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摘要:利用二阶摄动方法研究了静载荷作用下结构线弹性裂纹的弯曲扩展问题、裂纹路径预测时的应力准

则与能量准则之间的关系,并求解出三维静态应力强度因子.归纳总结出三维线弹性弯曲裂纹扩展的判据,
求解出三维线弹性弯曲裂纹扩展过程中的形状参数.利用Irwin公式计算出三维弯曲裂纹扩展引起的静态

能量释放速率.研究了具有非均匀断裂韧性的材料的三维静态弯曲裂纹.就均匀物质而言,在二阶摄动分析

理论的框架内,两种准则指明了相同的三维静荷载弯曲裂纹扩展路径.但在具有非均匀断裂韧度的物质中,
能量准则优越于应力准则.对三维静态弯曲裂纹路径失稳因素进行了比较和分析,研究了不同初始三维裂纹

长度下材料退化与静施应力或外静应力之间的临界关系.
关键词:二阶摄动方法;三维静态应力强度因子;弯曲裂纹;断裂韧度;静施应力

0 Introduction
Perturbation analyses for a quasi-static

slightlycurvedcrack werefirstperformed by
Banichuk[1],andGoldsteinandSalganik[2-3],in
which they satisfied the boundary conditions
approximatelyalongtheslightlycurvedcrack
surfaceswiththeuseofMuskhelishvili’scomplex
potentials. Having obtained a rather simple
expressionofstressintensityfactorsbyusingthe
samemethod,CotterellandRice[4]examinedthe
crackgrowthpathofasemi-infinitecrackinan
infinitely extended plane. A second order
perturbationsolutionwascalculatedbyKarihaloo
etal.[5],inwhichtheyconsideredastraightcrack
of finite length with slightly kinked-curved
extension in an unbounded plane that was
subjectedtouniaxialtensilestressatinfinity.First
orderperturbationanalyseswerealsoperformedby
Sumietal.[6-7]forastraightcrackinafinitebody
withaslightlybranchedandcurvedextension.
Theshapeofbranchedandcurvedextensionis
approximatedbyacontinuousfunctionwiththree
shapeparameters,andtheapproximatestress
intensityfactorsattheextendedcracktipare
obtainedintermsoftheseparametersandthenear
tipstressfieldparametersaheadofthecracktip
priortoitsextension,wheretheeffectsofthe
geometry ofthe domain arealsotakeninto
account.Yangetal.[8]haveobtainedapproximate

descriptionsofthestressintensityfactorsatthe
twodimensionalcurvedcracktip,wherethe
crackedbodyissubjectedtodynamicloads.Wu[9],
AmestoyandLeblond[10]haveacquiredtheexact
asymptoticresultsofthepathofacrackwarp
ramificationandofthestressintensityfactors
existinginthecrackwarpramificationtip.Butas
farastheapplicationofsecondorderperturbation
solutionisconcerned,theresearchproductions
werealllocalizedinthoseoftwo-dimensionalcrack
warpdevelopmentsinweldmentwhileenduring
loads of static state on linear elasticity
conditions[13].Sofar,littleattempthasbeenmade
tostudytheproblem ofathree-dimensional,
curvedandelasticcrackdevelopingunderstatic
load by means ofsecond order perturbation
analysis.
Inthispaper,staticstressintensityfactorsof

three-dimensionalcurvedcracktipshavebeen
analyzedandcalculatedonthebasisoftheresearch
productionofRefs.[6-7].Furthermore,theshape
ofathree-dimensionalcurvedcrack hasbeen
predictedwhenthecrackbodyisunderstaticload.
Whenenduringmultidirectionalstaticloads,the
originalthree-dimensionalstraightcrackwillcurve
becauseofunevenfracturetoughnessormaterial
inhomogeneitysuchasalocaldegradationzone.
Using a second order perturbation analysis
solution,fracturebehaviorsofathree-dimensional
brittlecurvedcrackwillbestudiedon.
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1 Approximatedescriptionofathree-
dimensionalcurvedcrackinafinite
bodyreceivingstaticload

1.1 Modificationofthesecondorderperturbation
solutiontoathree-dimensionalcurvedcrack
Accordingtosubsistentresearchproducts[8,16,17],

approximatedescriptionofthethree-dimensional
staticstressintensityfactoramplitudes,K(∞)

IZ and
K(∞)

IIZ ,arecalculatedandgivenas:
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Andthefinitebodycorrectionsofthestaticstress
intensityfactorsatthethree-dimensionalcurved
cracktiparegivenby:
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Fig.1 Athree-dimensionalcurvedcrack
inafinitebodyenduringstaticload
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  Therefore,thethree-dimensionalstaticstress
intensityfactoramplitudesKIZ andKIIZ atthe
three-dimensionalcurvedcracktiparerespectively
givenby

KIZ = F(TZ)KI=         

F(TZ)[K(∞)
I +K(f)

I ]+O(a
3
2) (5)

KIIZ = F(TZ)KII=         

F(TZ)[K(∞)
II +K(f)

II ]+O(a
3
2) (6)

KIZandKIIZarethethree-dimensionalstaticstress
intensity factors containing three axis stress
constraint.

