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0 Introduction
Currentstatusdatanaturallyariseincross-

sectionalstudiesacrossarangeofdisciplinesfrom
epidemiologicaltoclinicalandsocialscience,where
thefailuretimeofinterestisnotdirectlyobserved,
butinsteadisknownwhetherornotitexceedsthe
observationtime.For example,as part of a
community-wide study examining time trends
associatedwithriskfactorsofpatientshospitalized
with acute myocardialinfarction (MI)in the
Worcester,Massachusetts metropolitanarea,the
survivalstateofpatientswerefolloweduponceafter
hospitaldischarge.In Worcester Heart Attack
Study(WHAS),thesurvivaldaysofapatientafter
hospitaldischarge wasnotdeterminedaccurately
butwasknowntobeearlierorlaterthanthedateof
thelastfollow-up,leadingtoeitherleft-censoredor
right-censoredobservations.

The goalofanalyzing currentstatus data
mainlyfocusesontheestimationofthecovariates
effectandsurvivalfunctions.Forexample,millions
ofpeoplesufferfromMIthathasbeenamajorcause
ofmorbidityandmortality[1].Andthesurvivalrate
ofpatientswith MIhasbeenfoundtobehighly
involvedwiththepatients'ageandthecongestive
heartcomplications[2-3].Thus,akeyobjectiveof
WHASistoidentifytheriskfactorsthatthreaten

thelivesofpatients.Theproportionalhazards
(PH) model[4] is one of the most popular
frameworksfortheregressionanalysisoftime-to-
eventdata.Themajorityofavailablemethodsfor
PH modelhavefocusedontheestimationinthe
presenceofright-censoreddata.However,dueto
themorecomplexstructureofcurrentstatusdata,
thepartiallikelihood[5]allowingonetoestimatethe
parameterswithoutspecifyingthebaselinehazard
functionnolongerexists,andcountingprocessand
martingaletechniquesdesignedforright-censored
datafailtowork[6].Therefore,anumberofstudies
havebeendevelopedtoanalyzecurrentstatusdata
underPHassumptionanditsnumerousvariants.
ThistopicwasfirststudiedbyFinkelstein[7]who
proposeda Newton-Raphson basedalgorithm to
estimatethebaselinefunctionandtheparameters
simultaneously.Huangetal[8]establishedaprofile
likelihoodandprovedthelargesamplepropertiesof
thenonparametricmaximumlikelihoodestimation.
Pan[9] adopted Tanner and Wong’s data[10]

augmentation scheme to transfer the interval-
censoreddatatoright-censoreddata.Asthebaseline
cumulativehazardfunctionisunspecified,serval
authorsutilized monotonesplines[11]inorderto



reducethedimension.Caietal[12]discussedthe
regressionanalysisforcurrentstatusdatausing
monotonesplinesinBayesianframework.McMahan
et al[13] developed an expectation-maximization
(EM)type algorithm under the same model
specification.Zeng etal[14] extended McMahan
etal’swork[13]toaccommodateabroadclassof
semi-parametrictransformationmodels.Luetal[15]

made use of monotone B-splineto modelthe
baselinehazardfunction.

WHAS recorded a dozen covariates of
hospitalizedpatients.Keepingallcovariates may
resultinoverfitting,whichposesaproblemin
estimationaccuracyandmodelinterpretability.A
numberofstatisticalmethodswereproposedfor
variableselection,suchaspenalizationprocedures
LASSO[16],SCAD[17]andadaptiveLASSO[18].In
addition, Bayesian methods have also gained

popularity[19-22].Despitetheextensiveliteratureon
theregressionanalysisforcurrentstatusdata,little
attentionhasyetbeenpaidtovariableselectionin
Bayesianframework.Thelatestworkconcentrated
onvariableselectionforsuchoutcomesaremainly
developed via frequentist-based penalization
methods[23-28],which may behighlychallenging
when modelordatastructuresarecomplicated.
Expectation maximization variable selection
(EMVS)[27]inspiredbystochasticsearchvariable
selection(SSVS)approach[20]hasbeenshowntobe
adeterministicBayesianvariableselectionmethodas
itsefficiencyatidentifyingassociatedcovariatesand
thecapabilityofaccommodatingmultifariousdata
structures[28-30]. Since this method selects all
covariatessimultaneously,itavoidstheissueof
multiplemodelcomparisonsthatthemainchallenge
facedbythetraditionalpairwisecomparisonmethod
using Bayesian model comparison statistics.
ComparedwithSSVS,wheretheposteriorinference
is drawn using Markov Chain Monte Carlo
(MCMC)algorithm,EMVSutilizesEMalgorithm
to derive posterior estimates with enormous
computationalsavings.

Inthispaper,wemakeuseofEMVS’svalidity
inselectingcovariates,bydevelopingitforPH
modeltoidentifytherelationship betweenrisk
factorsandsurvivaltimewithcurrentstatusdata.
Toreducethemodeldimension,monotoneI-splines
areutilizedtoapproximatethebaselinecumulative
hazard function. We develop an efficient EM
algorithm that achieves parameters estimation
throughatwo-stagedataaugmentationprocedure
involving latent Poisson variables and variable
selection through latent index variables
simultaneously. Furthermore, additional
constrained optimization procedures are avoided
sincetheconstraintsof monotonicityofbaseline
cumulativehazardfunction aresatisfied directly
duringtheirclosed-formupdates.

