ) equation

(−∆)ku(x) = 0, in Ω. (2)

u k
k = 3

k

The  function    that  satisfies  Eq.  (2)  is  called  -harmonic  or
polyharmonic. We shall focus on the case   and prove the
mean value formulas for the 3-harmonic function and for the
general  -harmonic  function  cases  by  induction  argument.
Then, we will give the proof of the Harnack inequality for Eq.
(2).

u
−∆u ⩾ 0 Ω

C =C(n) > 0 x ∈ Ω R
0 < 2R < dist(x,∂Ω) B2R(x) ⊂⊂ Ω

Theorem 1.1. Assume that    is a  nonnegative  weak solu-
tion  of  Eq.  (2) such  that    in  .  Then  there  exists

,  such  that  for  any    and  each    satisfying
 and  , it holds that

sup
BR/2(x)

u ⩽C inf
BR/2 (x)

u. (3)

−∆u ⩾ 0 Ω
u(x) = x2

1 x = (x1, · · · , xn) ∈ Rn

(−∆)ku(x) = 0 k ⩾ 3 −∆u(x) = −2 < 0
R > 0 u BR(0)

Remark  1.1.  The  assumption    in    is  necessary.
Since  if  we  let    for  ,  then

  for  ,  .  However,  for  any
,   does not satisfy the Harnack inequality in  .

The remaining part of this paper is organized as follows: In
Section 2, we figure out the mean value formulas for polyhar-
monic  functions,  and  in  Section  3,  we  give  the  proof  of
Theorem 1.1. 

2    The mean value formulas
In this section, we first prove the mean value formulas for 3-
harmonic functions,  and  then  extend  the  mean  value   formu-
las to the general  polyharmonic function cases by the  induc-
tion argument. The mean value formulas we consider here are
different from those in Refs. [4, 5] and references therein.

x ∈ Rn r > 0
u
Definition 2.1. For any  ,  , the spherical average

of   is defined as

ū(x,r) =
1

|∂Br(x)|
w
∂Br (x)

u(y) dσy.

ū(r) ū(x,r)
Remark 2.1. When there is  no ambiguity,  we will  simply

write   instead of  . Obviously, we have

ū(r) =
1
ωn

w
∂B1(0)

u(x+ rξ) dσξ,

ωn ∂B1(0)where   is the measure of the unit sphere  .
The  following  lemma  was  very  useful  in  the  study  of

higher-order  conformally  invariant  elliptic  equations[6].  For
the convenience of the readers, we will give a proof.

k ⩾ 1
∆kū(r) = ∆ku(r).

Lemma  2.1.  For  any  integer  ,  it  holds  that

ū(r)Proof. Since   is radially symmetric, it follows that

∆ū(r) = ū′′(r)+
n−1

r
ū′(r) =

1
rn−1

(rn−1ū′(r))′.

Notice that

ū′(r) =
1
ωn

w
∂B1 (0)
∇u(x+ rξ) · ξdσξ,

ξ

∂B1(0)
where    is  the  outward  unit  normal  vector  to  the  boundary

. Then the divergence theorem[2] implies that

rn−1ū′(r) =
1
ωn

w
∂Br (x)
∇u(y) · ξdσy =

1
ωn

w
Br (x)
∆u(y)dy.

Since
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∂

∂r

w
Br (x)
∆u(y)dy = lim

t→r

r
Bt (x)∆u(y)dy−

r
Br (x)∆u(y)dy

t− r
=

lim
t→r

r t

0

r
∂Bs (x)∆u(y)dσyds−

r r

0

r
∂Bs (x)∆u(y)dσyds

t− r
=w

∂Br (x)
∆u(y)dσy,

then

∆ū(r) =
1

rn−1
(rn−1ū′(r))′ =

1
|∂Br(x)|

w
∂Br (x)
∆u(y)dσy = ∆u(r).

k ≥ 1
∆kū(r) = ∆ku(r)

Therefore,  for  any  integer  ,  it  can  be  easily  concluded
that   by induction.
Now,  we give  the  proof  of  the  mean value  formula  for  3-

harmonic functions by the approach in Ref. [7].
u

(−∆)3u = 0 Ω x ∈ Ω dx = dist(x,∂Ω)
0 < R < dx

Lemma  2.2.  Assume  that    is  a  weak  solution  to
  in  .  For  any  ,  denoted  by  ,

then  for  any  ,  the  following  mean  value  formula
holds

u(x) =
(n+1)(n+2)

16
1

|BR(x)|
w

BR (x)
u(y)·[

(n+2)(n+4)−2(n+3)(n+5)
|y− x|

R
+ (n+4)(n+6)

|y− x|2
R2

]
dy.

u ∈C∞(Ω)
x ∈ Ω

Proof.  By  Weyl’s  lemma[7],  we  can  prove  that  .
For any fixed point  , we denote by

ū(r) =
1
ωn

w
∂B1(0)

u(x+ rξ) dσξ

and

∆2u(r) =
1
ωn

w
∂B1(0)
∆2u(x+ rξ) dσξ.