F(TZ)=
2
3
(1+ν)+      

4
3
(1-ν)(1+TZ)2/(1-2TZ)2 (7)

TZisoffsurfaceconfinementfactor[16-17].SeeRef.
[18]forthemeaningoftheremainingparameter
symbols.
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1.2 Criterionofthethree-dimensionalcurvedstatic
crackunsteadyextending
Letstaticfracturetoughnessofthethree-

dimensionalcrackbodybeKCZ ,typeonestatic
fracturetoughnessofthethree-dimensionalcrack
bodybeKICZandtypetwostaticfracturetoughness
ofthethree-dimensionalcrackbodybeKIICZ .
Thereinto:KⅠCZ,KⅡCZarematerialconstants.
Steadyconditionorcriterionofthethree-

dimensionalstaticcurvedcrack:
(KIZ)max<KICZand(KIIZ)max<KIICZ (8)

Conditionorcriterionofthree-dimensionalstatic
curvedcrackunsteadyextending:

(KIZ)max≥KICZor(KIIZ)max≥KIICZ (9)

  Combining(5),(6),(7),(8)and(9),we
can know the extending state ofthethree-
dimensionalstaticcurvedcrack.

2 Discussiononstaticcrackpathcriteria
2.1 Staticenergyreleaserate

BasedontheresearchproductionofBilbyand
Cardew[11],thestaticelasticenergyreleaserate
GZ ,duetotheslightlybranchedandcurvedcrack
extensioninhomogeneousmaterialsunderstatic
loadcanbecalculatedas

GZ =
1-ν
2μ
(K2

IZ +K2
IIZ) (10)

inwhichμandνareshearmodulusandPoisson’s
ratiorespectively,andKIZandKIIZarethethree-
dimensionalstaticstressintensityfactorsatthe
extended crack tip. According to subsistent
researchproducts[8,16],GZisgivenby

GZ =G0Z[αZ;kIZ,kIIZ]+    
G1

2Z
[αZ,βZ;kIZ,kIIZ,TZ]a1/2Z +

G1Z[αZ,βZ,γZ;kIZ,kIIZ,TZ;

bIZ,bIIZ;kij]aZ +O(a3/2Z ) (11)
  Thethree-dimensionalstaticenergyrelease
rateofthethree-dimensionalcurved crackis
initiallygovernedbythefirsttermG0Z whichis
writtenas

G0Z[αZ;kIZ,kIIZ]=
1-ν
2μ
[(1-

α2Z
2
)k2IZ -

2αZkIZkIIZ +(1+
α2Z
2
)k2IIZ] (12)

  ThefirstandsecondvariationsofG0Z are
calculatedas

δαZ
(G0Z)=-

1-ν
2μ
[(k2IZ -k2IIZ)αZ +2kIZkIIZ]δαZ

(13)

δ2αZ(G0Z)=-
1-ν
2μ
(k2IZ -k2IIZ)(δαZ)2 (14)

  Asfarasthecondition(kIZ)max ≫(kIIZ)max
holds,Eqs.(13)and(14)indicatethatthebranch
angleαZisgivenby

αZ =-
2kIZkIIZ

k2IZ -k2IIZ =-
2kIIZ

kIZ
+O[(-

2kIIZ

kIZ
)
3
]

(15)
which gives rise to the three-dimensional
maximumstaticelasticenergyreleaserateofthe
crackbody.

Oneofthecriteriaoftenusedincrackpath
predictionistheconditionoflocalsymmetry,
whichrequiresthatkIIZ vanish along curved
crack[8].Whenthecrackbodyisreceivingstatic
load, these criteria will demand that the
discretionarykIIZ duetostaticloadsallvanish
alongcurvedcrackextension.Thismeansthatin
homogeneous materials both criteria designate
equivalentcrackpathswithinthesecondorder
approximationtheory.
2.2 Theeffectsofinhomogeneousdistributionof

three-dimensionalstaticfracturetoughness
Here a crack under pure static loading

conditionisconsidered,whosetipintersectsa
speciallyorientedlinedegradationzoneatangleα*

Z

(seeFig.2),andwherethecriticalstaticenergy
releaseratesforthebasematerialandthedegraded
materialareGCZandG*

CZ ,respectively.Thethree-
dimensionalstaticstressintensityfactoratthe
instanceoffractureiscalculatedfromEq.(12)and
givenby

kIZ = F(TZ)kI= F(TZ)
2μGC

1-ν
(16)

  Bycomparison,ifthecrackextendsinthe
degradedzone,thekinkangleisα*

Z andthestatic
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Fig.2 Amathematicalmodelingofthree-dimensionalcurved
crackpropagationalongaweldedjointunderstaticload

stressintensityfactorpriortothecrackextension
isalsocalculatedfromEq.(12)as

k*
IZ = F(TZ)k*

I =         

F(TZ)
2μG*

C

(1-ν)[1-(α*
Z)2/2]

(17)

  Thethree-dimensionalstaticcurvedcrackcan
extendinthedegradedzoneunderthecondition

(k*
IZ)max<(kIZ)max (18)

  SubstitutionofEqs.(16)and(17)into(18)

resultsinthefollowingrelationbetweentheangle
ofinclinationandthematerialproperties.