Therestofthepaperisorganizedasfollows.In
Section1,wespecifythePH modelwithcurrent
statusdataanddeveloptheEMVSmethodforthe
covariatesselection.Section2reportstheresultsof
simulatedstudies.Arealdataanalysisispresented
inSection3toillustratetheperformanceofthe
proposed method.Section 4 concludes with a
summarydiscussion.

1 Themodelframework
1.1 Modelsetup

FortheeventtimeT ,thecumulativehazard
functionofanadditiveCoxmodeltakestheform

Λ(t|x)=Λ0(t)expxTβ  (1)

whereΛ0(·)isunknownbaselinecumulativehazard
function,xisp×1covariatesvector,βisthevector
ofregressioncoefficient.Givenx,theconditional
cumulativedistributionfunction (CDF)ofevent
timeTiswrittenas

F(t|x)=1-exp{-Λ0(t)expxTβ  } (2)

ToholdtheconditionsofaproperCDF,itis
requiredthatΛ0(·)isanon-negativeandmonotone
functionwithΛ0(0)=0.

Inthesettingofcurrentstatusdata,theevent
timeTcannotbeobserveddirectly.Letti,i=1,…,
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n,denotetheeventtimefornsubjects,andci,i=
1,…,n,the observation time. The censoring
indicatorisdefinedasδi=I(ti ≤ci),i=1,…,n.
ThenthelikelihoodfunctionofallobserveddataD=
{(ci,δi,xT

i)T,i=1,…,n}isgivenby

L=∏
n

i=1
F(ci|xi)δi[1-F(ci|xi)]1-δi (3)

whichisundertheassumptionthatthefailuretime
and censoring time are independent given
covariates.

Intheabovelikelihood,thebaselinecumulative
hazardfunctionΛ0(·)istotallyunspecified with
infinitedimensionofparameters.Splineisafeasible
techniquetoreducethedimensionwhilemaintaining
modelflexibilityasitmakesnoassumptionwiththe
shapeoffittedcurve.Inthisarticle,Λ0(·)is
approximatedviaI-splines[11],thatis,

Λ0(·)=∑
K

k=1
αkIk(·) (4)

where {Ik(·)}Kk=1 are integrated spline basis
function,eachofwhichisnondecreasingfrom0to
1,andsplinecoefficients{αk}Kk=1aretakentobe
non-negativetoguaranteethe monotonicity.To
constructthe basisfunctions,the numberand
locationofinteriorknotsneedtobespecifiedto
determinetheshape,andthedegreecontrolsthe
smoothnessofthemodel.Thenumberofallbasis
functionsK isthesummationofthenumberof
interiorknotsandthedegree.

Itisknownthattheorderas wellasthe
numberandlocation ofinteriorknots havean
impacton modelfitting.Ingeneral,cubicspline
(theorderis3)issmoothenoughtofitthecurve,

whereastoomany(few)knotsleadtoover(under)

fitting.YuandRuppert[31]madethestrategythat5
to10knotsareadequateforunimodalormonotone
functionswhilemorethan10knotsarenecessaryto
capture the characteristics for multimodal
functions.Insimulationstudies,wetrieddifferent
numbers of interior knots to evaluate the
performance.Oncethenumberisdetermined,the
knotsareequidistantlyplacedatthequantilesof
supportofsplines.

Substituting the splines approximationinto
Λ0(·),thebaselinecumulativehazardfunctionEq.
(3)canbewritteninvectornotationas

Λ(t|xi)=αTI(ci)expxT
iβ  (5)

whereα = (α1,…,αK)TandI(ci)= (I1(ci),…,

IK(ci))T .
1.2 DataaugmentationfortheEMalgorithm

DirectmaximizationofEq.(3)isintractable
becauseofthecomplexform.InthespiritofWang
etal[32],anEMalgorithmisproposedtoidentify
themaximizerofunknownparameters.Inorderto
derivethealgorithm,atwo-stagedataaugmentation
involvinglatentPoissonrandomvariablesisutilized
basedontherelationshipbetweentheCox model
andanonhomogeneousPoissonprocess.

Thefirststageistoassociatethecensoring
indicatorδi withnonhomogeneousPoissonprocess
wiwithmeanαTI(ci)exp(xT

iβ).Thesecondstage
wiisdecomposedintoasumofindependentPoisson
processwik .Therefore,thedataaugmentation
procedureisasfollows:

δi=I(wi >0),
wi ~PoissonαTI(ci)exp{xT

iβ}  

wi=∑
K

k=1
wik,wik ~PoissonαkIk(ci)exp{xT

iβ}  ,

                k=1,…,K

􀮦

􀮨

􀮧

􀪁
􀪁
􀪁
􀪁
􀪁􀪁

(6)

DenotePwik
(·)the Poisson massfunction

associatingwiththerandomvariableswiandwik

respectively,theaugmenteddatalikelihoodcanbe
expressedas

Laug=∏
n

i=1
∏
K

k=1
Pwik

(wik)(δiI(wi >0)+

(1-δi)I(wi=0)) (7)

