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Abstract: Two-lane totally asymmetric simple exclusion process (TASEP) with narrow entrances
was studied. The N-cluster mean field analysis was carried out for spontaneous symmetric
breaking, in which correlation of 2N sites was considered. The analysis indicates that
asymmetric LD/LD (low density/low density) phase does not exist. With increase of N, the
analytical results are getting closer to the Monte Carlo simulation ones. In addition, it was found
that the boundaries between the phases all exhibit exponential change, which enables us to
predict the boundaries in the exact solution, and it was shown that the predicted results are in
good agreement with the large size simulation ones. The spontaneous symmetric breaking exists
when interaction between particles represented by parameter p is strong enough. It was found
that the maximum values of entrance rate of asymmetric HD/LD Chigh density/low density)
phase obey exponential decay with increase of p, and the critical value beyond which the
asymmetric HD/LD phase disappears can be obtained in every cluster mean field analysis. What’s
more, the critical values exhibit exponential increase with increase of N, and the exact solution of
the critical value was also predicted. It was shown that the predicted critical value is also in good
agreement with that obtained from simulations.
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0 Introduction

The totally
process (TASEP) is a prominent model in study of

asymmetric simple exclusion

non-equilibrium system, and its status is similar to

]

the Ising model in equilibrium system'™. It was

introduced in  the modelling of

]

initially
biopolymerization kinetics™, and it has received
much attention in recent decades because it can be
applied in various situations, including microscopic
transportation-*!,

scale such as intracellular

macroscopic scale such as traffic and pedestrian

[10-13]

flow and so on. Despite its simplicity, TASEP

can reproduce some complex phenomena, such as
.
( SSB )M,

phase transition'??!, phase separation”'"**’, shock

spontaneous symmetric breaking

[27-28]

formation and so on.

SSB is an intriguing phenomenon which was

1”84 in which two

first found in “bridge mode
types of particles move in the same lane with
opposite directions. Both particles interact with
each other at every site. It is shown that symmetry
corresponding to the

broken phases exist

symmetrical conditions for both particles.
However, occurrence of this phenomenon is a not
well comprehended. To investigate the influence of
location of interaction on SSB, Pronina et al. has

TASEP with

entrances-™, In Ref. [15], there are also two

studied two-lane narrow
species of particles, but they move in two parallel
lanes with opposite directions. In the model,
changing lanes is forbidden, and the interaction of
both particles only exists at the entrance and exit

sites. Monte Carlo simulations have shown that

one asymmetric phase may disappear in the large
size system. The simple mean field (SMF)
analysis adopted in Ref. [15] has indicated that the
asymmetric phase exists. However, correlation of
sites was ignored. Later, cluster mean field
(CMF) analysis has been carried out, and the
correlation was considered. The analysis has
verified the nonexistence of asymmetric LD/LD

Ls19) - However,

(low density/low density) phase
understanding SSB is still a question.

TASEP has also been
studied in Ref. [29]. In the model, a parameter p

Two-parallel-lane

was introduced, and the parameter can control the
strength of interaction between particles at the
entrance and exit sites. The model in Refs. [ 15,
18] is the special case of that in Ref. [ 29 ].
Simulations have indicated that SSB occurs only
when the interaction is strong enough. However,
the SMF method was adopted, and existence of
one asymmetric phase (i. e. , asymmetric LD/LD)
can not be validated by the analysis. The
theoretical analytical results of phases boundaries
deviate remarkably from the simulation ones,
especially when the correlation is strong. In
addition, the critical value of p obtained from
analysis, beyond which the asymmetric phases
disappear, also deviates from that obtained from
simulation.

In the present paper, we also study the model
mentioned in Ref. [29]. We focus on the SSB
using N-cluster mean field (N-CMF) method. We
not only investigate the existence of asymmetric

LD/LD phase, but also study the boundaries

between phases. It is found that the boundaries
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exhibit a charateristic of exponential change, and
the results of thermodynamic limit can be
predicted. The analytical results and simulation

ones are also discussed.