ū(r)
0 < r < dx

Since    is  radially  symmetric,  then  by  Lemma  2.1,  for
, we have

∆2ū(r) =ū(4)(r)+
2(n−1)

r
ū′′′(r)+

n2 −4n+3
r2

ū′′(r)−

n2 −4n+3
r3

ū′(r) = ∆2u(r). (4)

(−∆)3u = 0 ∆2u
∆2u(x) = ∆2u(r) 0 < r < dx

r4

8n(n+2)
∆2u(x)

Note  that  ,  so    is  harmonic.  By  the  mean
value  formula,  we  have    for  any  .

Then, it is easy to check that   is a special solu-
tion to Eq. (4). Therefore, the general solutions to Eq. (4) can
be given by

ū(r)=



c11 + c12r4−n + c13r2−n + c14r2 +
r4

8n(n+2)
∆2u(x), n ⩾ 5;

c21 + c22r−2 + c23 lnr+ c24r2 +
r4

192
∆2u(x), n = 4;

c31 + c32r−1 + c33r+ c34r2 +
r4

120
∆2u(x), n = 3;

c41 + c42 lnr+ c43r2 lnr+ c44r2 +
r4

64
∆2u(x), n = 2;

ci j i, j = 1, · · · ,4where    ( )  are  all  constant.  Next,  we  calculate
these constants.

n ⩾ 5 ū [0,dx]
ū(0) = u(x) = c11 c12 = c13 = 0

Consider the case   first. Since   is continuous in 
and  , which implies that  ,

u(x)+ c14r2 +
r4

8n(n+2)
∆2u(x) = ū(r). (5)

∆ = ∂2
rr +

n−1
r
∂rThen, taking the Laplacian operator   on both

sides of Eq. (5), we obtain

2c14+
3r2

2n(n+2)
∆2u(x)+

n−1
r

(
2c14r+

r3

2n(n+2)
∆2u(x)

)
=∆ū(r),

which yields

2nc14 +
r2

2n
∆2u(x) = ∆ū(r).

∆ū(r) = ∆u(r) r→ 0

c14 =
1
2n
∆u(x)

Since    by  Lemma  2.1,  letting  ,  we  get

.

n = 2,3,4
n ⩾ 5 n ⩾ 2

For the cases  , we can use the same strategy as the
cases  . Therefore, for  , we have the following uni-
form formula

u(x)+
r2

2n
∆u(x)+

r4

8n(n+2)
∆2u(x) = ū(r). (6)

R ∈ [0,dx] ωnrn−1

r ∈ [0,R]
For any  , multiplying   on both sides of Eq.

(6) and integrating with respect to  , we get

u(x)+
R2

2(n+2)
∆u(x)+

R4

8(n+2)(n+4)
∆2u(x) =

1
|BR(0)|

w
BR (0)

u(x+ y)dy. (7)

R = rFixing    in  Eq.  (7)  and  combining  it  with  Eq.  (6),  we
obtain

u(x)− r4

8(n+2)(n+4)
∆2u(x) =

n+2
2

1
|Br(0)|

w
Br (0)

u(x+ y)dy− n
2ωn

w
∂B1(0)

u(x+ rξ)dσξ. (8)

R ∈ [0,dx] rn+k k ⩾ 0
r ∈ [0, R]

Again,  for  any  ,  multiplying    ( )  on  both
sides  of  Eq.  (8) and integrating with  respect  to  ,  we
obtain

Rn+k+1

n+ k+1
u(x)− Rn+k+5

8(n+2)(n+4)(n+ k+5)
∆2u(x) =

n(n+2)
2ωn

w R

0
rk

w
Br (0)

u(x+ y)dydr−
n

2ωn

w R

0
rn+k

w
∂B1 (0)

u(x+ rξ)dσξdr =

n(n+2)
2ωn

w R

0
rk

w r

0
ρn−1

w
∂B1 (0)

u(x+ρξ)dσξdρdr− n
2

w R

0
rn+kū(r)dr=

n(n+2)
2

w R

0
rk

w r

0
ρn−1ū(ρ)dρdr−n

2

w R

0
rn+kū(r)dr.

f (r) :=
r r

0 ρ
n−1ū(ρ)dρLet  , then integration by parts implies that
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l
w R

0
rk

w r

0
ρn−1ū(ρ)dρdr =

Rk+1

k+1
f (R)−

w R

0

rk+1

k+1
f ′(r)dr =

Rk+1

k+1

w R

0
rn−1ū(r)dr−

w R

0

rn+k

k+1
ū(r)dr.