1.3 Priorspecification
TofacilitateBayesianvariableselection,the

well-knownspike-and-slabpriorisassignedtothe
regressioncoefficientsβ.Anindicatorvariableγ=
(γ1,…,γp)Tisintroducedtoidentifyβ,i.e.,βm =
0ifγm =0andβm ≠0otherwiseform =1,…,p.
Thus,thepriorweassignedtoβis

P(β|γ,σ,v1)=N(0,Σβ)with
Σβ =σ2diag(d1,…,dp),
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whereNisnormaldensityfunctionanddm =(1-
γm)·v0+γm·v1for0<v0 <v1.Thoughv0is
frequentlysetto be0in practice,Georgeand
McCulloch[20] recommended setting small but
positivev0toexcludeunimportantnonzeroeffects.
v0ofthespikedistributionservestopullcoefficients
estimatestowardzero.Theincreaseofv0enlarges
thevarianceofthespikecomponent,whichhasthe
effecttoshrinkthesmalleffect without much
affectingthesignificanteffects.Toleavelarge
coefficientspossiblyunaffectedbytheshrinkageof
spikeprior,aheavy-tailedslabpriorsuggestedby
Ref.[27]isinducedforv1,

P(v1)=
vb21 (1+v1)-a2-b2-2

B(a2+1,b2+1)
I(v1 >0),

whereB(·,·)isBetafunction.ReferringtoRefs.
[21,33,34],hyper-parametersa2andb2aresetto
be0and-3/4forbetterperformance.Thesetting
ofa2andb2makesmoreflatproperprior,resulting
instableestimation.

Withoutextrastructuralinformationaboutthe
predictors, an independent and identically
distributed(i.i.d)Bernoullipriorischosenforγm ,

P(γ|ω)=ω|γ|(1-ω)p-|γ|,

where|γ |=∑
q

m=1
γm andωisahyperparameter

followinguniformdistributionU(0,1).
Asαisconstraintwithnon-negativity,thei.i.d

exponentialpriorsareassignedtoα,

P(αk|λ)=λe-λαk,k=1,…,K,

whereλisahyperparameter.Thisspecification
allowsthehyperpriorforλprovidinginformation
forthesplinecoefficients,moreimportant,can
penalizethecoefficientsofunnecessarysplinebasis
functionstowardzero[12].

Thepriorsforσ2andΛarechosenasIG(a1,b1)
and Ga(a3,b3) respectively, resulting in
uninformative priors,whereIG and Gadenote
inverse γ distribution and γ distribution,
respectively.a1,b1,a3,b3aresettobe0.5inall
numericalexperiments.

Lemma1.1 Thejointposteriordistribution
P(β,σ2 | D)givendm,m =1,…,p,fixedis
unimodal.

Remark1.1 Theunimodalityisestablished
foranyvalueofγandanychoiceofv0andv1,inthe
sensethatforeveryc>0,theupperlevelset{(β,
σ2|P(β,σ2))}isconnected.

Finally,thejointposteriordistributionofall
theparametersisgivenby
Lc(α,β,γ,σ2,v1,ω,λ|D,w)∝P(D,w|α,β)·

P(β|γ,σ2,v1)P(α|λ)P(γ|ω)·
P(σ2)P(v1)P(λ)P(ω) (8)

whereh = (hT
1,…,hT

1)T ,w = (w11,…,w1K,…,
wn1,…,wnK)andthefirsttermintherightsideis
Laug.
1.4 EMalgorithm

An EM algorithm is derived to find the
posteriormaximizerofparametersiterativelyasan
alternativetotheconventionalMCMCapproach,
whichpossessesmuchcomputationalefficiencyover
stochasticsearchalternatives.

TheEMalgorithmbeginswiththeexpectation
(E-step)ofthelogarithmofLcwithrespecttothe
latentvariables (w andγ)conditionalonthe
observeddataDandcurrentparameterestimate,
whereafter,the maximum (M-step)likelihood
estimatorsoftheexpectedlog-posteriorlikelihood
resulting from E-step are calculated. Each
parameterisestimatedundertheconditionthatthe
remainingparametersarefixedin M-step.Thetwo
stepsarerepeateduntiltheconvergenceisachieved.

Denoteθ ={α,β,σ2,v1,ω,λ}.In(u+1)th
iteration,theexpectedloglikelihoodinE-stepis
givenby
E[logLc|D,θ(u)]=Q1(α,β,σ2,v1,λ|D,θ(u))+

Q2(ω|D,θ(u))+C,

whereCisaconstantand
Q1(α,β,σ2,v1,λ|D,θ(u))=         

∑
n

i=1
∑
K

k=1

{E(wik|D,θ(u))logαk +xT
iβ  -

αkIk(ci)expxT
iβ  }-

1
2∑

p

m=1
E(logdm|D,θ(u))-

p
2+a1+1  logσ2-

1
σ2 b1+

1
2∑

p

m=1
E 1

dm
|D,θ(u)  βm

2􀭠
􀭡

􀪁
􀪁 􀭤

􀭥

􀪁
􀪁 +

b2logv1-(a2+b2+2)log(1+v1)+

(K +a3-1)logλ- ∑
K

k=1
αk +b3  λ,

Q2(ω|D,θ(u))=∑
p

m=1
E(γm|D,θ(u))logω+

p-∑
p

m=1
E(γm|D,θ(u))  log(1-ω).