1 Model description

The model consists of two parallel one-
dimensional lanes composed of L sites. The sites
are numbered from 1 to L., see Fig. 1. In the
system, each site has two states: empty or
occupied by one particle. Two species of particles
move in different lanes, and changing lanes is
forbidden. One species of particles move from left
to right, and the other move oppositely. The
update rule is randomly updated, which means
that only one site is chosen at every time step. In
the bulk of the system, the particles can move
forward if the next site is empty. The particles of
exit sites can leave the system with a rate 8. The
entrance rate depends on states of entrance site of
one lane and the exit site of the other lane. When
the entrance site is empty and the exit site is empty
(occupied) , one particle can enter the system with
a rate a« (pa). Here, parameter p represents the
strength of interaction between particles. The
model of Refs. [15,18] is the special case of the
present model in which p =0. With increase of p,
the interaction deceases, and when p =1, the two

lanes are independent.

L Lane 2 1 pa
0| 0|0 O +—0
o> 0> o> 0> (0 .-7»
1 Lane 2 L

Filled circles represent particles, and arrows show allowed
hopping. Exit rates of particles are equal to 8. When the entrance
site is empty and the exit site on the other lane is empty
(occupied) s the entrance rate is a (pa).

Fig. 1 Illustration of model

2 Analytical and simulation results

In Ref. [29], Monte Carlo simulations have
shown that five phases(i. e. , asymmetric LD/LD,
asymmetric HD/LD Chigh density/low density),

symmetric HD, symmetric MC (maximum current)

and symmetric LD phases) exist in the system
when p is small. With increase of p, asymmetric
LD/LD and asymmetric HD/LD phases shrink,
symmetric HD and symmetric MC phases expand.,
symmetric LD phase expands horizontally and
shrinks vertically. Large system size(L =10 000)
simulations show that when p > p.,=0. 56, the
two asymmetric phases disappear, which means
that SSB does not exist when p=>0. 56.

In Ref. [29], the SMF method was adopted,
and the system was considered as two independent
single lanes. The correlation of particles was
ignored. It was found that the asymmetric LD/LD
phase is determined by

a— pa— pa’ 4+ p’a’
1+a+a®— pa—2pa® + pa’

<p<

1 , ,
E[Za —4a® — 2pa +4pa” +

Qa —4a* — 2pa + 4pa®)* +12(a” — 2pa’ + p*a®) ]

(D
The asymmetric HD/LD phase exists when
Pa
1—a(l—p) =B
a — pa — pa’ + p’a’ 2

1+a+a® — pa—2pa’ + pa’
The existence of symmetric HD phase reqiures

Pa 1

B<m1n(m,?) 3
When
> L 4)
B 2
and
28 i
a > m (O)
are satisfied, the symmetric MC phase exists.
When
28

the symmetric LD phase exists.

However, because of the ignorance of

correlation, the analytical results of phases
boundaries deviate remarkably from the simulation
ones, especially when p is small in which the

correlation is strong, see Fig. 2. In addition, the
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critical values of p beyond which SSB disappears
were obtained from the analysis and simulation,
and deviation also exists between the two values.

1.2 1.0

1.0lsymmetric,J, symmetric] symmetric symmetric
osl  HD g MC 08THD ,As RYS
0.6 /o7 TSty 06 g
s 0'4 [ symmetric LD | © 0.4 symmeiiED
0'2 : 0.2 .
. asymmetric HD/LD asymmetric HD/LD
0.0

0. ;
00 02 04 06 08 1.0 0.0 02 04 0.6 08 1.0

B B
(a) p=0.2 (b) p=0.4

1.0
0.8 symmetric | symmetric
0.6 HD

S
0.4
0.2 symmetric LD

0.0
00 02 04 06 08 1.0

(c) p=0.6
(a) Monte Carlo simulation ( system size L = 10 000) is
represented by the scattered points. The SMF analysis is
represented by dashed lines, and 1-cluster, 2-cluster, 3-cluster
and 4-cluster mean field analysis are represented by black, red.
magenta and olive solid lines respectively. The violet solid lines
are predicted analytical results in limit.

Fig. 2 The phase diagrams of the model with different p

Motivated by these, N-CMF analysis is
carried out in this paper, and correlation of 2N
sites is considered. The 2N sites are consecutive,
which consist of N consecutive sites on each lane.
The N sites of Lane 1(2) start from the exit
(entrance) site.