It follows that

Rn+k+1

n+ k+1
u(x)− Rn+k+5

8(n+2)(n+4)(n+ k+5)
∆2u(x) =

n(n+2)
2(k+1)

Rk+1
w R

0
rn−1ū(r)dr− n(n+ k+3)

2(k+1)

w R

0
rn+kū(r)dr.

Therefore,

u(x)− (n+ k+1)R4

8(n+2)(n+4)(n+ k+5)
∆2u(x) =

n+ k+1
2(k+1)

1
|BR(x)|

w
BR (x)

u(y)
[
(n+2)− (n+ k+3)

|y− x|k+1

Rk+1

]
dy.

(9)

k = 0 k = 1Plugging   and   into Eq. (9), we have two special
equalities as follows:

u(x)− (n+1)R4

8(n+2)(n+4)(n+5)
∆2u(x) =

n+1
2

1
|BR(x)|

w
BR (x)

u(y)
[
(n+2)− (n+3)

|y− x|
R

]
dy

and

u(x)− R4

8(n+4)(n+6)
∆2u(x) =

n+2
4

1
|BR(x)|

w
BR (x)

u(y)
[
(n+2)− (n+4)

|y− x|2
R2

]
dy,

which implies that

u(x) =
(n+1)(n+2)

16
1

|BR(x)|
w

BR (x)
u(y)·[

(n+2)(n+4)−2(n+3)(n+5)
|y− x|

R
+ (n+4)(n+6)

|y− x|2
R2

]
dy.

k
By  the  similar  arguments,  generally,  we  can  obtain  the

mean value formulas for  -harmonic functions.
u

(−∆)ku = 0 Ω k ⩾ 3 x ∈ Ω
dx = dist(x,∂Ω) 0 < R < dx

Lemma  2.3.  Assume  that    is  a  weak  solution  to
  in  ,  .  For  any  ,  denoted  by

,  then  for  any  ,  the  following  mean
value equality holds

u(x) = a(n,k)
1

|BR(x)|
w

BR (x)
u(y)

k−1∑
i=0

bi(k)
|y− x|i

Ri
dy,

a(n,k) =
∏k−1

m=1(n+m)
2k−1 [(k−1)!]2 bi(k) = (−1)iC i

k−1·∏k−1
m=1(n+2m+ i) i = 0, · · · ,k−1

where    and 

,  .
Proof. If we denote by

f (R, x) = a(n,k)
1

|BR(x)|
w

BR (x)
u(y)

k−1∑
i=0

bi(k)
|y− x|i

Ri
dy,

a(n,k) =
∏k−1

m=1(n+m)
2k−1 [(k−1)!]2 bi(k) = (−1)iC i

k−1·∏k−1
m=1(n+2m+ i) i = 0, · · · ,k−1

where    and 

,  .  Then  by  direct  calculation,
we get

∂

∂R
f (R, x) = 0

and

lim
R→0

f (R, x) = u(x),

which finishes the proof.
 

3    Proof of Theorem 1.1
Now, we can give the proof of Theorem 1.1.

x ∈ Ω 0 < 2R <
dist(x,∂Ω)

Proof.  On  the  one  hand,  for  any  , 
, by Lemma 2.3 we have

u(x) ⩽C(n,k)
1

|BR(x)|
w

BR (x)
u(y)dy.

z ∈ BR/2(x) BR/2(z) ⊂ BR(x)If  , we have   and

u(z) ⩽C(n,k)
1

|BR/2(z)|
w

BR/2 (z)
u(y)dy ⩽

C(n,k)
2n

|BR(x)|
w

BR (x)
u(y) dy.

Therefore,

sup
BR/2 (x)

u ⩽
C(n,k)
|BR(x)|

w
BR (x)

u(y)dy. (10)

C(n,k)The value of the above positive constants   may vary in
different places.

u ⩾ 0 −∆u ⩾ 0 Ω
x ∈ Ω t > 0 Bt(x) ⊂⊂ Ω

On  the  other  hand,  since    and    in  ,  by  the
mean  value  inequality,  for  any  ,  ,  if  ,
then

u(x) ⩾
1
|Bt(x)|

w
Bt (x)

u(y)dy.

inf
BR/2 (x)

u = inf
∂BR/2(x)

u

x0 ∈ ∂BR/2(x)
u(x) ⩾ u(x0) BR/2(x) ⊂ BR(x) ⊂ B3R/2(x0) ⊂⊂ Ω

By Hopf’s lemma[1, 2], we have  . Without loss

of  generality,  we  assume  the  minimum  point  ,
then  . Obviously,  ,
so we have

inf
BR/2(x)

u = u(x0) ⩾

1
|B3R/2(x0)|

w
B3R/2(x0)

u(y)dy ⩾

(
2
3

)n 1
|BR(x)|

w
BR (x)

u(y) dy. (11)

By (10) and (11), the proof is completed.
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