  The E-steps proceeds by computing the
conditionalexpectationsE(wik|D,θ(u)),E(γm|D,
θ(u)),E(logdm|D,θ(u))andE(1/dm|D,θ(u))from
Q1andQ2.Notingthatwikfollowsamultinomial
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distributiongivenwiandwiistruncatedPoisson
distributed,theexpectedvaluescanbeexpressed

E(wik|D,θ(u))=
α(u)

k Ik(ci)

∑
K

k=1
α(u)

k Ik(ci)
E(wi|D,θ(u)),

E(wi|D,θ(u))=
∑
K

k=1
α(u)

k Ik(ci)exp{xT
iβ

(u)}δi

1-exp{-exp{xT
iβ

(u)} .

Andγm ismultinomial.FollowingRockovaand
George[27],theconditionalexpectationsare

E(γm|D,θ(u))=P(γm =1|·)=p*
m =

rm

rm +sm
,

E(logdm|D,θ(u))=(1-p*
m)logv0+p*

mlogv(u)
1 ,

E 1
dm

|D,θ(u)􀭠
􀭡

􀪁
􀪁 􀭤

􀭥

􀪁
􀪁 =

1-p*
m

v0
+

p*
m

v(u)
1
,

whererm=P(βm|(σ2)(u),v(u)
1 ,rm=1)P(rm=1|ω(u))

and
sm =P(βm|(σ2)(u),v(u)

1 ,rm =0)P(rm =0|ω(u)).
  Thenextstepistofindθ(u+1)thatmaximizesQ1

andQ2.ConsiderthepartialderivationofQ1andQ2

withrespecttoeachparameter,forβ,

􀆟Q1

β
=∑

n

i=1
∑
K

k=1
xi[E(wik|D,θ(u))-

αkIk(ci)exp{xT
iβ+hTB(zi)}]-Σβ,

where

Σ=
1
σ2
diag E 1d1

|D,θ(u) ,
…,E 1dp

|,D,θ(u)  .

Settingthepartialderivation0,thenewmaximizers
β
(u+1)canbeobtainedfromequation.Therootof
aboveequationcanbefoundusingstandardroot
findingroutine.Asthenewmaximizersinregardto
the remaining parameters have closed-form
expressions,theparametersaredirectlyupdatedby

α(u+1)
k =

∑
n

i=1
E(wik|D,θ(u))

λ(u)+∑
n

i=1
Ik(ci)exp{xT

iβ
(u+1)}

,

(σ2)(u+1)=
b1+

1
2∑

p

m=1
E 1

dm
|D,θ(u)  (β(u+1)

m )2

p/2+a1+1
,

v(u+1)
1 =

A-B± (B-A)2+4A(5/4+B)
2(5/4+B)

,

λ(u+1)=
K +a3-1

∑
K

k=1
α(u+1)

k +b3
,

ω(u+1)=∑
p

m=1
p*

m/p,

whereA =∑
p

m=1
p*

m(β
(u+1)
m )2/(2(σ2)(u+1))andB =

∑
p

m=1
p*

m/2.

Thus,the EMVS algorithm proceeds as
follows:

Step1Initializetheparametersα(0),β
(0),

σ(0),v(0)
1 ,ω(0)andλ(0);

Step2 Evaluatetheconditionalexpectations
E(γm|D,θ(u)),E(logdm|D,θ(u)),E(1/dm |D,
θ(u))andE(wik|D,θ(u));

Step3Obtainα(u+1),β
(u+1),σ(u+1),v(u+1))

1 ,
ω(u+1)andλ(u+1)bymaximizingQ(θ|D,θ(u));

Step4IteratebetweenSteps2and3untilthe
maximum absolutedifferenceofβ betweentwo
successiveiterationsissmallerthan10-6.
1.5 Varianceestimation

Thecovariancematrixofβ
︿
canbeestimated

basedontheprofilelikelihood.Denoteψ ={α,σ2,
v1,ω,λ},thentheprofilelog-likelihoodisdefined
as
lpn(β)=max

ψ
log(L×P(β|γ,σ2,v1)·   

P(σ2)P(v1)P(γ|ω)P(ω)P(α|λ)P(λ)).
  ReferringtoRef.[14],thecovariancematrixof

β
︿
iscalculatedbytheinverseoftheinformation
matrixI(β

︿),wherethe(s,t)thofI(β
︿)elementis

approximatedby

lpn(β
︿)-lpn(β

︿
+rnes)-lpn(β

︿
+rnet)+lpn(β

︿
+rnes +rnet)

r2n
,

whereesisap-dimensionalvectorwiththesth
element1andtheremainingis0,andrnatuning
constantofordern-1/2.Thevalueoflpn(β)canbe
calculatedusingtheEMalgorithmagainwithβheld

fixed.