We first present an analysis of 1-cluster. In
the analysis, the entrance site and the exit site of
different lanes are considered, see Fig. 3. Py,

Py, Py and Py

corresponding to four states in the cluster. P, and

denote four probabilities
P, correspond to the states that two sites are both
empty and occupied respectively, P, and P,
correspond to the states in which only one site is
occupied. p, denotes the effective injection
probability to the exit site of Lane 1, p, denotes
the effective removal probability from the entrance
site of Lane 2.
We can obtain four master equations.

dP 00
dz

:7(a+pl)P0()+‘8P()l+p2Pl() (7)

POO Pﬂl
a 24
— . —
», b
Pm Pll
P, P>
— . =t
p, B
Fig.3 Four states in the 1-CMF analysis
dP()l
dt =p1POO*(5+P0()P01+P2PM (8)
dP,
ds :a’POOi(pl—F/)Z)PIO +ﬁP11 (€D
dP,
d = paPo + p1 Py — (p, +pPy (10)

When the system arrives at a stationary state,
dPoo/d[ :dP()l/df :de/dt :dPll/dZ :O.

However, only three of the equations are

independent. For conservation of the four
probabilities, we have

Py+Py+Py+Py=1 an

We first analyze the asymmetric LD/LD phase.

The current and bulk density of Lane 1 are denoted by
J1 and p, respectively, then p, and J, satisly

Ji=p . (d—p») (12)

Let o, denote the density of site L of Lane 1, then

we have
J1=Po. (13)
Furthermore J, can be given by
Ji=p:(1—p) QFY)
The bulk density of Lane 2 is calculated by
p: =P+ Py (15)
Then we can obtain
p:=1—p, (16)

Now we have ten variables, i.e. s Pys Pois
Pis Pius pis p2s pis p25 po and J,. However,
we only have nine equations, i.e. , Eqs. (7)~(9),
(11>~ (16). In order to solve the equations, p, is
given, and we can obtain the numerical result of
0. With change of p; s p»= f(p,) can be obtained.

At the other end of the system, 1-cluster including
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the entrance site of Lane 1 and the exit site of Lane
Under this

circumstance, when p, is given, p; = f (p,) can

2 satisfies similar conditions.
also be obtained. The boundaries of the left and
right can be obtained by the difference of curves of
p:=f(p1) and p, = f (p;), as has been studied in
Ref.[18].

Let J o+ Jp and J ¢ denote the currents of the
system when the system is in asymmetric HD/LD,
symmetric LD and asymmetric LD/LD phases
respectively, and they are all the sum of currents
of the two lanes. The currents of Lane 1 and Lane
2 are $(P,, + Py ) and aPy + paP,. Then J,,
J 5 and J ¢ all satisfy

J =B(P, +Py)+aPy+ pa Py 17

When parameters a and f3 are fixed, values of
Py, Py, and P, are not the same when the system
is in the three phases. Then J ., J 5 and J ¢ can be
compared. In Ref. [18], p = 0, correlation is
stronger than that when p > 0. It has been
demonstrated that the asymmetric LD/LD phase
does not exist when p =0, nor does it exist when
p=>0.

In the analysis of the asymmetric HD/LD
phase, it is supposed that Lane 1 and Lane 2 are in
high density and low density respectively. The
Egs. (7)~(11), (15) and (16) are still valid, and
Egs. (12) ~(14) can be replaced by

p1=1—p (18)
Under this circumstance, there are eight variables,
i.e.s Pows Pos Pios Pus pis p2s p1s p2» and
there are also eight equations, i. e., Egs. (7) ~
(11>, (15), (16) and (18). When p and a are
given, p, increases with decrease of 8. When p, =
B, the B corresponds to the boundary between
symmetric HD and asymmetric HD/LD phases. In
addition, the boundary between symmetric LD and
asymmetric HD/LD phases can also be obtained
when the currents of two phases are equal.

In the symmetric LD phase, the densities of
two lanes are equal, p; =p.,. In this case, there are
nine variables, i.e. s Pos Pors Pios Piis p1s pas

o1 Co2)s pr and J,, and there are also nine

equations, 1. e. , Egs. (7) ~(9), (11) ~ (16).
When p and a are given, p, (p,) increases with
increase of 8. When p, = p, = (0. 5), the
corresponds to the boundary between symmetric
LD and symmetric HD(MC) phases.