2 Simulationstudies
Simulationstudiesareconductedinthissection
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toillustrate the performance of the proposed
methodindifferentscenarios.Weindependently
generate200datasetsfromthefollowingmodel

F(t|x)=1-exp -Λ0(t)exp{xTβ}  .

Weconsiderthree cases: (i)The cumulative
baselinehazardsfunctionΛ0(t)=log(1+t)andβ=
(1,0,2,0,-1,0,0,0)isa8×1vector.Forthe
discretecovariatesvectorxd =(x1,x2)T ,firstwe
samplex1 ~Bernoulli(p)withp=0.5thensample
x2=k|{x1=0}~p0k(k=1,2,3)withp0=(0.5,
0.4,0.1)andx2=k|{x1=1}~p1k(k=1,2,3)
with p1k = (0.4,0.4,0.2). The remaining
continuouscovariates vectorxc = (x3,…,x8)T

followsamulti-normaldistributionwithmean0and
covariancematrix(0.5|k-l|)1≤k,l≤6.Thecensoring
timeCisgeneratedfromexponentialdistribution
with mean 1,then the censoring indicatoris

determinedasΔ=I(t≤c);(ii)Λ0(t)= t/2.The
remainingsetupisthesameascase(i);(iii)Ahigh
dimensionalcasewithn=200andp =100,where
λ0(t)=log(1+t)andβ=(1,1,1,0,…,0)withonly
thefirstthreenonzeroelements.Thecovariate
vectorx=(x1,…,x100)Tisgeneratedfromamulti-
normaldistribution with mean0andcovariance
matrix (0.5|k-l|)1≤k,l≤100.ThecensoringtimeC
followstheexponentialdistributionwithmean1.In
eachcase,theproposedEMVSmethodPHmodelis
takenintoaccount.

Inspecifyingthemonotonesplinestoestimate
Λ0(·),cubic basisfunctions are utilized for
adequatesmoothness.Wetrydifferentnumbersof
equallyspacedinteriorknotsforthecumulative
baselinehazardfunctionwithintheminimumand
maximumofc.v0ofthespikedistributionissetto
be0.01inthefirsttwocases,andweempirically
findthattheestimationresultsarequiterobustfor
thevariationofv0within[0.001,0.1].Inthethird
case,asthedimensionishigh,v0issettobe1
within [0.5,2]Iteration of the proposed EM
algorithmisterminatedifthemaximumabsolute
differenceoftheparametersbetweentwosuccessive
iterationsissmallerthan10-6.Thedecisionof
variableselectionisbasedontheprobabilityp(γm =
1),that is,the conditional expectation p*

m

calculatedinE-step.Thedefaultthresholdvalueis
0.5,i.e.,xmisselectedifp*

m >0.5andisnot

selectedotherwise.
WeuseLASSO asabenchmark methodto

comparethevariableselectionaccuracy withthe
proposed method under the same model
specifications.WecalculatetheLASSOestimator
basedonEq.(7)usingEMalgorithm,wherewiand
wikaretreatedasmissingdataand{α,β}arethe
parameterstobeestimated.In(u+1)thiteration,
theexpectedvaluesofwiandwikinE-steptakethe
samevalueoftheproposed method.In M-step,
firstweupdateαas

α(u+1)
k =

∑
n

i=1
E(wik|D,β

(u))

∑
n

i=1
Ik(ci)exp{xT

iβ
(u+1)}

.

  Thenweupdateβbymaximizing

Q(β|β
(u),α(u+1))-nτ ∑

p

m=1
|βm|  ,

where
Q(β|β

(u),α(u+1))=            

∑
n

i=1
∑
K

k=1
E(wik|D,β

(u))logα(u+1)
k +xT

iβ  -

α(u+1)
k Ik(ci)exp{xT

iβ}

andτisatuningparameter.Define∇Q(β
(u))=

-􀆟Q/􀆟β|β=β
(u)and∇2Q(β

(u))= -􀆟2Q/􀆟β􀆟βT|β=β
(u).

Throughasecond-orderTaylorexpansionaround
β
(u+1),-Q (β|β

(u),α(u+1))canbe writtenas
1/2(Y-Rβ)T (Y-Rβ),whereRisfrom Cholesky
decomposition of ∇2 Q (β

(u))satisfying RTR =
∇2Q(β

(u))andpseudoresponseY=(RT)-1{∇2Q(β
(u))β-

∇Q(β
(u))}[38].Thus,weneedtominimize

1
2
(Y-Rβ)T(Y-Rβ)+nτ∑

p

m=1
βm.

  ToobtaintheLASSOregressorβ
(u+1),weuse

GLMnetpackageinR.TheEMalgorithmstopsif
themaximumabsolutedifferenceoftheparameters
betweentwosuccessiveiterationsissmallerthan
10-6.

Theestimationresultsbasedonthe200data
setsofEMVSofthefirsttwocasesaresummarized
inTabs.1and2,includingbiasandmeansquare
error(MSE)betweentheestimatedparametersand
thetruevalues,the MonteCarlostandarderror
(MCE),theaverageofthenumericalstandarderror
(SEE).Theresultsindicatethatour method
performssatisfactorilyunderdifferentsituations.
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Andtheperformanceoftheestimatesbecomes
improvedwhenthesamplesizeincreases.Itseems
thattheestimationresultsrarelydependonthe
number of interior knots. For the variance
estimation,wesethn = 10n-1/2forallcases.The
variancemethodisquiteaccurateeveninsmallsamples.

Thefalsepositiverate(FPR)andfalsenegative
rate(FNR)areimportantindexestoevaluatethe
variableselectionaccuracy.TheyaregivenbyFPR
=FP/(FP+TN)andFNR=FN/(FN+TP),
whereFPisthenumberoffalsepositives,FNisthe

numberoffalsenegatives,TPisthenumberoftrue
positivesandTNisthenumberoftruenegatives.
Weindependentlygenerated200datasetsforeach
case.Tabs.3and4reportedtheaverageofFPRand
FNRofthefirsttwocaseswithdifferentnumbersof
interiorknots.ItisshownthatEMVSoutperforms
LASSOin differentsettings.EMVSexhibitsa
considerableaccuracyofvariableselectionevenin
smallsamplesize.TheresultsofLASSOaremore
conservativeasitinclinestoreservemorevariables,
possiblyaffectedbythecorrelationofthecovariates.

Tab.1 Simulationresultsontheestimationofthenon-zerocoefficientsforCase1

Trueeffect Bias MSE MCE SEE

n=200

K=5

K=10

β1 -0.0183 0.1231 0.2913 0.2277

β3 -0.1674 0.1063 0.2806 0.2306

β5 0.0983 0.0525 0.2074 0.1667

β1 0.0394 0.1665 0.3071 0.2410

β2 -0.1356 0.0412 0.2886 0.2406

β5 0.1000 0.0279 0.1918 0.1705

n=500

K=5

K=10

β1 -0.0465 0.0469 0.2121 0.1647

β3 -0.1175 0.0416 0.1673 0.1411

β5 0.0650 0.0192 0.1229 0.1408

β1 0.0089 0.0318 0.1785 0.1652

β3 -0.1070 0.0346 0.1524 0.1663

β5 0.0679 0.0170 0.1116 0.1378

􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋

Tab.2 Simulationresultsontheestimationofthenon-zerocoefficientsforCase2

Trueeffect Bias MSE MCE SEE

n=200

K=5

K=10

β1 -0.0393 0.1121 0.2934 0.2138

β3 -0.1643 0.1148 0.2970 0.2519

β5 0.1006 0.0772 0.2598 0.1648

β1 0.0529 0.1192 0.2921 0.2197

β3 -0.1205 0.1127 0.2641 0.2543

β5 0.0868 0.0516 0.2105 0.1668

n=500

K=5

K=10

β1 0.0284 0.0459 0.2129 0.1496

β3 0.0461 0.0360 0.1846 0.1425

β5 -0.0225 0.0166 0.1272 0.1044

β1 0.0619 0.0473 0.2091 0.1504

β3 0.0349 0.0372 0.1900 0.1430

β5 -0.0139 0.0138 0.1170 0.1086

􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋
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Tab.3 FPRandFNRofEMVSandLASSOforCase1

FPR

EMVS LASSO

FNR

EMVS LASSO

n=200
K =5 0.006 0.105 0.017 0.080

K =10 0.033 0.092 0.027 0.077

n=500
K =5 0.012 0.092 0.007 0.005
K =10 0.026 0.072 0.000 0.000

􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋

Tab.4 FPRandFNRofEMVSandLASSOforCase2

FPR

EMVS LASSO

FNR

EMVS LASSO

n=200
K =5 0.008 0.097 0.025 0.048

K =10 0.033 0.087 0.013 0.097

n=500
K =5 0.008 0.077 0.000 0.007
K =10 0.017 0.073 0.002 0.002

􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋

Tab.5 VariableselectionofEMVSandLASSOforCase3

Method
MSE

β1 β2 β3
FPR FNR

K=5
EMVS 0.2443 0.2655 0.2351 0.000 0.036

LASSO 0.2035 0.1751 0.2192 0.104 0.000

K=10
EMVS 0.1970 0.2462 0.2275 0.000 0.030

LASSO 0.2073 0.2070 0.2207 0.099 0.002

􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋􀪋

This phenomenon gets more obviousin high-
dimensionalcase.FromTab.5,EMVSandLASSO
showcomparableMSEwithdifferentinteriorknots.
Whilethetwo methodsproducehigherFNRand
FPRthaneachotherrespectively.Consequently,
EMVSperformswellwhetherincommonorin
high-dimensionalsituations.