The 1-CMF analytical results is shown in Fig.
2. It can be seen that the results are closer to the
simulation ones than those of the SMF analysis.
However, deviation between analysis and
simulation still exists, especially when p is small.
Motivated by this, the correlation of more sites is
considered, and N-CMF analysis(N =2,3,4) are
carried out, In the analysis, there are 4" master
equations with the change of N.

From Egs. (12) ~(14), p, =foi (1 —p1)/
[B—p:1 (1—p1) ] is satisfied. When we analyze the
asymmetric LD/LD phase in the 1-CMF analysis,
o1 1s given, and p, can be obtained. However, a
similar relationship between p, and p, can not be
satisfied in N-CMF analysis (N > 1) because of
correlation. Then p, is directly given in the
analysis of the phase.

With increase of N, the analysis also verifies
the nonexistence of the asymmetric LD/LD phase.
The boundaries of other phases are also obtained,
see Fig. 2. When p = 0. 2, it is shown that the
results of the analysis are remarkably getting
closer to those of simulation with the increase of
N. This is because of the the strong correlation.
When p = 0.6, there is very small difference
between the CMF and SMF due to the weak
correlation.

In addition, it is found that the boundaries
exhibit exponential change with the change of N,
see Fig. 4, in which the parameters p and a are
fixed, Fig. 4 (a), (b) and (c) show that the values
of boundaries are consistent with exponential decay
B.— s Ce ¥ 1, and a,<C0, b, <C0. The values
decrease with the increase of N. When N—>oo, B,
is equal to B, ,... Fig.4(d) shows that the values
of boundaries are also consistent with exponential

decay B, ,.. —fB.Ce2N""2, and a,< 0, 6,< 0. The

values increase with the increase of N. When N—
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When N —co, the

analytical results tend to be the exact solutions.

oo, B. is also equal to B.,-..

Fig. 2 shows that the predicted results and Monte
Carlo simulation ones in which system size L is
10 000 are in good agreement. In order to validate
the prediction, larger system size simulations are
needed. However, in very large system
simulations, the random-number generator can

produce a pseudorandom number series rather than

a true random number series!'® %,
0.01 0.1
(b)
g :
S 1E-4 T 0.01
= SN
1E-6 1E-3
2 3 4 T 2 _ 3 4
1 N N
0.1 0.1
(©) (G)]
= «
™ 0.01k 4
g1 ¥ 5 0.01
= E=Y
1B-3k A..=0:311 B..=0.5811
1 2 3 4 A T R S
N N

(a) The boundary separating the symmetric HD and asymmetric
HD/LD phases with parameter « = 0. 4. (b) The boundary

separating the asymmetric HD/LD and symmetric LD phases

=

with parameter @ = 0. 5. (c¢) The boundary separating the

symmetric LD and symmetric HD phases with parameter « =
0.8. (d) The boundary separating the symmetric LD and
symmetric MC phases with parameter a =0. 9.
Fig. 4 The relationship between the boundaries and N in the
CMF analysis(color online). The parameter p =0. 2
Simulations show that when p exceeds a
critical value p., asymmetric phases disappear,
and p.=0.56. In the analysis, we also investigate
the critical value p.. In every CMF analysis, it is
found that the maximal values of a (1. e. a,..) of
asymmetric HD/LD phase exhibit exponential
decay with the increase of p. Take 1-CMF analysis
for example, the an. is consistent with @ .. —
Qx-S exp Cap +b)s Apue = — 0. 66, a =
—2.1129, b =0. 695 17, see Fig. 5. When the
asymmetric HD/LD disappears, a,.. =0, then we
can obtain that p.=0. 525 669. In addition, it is
shown that p. obtained from N-CMF analysis

exhibit exponential increase with the increase of

N, see Fig. 6. When N—c0, p. is equal to p..
=0. 555. The predicted value is in good agreement

with that obtained from large size simulations.

-a
‘max, o

‘max

081 0.2 03 0.4

)4

Fig.5 The relationship between a ., and p

in the 1-CMF analysis(color online)

0.04 T :
0.03

0.02

cr

crs

0.01

Fig. 6 The relationship between p. and N

in the CMF analysis(color online)

3 Conclusion

To summarize, we have studied TASEP in
two parallel lanes with narrow entrances. Two
species of particles move in different lanes with
opposite directions, and changing lanes is
forbidden. The parameter p is introduced, which
represents strength of interaction between particles
at the entrance and exit sites. Monte Carlo
show that five phases (1. e.
LD/LD, HD/LD,

symmetric HD, symmetric MC and symmetric

simulations
asymmetric asymmetric
LD) exist in the system when p is small. The
interaction decreases with the increase of p. Large
size system simulations indicate that asymmetric
phases disappear when p > 0. 56. It means that
SSB exists only when p<<0. 56.