3 Realdataanalysis
In this section, we applied the proposed

BayesianvariableselectionproceduresforPHmodel
totheWorcesterHeartAttackStudy(WHAS)data
setusedinRef.[36].ThegoalofWHASisto
describetimetrendassociatedwithriskfactorsin
long-termsurvivalamongresidentsfollowingacute
myocardialinfraction(MI).Atotalof500patients
werefollowedupfromthehospitaladmissionyears
1997,1999and2001.Thisdatasetcontains22
attributes,identificationcode(id),ageathospital
admission(age),gender(0=male,1=female),
initialheartrate(hr),initialsystolicbloodpressure
(sysbp),initialdiastolicbloodpressure(diasbp),
bodymassindex (bmi),historyofcardiovascular

disease(cvd,0=no,1=yes),atrialfibrillation
(afb,0=no,1=yes),cardiogenicshock(sho,0=
no,1=yes),congestiveheartcomplications(chf,0
=no,1=yes),completeheartblock(av3,0=no,
1=yes), MIorder (miord,0= first,1=
recurrent),MItype(mitype,0=nonQ-wave,1=
Q-wave),cohortyear(year,1=1997,2=1999,
3=2001),hospitaladmissiondate (admitdate),
hospitaldischargedate(disdate),dateoflastfollow
up(fdate),lengthofhospitalstay(los),discharge
statusfromhospital(dstat,0=alive,1=dead),
totallengthoffollwo-up(lenfol)andvitalstatusat
lastfollow-up(fstat,0=alive,1=dead).

Weaimtoidentifytheriskfactorsthataffect
thesurvivaldaysafterhospitaldischarge.Asthe
datasetonlygivesthedateoflastfollowupandthe
vitalstatus,forthosepeoplediedbeforethelast
followup,theaccuratesurvivaldaysisunknown
butisknowntobeearlierthanthedateoflast
follow-up,whichisleft-censored.Withoutregard
tothosediedduringthehospitalization,thenumber
oftargetsubjectsis461.Amongthese461patients,
thereare176deaths,about38%left-censoring.
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Tab.6 ResultsoftheanalysisofWHASdataset

Factor
EM

Estimate SEE P-value

EMVS

stimate SEE Index

age 4.9835 0.4004 0.0000 4.5401 0.7817 1

gender -0.5086 0.1753 0.0037 -0.3112 0.1603 0

hr 2.1324 0.5228 0.0000 1.6006 0.4911 1

sysbp 1.4633 0.6940 0.0350 0.2169 0.1182 0

diasbp -3.6527 1.0582 0.0006 -1.7694 0.7877 1

bmi -0.4455 0.5718 0.4359 -0.1356 0.3748 0

cvd -0.2340 0.1898 0.2178 -0.1244 0.2142 0

afb 0.2153 0.1951 0.2699 0.1950 0.1829 0

sho 0.4535 0.5115 0.3754 0.0848 0.7201 0

chf 0.8968 0.1756 0.0000 0.8658 0.3110 1

av3 0.7177 0.4060 0.0771 0.2350 0.3740 0

miord 0.0059 0.1654 0.9717 0.0420 0.1620 0

mitype -0.3609 0.2028 0.0751 -0.3221 0.1720 0

year -0.5249 0.2070 0.0112 -0.3439 0.1828 0

  [Note]index=1meansthatthefactorisselected,index=0otherwise.

  Tomodelsurvivaltime,HosmerJretal[36]

suggestedfittingthePHmodelwithsixexplanatory
variables:age,bmi,hr,diasbp,genderandchf.
For better modeling performance, all the
explanatoryvariablesarelinearlytransformedto[0,
1].Basedonthisresult,thePHmodelforWHAS
datasetisgivenby
Λ(t|covariates)=Λ0(t)exp{ageβ1+genderβ2+
hrβ3+sysbpβ4+diasbpβ5+bmiβ6+cvdβ7+

afbβ8+shoβ9+chfβ10+av3β11+
miordβ12+mitypeβ13+yearβ14}.

  WeappliedtheproposedmethodandtheEM
methods[13]withoutBayesianvariableselectionto
WHASdataset.Thedataanalysisresultsare
reportedin Tab.6.Theleftcolumnshowsthe
estimates,theestimatedstandarderrorsandthep-
valuesofEMalgorithm.Thefactorsage,gender,
hr,sysbp,diasbp,chfandyearareshowntobe
significant.Ourmethodselectedfourfactors,age,
hr,diasbpandchf,asubsetofthesignificant
covariatesbyEM methodintothePH model.Old
age,highheartrateandtheexistenceofcongestive
heartcomplicationswilldecreasethesurvivalrateof
people,and higherdiastolicblood pressurehas
positiveeffectofthesurvivalrate,whichagrees
withcommonsense.Fig.1 providesthefitted

curvesofΛ0(·).Itiscan beseenthatthe
cumulativehazardnolongerincreasesafterreaching
athresholdvalue.