The SMF method can be adopted in the
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theoretical analysis. However, the analytical
results deviate remarkably from the simulation
ones. This is because of the ignorance of
correlation. Motivated by this, N-CMF analysis
(N=1,2,3,4) is carried out in the present paper.
The N-cluster consists of N consecutive sites on
each lane, and the consecutive sites start from the
exit site on one lane and the entrance site on the
other lane.

As expected, the analysis indicates that the
asymmetric LD/LD phase does not exist. With the
increase of N, the analytical results are getting
closer to simulation ones, especially when p is
small in which the correlation is strong. With the
increase of p, the difference between the results of
SMF and CMF analysis becomes smaller due to the
decrease of correlation. It is found that the
boundaries separating phases exhibit exponential
change with the change of N. The boundaries are
which

correspond to the exact solutions, and they are in

predicted in the thermodynamic limit,

good agreement with simulations obtained from
large size systems.

It is found that the maxima a of asymmetric
HD/LD phase obey exponential decay with the
change of p, which enables us to obtain critical
value p. beyond which the asymmetric HD/LD
disappears. What’ s more, the critical values
obtained form N-CMF analysis also exhibit the
characteristic of exponential change. The exact
solution of the critical value is obtained, and it is
also in good agreement with that obtained from
large size system simulations.

This study has indicated that the results are
more accurate when the correlation is considered.
The analysis can be adopted in the other complex

systems, and this will be our future work.

References

[1]SCHUTZ G M. Critical phenomena and universal
dynamics in one-dimensional driven diffusive systems
with two species of particles[J]. J Phys A: Math Gen,
2003, 36: R339-R379.

[ 2 ] MACDONALDC T, GIBBS J H., PIPKIN A C.
Kinetics of biopolymerization on nucleic acid templates
[J]. Biopolymers, 1968, 6. 1-5.

[ 3] APPERT-ROLLAND C, EBBINGHAUS M,
SANTEN L. Intracellular transport driven by
cytoskeletal motors: General mechanisms and defects
[J]. Phys Rep, 2015, 593; 1-59.

[4]KUAN H S, BETTERTON M D. Motor protein
accumulation on antiparallel microtubule overlaps[]].
Biophys J, 2016, 110: 2034-2043.

[5] VERMA A K, SHARMA N, GUPTA A K. Far-
from-equilibrium bidirectional transport system with
constrained entrances competing for pool of limited
resources J]. Phys Rev E, 2018, 97: 022105.

[ 6 1 BELITSKY V, SCHUTZ G M. RNA polymerase
interactions and elongation rate [J]. J Theor Bio,
2019, 462. 370-380.

[ 7] GHOSH S, DUTTA A, PATRA S, et al. Biologically
motivated asymmetric exclusion process: Interplay of
congestion in RNA polymerase traffic and slippage of
nascent transcriptJ]. Phys Rev E, 2019, 99: 052122.

[8] VERMA A K, SHARMA N, GUPTA A K.
Cooperative motor action to regulate microtubule
length dynamics[J]. Phys Rev E, 2019, 99: 032411.

[ 9] EZAKI T, YANAGISAWA D, OHTSUKA K. et al.
Simulation of space acquisition process of pedestrians
using Proxemic Floor Field Model [ J]. Physica A:
Statistical Mechanics and its Applications, 2012, 391
291-299.

[10] FOULAADVAND M E. MAASS P. Phase transitions
and optimal transport in stochastic roundabout traffic
[J]. Phys Rev E, 2016, 94. 012304.

[11] LIU Y, XIAO W, DONG P, et al. The effect of single
on-ramp with constrained resources on the density of
asymmetric simple exclusion processes [ J]. Renew
Sustain Energy Rev, 2016, 62: 815-820.

[12] ARITA C, FOULAADVAND M E, SANTEN L.
Signal optimization in urban transport: A totally
asymmetric simple exclusion process with traffic lights
[J]. Phys Rev E, 2017, 95. 032108.

[13] YAMAMOTO H, YANAGISAWA D, NISHINARI
K. Comparison of escalator strategies in models using
a modified totally asymmetric simple exclusion process
[I]. Phys A, 2020, 555: 124571,

[14] EVANS M R, FOSTER D P, GODRECHE C, et al.
Spontaneous symmetry breaking in a one dimensional
driven diffusive system[J]. Phys Rev Lett, 1995, 74.
208-211.

[15] PRONINA E, KOLOMEISKY A B. Spontaneous

breaking in two-channel

symmetry asymmetric



%9

Spontaneous symmetric breaking in two-lane totally asymmetric simple exclusion process with narrow entrances

1265

[16]

[17]

(18]

[19]

[20]

[21]

(22]

exclusion processes with narrow entrances[J]. ] Phys
A: Math Gen, 2007, 40. 2275-2286.

GUPTA A K, DHIMAN L
asymmetric exclusion processes with open boundaries
[J]. Physica A:
Applications, 2013, 392 6314-6329.

SHARMA N, GUPTA A K. Phase segregation and

spontaneous symmetry breaking in a bidirectional two-

Coupling of two

Statistical Mechanics and its

channel non-conserving model with narrow entrances
[J]. J Stat Mech: Theory Exp, 2017, 4. 043211.
TIAN B, JIANG R, HU M B,
symmetry-broken phase in a bidirectional two-lane
ASEP with narrow entrances[ ]J]. Chin Phys B, 2017,
26: 020503.

TIAN B. JIANG R, LI M. et al.

analysis for spontaneous

et al. Spurious

Cluster mean-field
symmetric breaking in a
bidirectional two-lane system with narrow entrances
and parallel update [ J ]. Europhys Lett, 2017,
117. 40003.

DE QUEIROZ S L A, STINCHCOMBE R B.
Dynamical aspects of spontaneous symmetry breaking
in driven flow with exclusion[J]. Phys Rev E, 2019,
100: 012141.

TIAN B, JIANG R, LI M, et al. Totally asymmetric
simple exclusion processes on two intersected lanes[ ] ].
Europhys Lett, 2019, 128: 40005.

TIAN B, JIANG R, LI M, et al. Cluster mean field
analysis of spontaneous symmetry breaking in totally
simple exclusion two
lattices [ J ]. Physica A:
Mechanics and its Applications, 2020, 541. 123542.

asymmetric processes on

intersected Statistical

(23]

[24]

[25]

[26]

[27]

[28] JIANG R, HU M B, WU Y H. et al

[29]

TIAN B, XIA P, LIU L, et al. Existence of
spontaneous symmetry breaking in two-lane totally
asymmetric simple exclusion with an
intersection[ J]. Chin Phys B, 2020, 29: 050505.

WANG Y Q, WANG ] W, ZHU Z A,

Stochastic dynamics in nonequilibrium phase transitions

processes

et al.

of multiple totally asymmetric simple exclusion
processes coupled with strong and weak interacting
effects[J]. Int J] Mod Phys B, 2019, 20: 1950229.
BOTTO D, PELIZZOLA A, PRETTI M,
Dynamical transition in the TASEP with Langmuir
kinetics: Mean-field theory[J]. J Phys A: Math Gen,
2019, 4. 045001 .

HAO Q Y, JIANG R, HU M B, et al. Dual phase
separation in a two-dimensional driven diffusive system
[J]. Phys Lett A, 2017, 381: 1543-1547.
Franosch T, Frey E.
coexistence in driven one-dimensional transport[ ] ].

Phys Rev Lett, 2003, 90: 086601.

et al.

Parmeggiani A, Phase

Weak and
strong coupling in a two-lane asymmetric exclusion
process[J]. Phys Rev E, 2008, 77: 041128.

ZHU K X, WANG N, HAO Q Y, et al. Weakening
interaction suppresses spontaneous symmetry breaking
in two-channel asymmetric exclusion processes [ ] .

Phys Rev E.2012, 85: 041132.

[30] JIANG R, HUANG W, HU M B, et al. Comment on

“Bulk-driven nonequilibrium phase transitions in a
mesoscopic ring” [J]. Phys Rev Lett, 2011, 106:
079601 .