Fig.1 Theestimatedbaselinecumulative
hazardfunctionofWHASdataset

4 Conclusion
In this paper, we developed an EMVS

algorithm for variable selection of proportional
hazardsmodelinthecontextofsurvivalanalysis.
Basedonspike-and-slabpriorandthetwo-stagedata
augmentationprocedure,theproposed methodis
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efficientandeasytoimplement.Boththesimulation
studiesandthe WHASdataanalysisdemonstrate
thegoodperformanceoftheproposedmethod.The
methodcanbeextendedtoothertypesofcensored
data,forexample,thecase Ⅱ interval-censored
data,wherethefailuretimeisknowntobeliedin
an interval. The two-stage data augmentation
procedurecanbeappliedtocaseⅡinterval-censored
datadirectly.Furthermore,thelinearassumption
ofthe covariates effectcan be softened.The
nonparametric model may describe the more
complexrelationshipbetweenthesurvivaltimeand
theexplanatoryvariables.
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当前状态数据中比例风险模型的一种贝叶斯变量选择方法

崔 笛,张伟平
中国科学技术大学统计与金融系,安徽合肥230026

摘要:针对当前状态数据中的比例风险模型提出了一种基于期望-最大化的贝叶斯变量选择方法.该模型能够

同时进行参数估计和变量选择,有效地增强了模型的可解释性和预测能力.为了识别风险因素,首先对表示协

变量是否存在的指示变量赋予合适的先验分布,使用单调样条来近似基准累积风险函数;然后 通过使用基于

泊松隐变量的两阶段数据扩充技术提出了一种有效的期望-最大化对模型拟合算法;最后通过模拟研究和一个

实例分析证明了所提方法的有效性.
关键词:比例风险模型;贝叶斯变量选择;当前状态数据;EM算法;样条

CuiDi:PhDcadidate.Researchfield:Statisticalmodel.E-mail:cuidi@mail.ustc.edu.cn
ZhangWeiping:Correspondingauthor,PhD/professor.Researchfield:Statisticallearningtheory.

E-mail:zwp@ustc.edu.cn

Appendix
ProofofLemma1.1

ThemarginalposteriordistributionP(β,σ2|D)isobtainedbyintegratingαfromP(β,α,σ2|D)as
follows.

P(β,σ2|D)=∫RRK
P(β,α,σ2|D)dα∝P(β|σ2)P(σ2)∫RRK

L(D|β,α)P(α)dα.

  Byusingthefirst-orderTaylorexpansionwehave

L(D|β,α)=∏
n

i=1
1-exp{-αTI(ci)expxT

iβ  }  δi exp{-αTI(ci)expxT
iβ  }  1-δi ≈

∏
n

i=1
δiαTI(ci)expxT

iβ  exp{-(1-δi)αTI(ci)expxT
iβ  }.

  Therefore,

∫RRK
L(D|β,α)P(α)dα=∫RRK∏

n

i=1
δiαTI(ci)expxT

iβ  exp{-(1-δi)αTI(ci)expxT
iβ  }λKe-λαTdα=

λK∏
n

i=1
δiI(ci)expxT

iβ  ∏
K

k=1

Ik(ci)
(1-δi)Ik(ci)expxT

iβ  +λ/n  3
.

  Themarginaljointposteriordistributionof(β,σ2)canbewrittenas

P(β,σ2|D)∝ ∏
p

m=1
dm  -

1
2(σ2)-

p
2+a1+1exp-

1
σ2 ∑

p

m=1

βm
2

dm
+b1    ×
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λK∏
n

i=1
δiI(ci)expxT

iβ  ∏
K

k=1

Ik(ci)
(1-δi)Ik(ci)expxT

iβ  +λ/n  3
.

  Then,thelogposteriorisgivenby

logP(β,σ2|D)=-(
p
2+a1+1)logσ2-

1
σ2 ∑

p

m=1

βm
2

dm
+b1  +

∑
n

i=1
xT

iβ+
Ik(ci)

(1-δi)Ik(ci)expxT
iβ  +λ/n  3

􀭠
􀭡

􀪁
􀪁 􀭤

􀭥

􀪁
􀪁 +C,

whereCisthetermnotinvolvingeitherβandσ2.Denote

g(β)=∑
n

i=1
xT

iβ+Ik(ci)/ (1-δi)Ik(ci)expxT
iβ  +λ/n  3  .

Toshowg(β)isconcaveineachcomponentofβ,itsufficestoshowthat
􀆟2g(β)
􀆟βm

2 <0.Itcanbechecked

that
􀆟2g(β)
βm

2 =-∑
n

i=1
∑
K

k=1

x2
iexp(xT

iβ[1-(1-δiIk(ci))]
(1-δi)Ik(ci)expxT

iβ  +λ/n  2
<0

asIk(·),k=1,…,K,areboundedin[0,1].Therefore,g(β)isconcaveineachcomponentofβ.
Denote

h(β,σ2)=-(
p
2+a1+1)logσ2-

1
σ2 ∑

p

m=1

βm
2

dm
+b1  ,

weintroducethecoordinatetransformation,whichisdefinedby
r=1/σ2,ϕm =βm σ2,

whereϕm,m=1,…,p,andrarecontinuous.Thus,unimodalityistheoriginalcoordinatesisequivalentin
thetransformedcoordinates.Letϕ =(ϕ1,…,ϕp)T .Withtheabovetransformedcoordinates,theabove
formulabecomes

h(ϕ,r)=
p
2+a+1  logr-b1r-

1
2∑

p

m=1

ϕm
2

dm
.

Itcanbecheckedthat
􀆟2h(ϕ,r)

􀆟r2 < 0and
􀆟2h(β,σ2)

􀆟ϕm
2 < 0foreachm .Thus,h(β,σ2)isconcave.

Consequently,thejointposteriordistributionofβandσ2isunimodal.
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