G*
CZ <[1-

(α*
Z)
2

2
]GCZ (19)

3 Thethree-dimensionalcurvedcrack
pathpredictionofbrittlefracturein
weldmentunderstaticload

3.1 Ananalyticalmodelofalinearelasticitycrack
inweldment
Basedontheaforementioned staticcrack

analysis,researches have been made on a
transverseweldedjointinaninfiniteplateundera
uniaxialtensilestressσa andthelongitudinal
componentofweldingstaticresidualstressσb

whichisactingparalleltotheweldedjoint,the
stressesareaccordinglystaticintheregion.As
showninFig.2theinitialcrackoflength2Hzis
assumedtobeparalleltotheweldingline.Material
deteriorationisobservedalongtheheataffected
zone,whichismodeledasalinedegradationbeing
alsoparalleltotheweldedjointwiththedistance

LSZfromtheinitialcrackline.Theresistance
forcesofthree-dimensionalstaticcurvedcrack
propagationcanbedenotedbyGCZforbaseand
weldmetals,andG*

CZfortheheataffectedzones
respectively.Brittlestaticcrackpropagationis
assumedtooccurfromtherighthandsideofthe
cracktip wherethe origin ofthe Cartesian
coordinatesystemO-X1X2X3isestablished.Since
aslightlywarpramificationextensionunderstatic
stresses may be expected,the static crack
intersectsthedegradationlineatangleα*

Zwithx1=
h*

z .
Thestressfieldparametersattheoriginal

cracktipareobtainedas
kIZ = F(TZ)kI=σa πHF(TZ),

TZ = F(TZ)T= F(TZ)(σ'r-σa),

bIZ = F(TZ)bI=
3
4σa πF(TZ)/HZ,

(kIIZ)max=(bIIZ)max=0,(kIIZ)min=(bIIZ)min=0,

k11=k22=-
1
8HZ

,k12=k21=0

􀮦

􀮨

􀮧

􀪁
􀪁
􀪁
􀪁􀪁

􀪁
􀪁
􀪁
􀪁􀪁

(20)
3.2 Three-dimensionalstaticcrackpathprediction

Aswasdiscussedintheprevioussubsection,
inthecasewheretheinitialcracktipiscontained
inahomogeneousmaterialunderstaticload,a
staticcrackpathcanbedeterminedbythelocal
symmetrycriterion,whichisequivalenttothe
conditionKIIZ=0alongthecurvedtrajectory.The
three-dimensionalstatic curved crack path is
approximatedbyEq.(22),andtheshearingmode
ofstressintensityfactorcanbeapproximatedby
thefirstordertermsofEq.(6).Puttingthe
equationtobeidenticallyzeroanddisregardingthe
secondorderterms,theshapeparametersofthe
staticcurvedcrackpatharedeterminedas

αZ =-
2kIIZ

kIZ
,

βZ =
8
3

2
π

αZTZ

kIZ
,

γZ =-(kIIZk22+kIZk21+
bIIZ

2
)1
kIZ

+    

{[kIZ(2k22-k11)+
bIZ

2
]1
2kIZ

+4(
TZ

kIZ
)
2
}αZ

􀮦

􀮨

􀮧

􀪁
􀪁
􀪁
􀪁
􀪁
􀪁
􀪁
􀪁
􀪁
􀪁

(21)
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  Substituting(20)into(21),αZ =βZ =γZ =0
willbeobtained.

Thisthree-dimensionalstraightstaticcrack
extensioncouldoccuronlyintheperfectsystem,
whichmeansthattheloadingconditionandthe
geometryhavetheperfectsymmetrywithrespect
tothecrackline.Letusstudythecaseinwhich
non-collinearcrackpropagationiscausedbysome
loadinduceddisturbancesinthesystem witha
smallinitialthree-dimensionalkinkangleαZatthe
original crack tip used as the imperfection
parameterofthesystem.

Theshapeofthethree-dimensionalstatic
crackgrowthisacquiredinthefollowingform[8]:
λZ(x1)=αZx1+βZx3/21 +γZx21+O(x5/21 ),x1≥0

(22)
whereαZ,βZandγZaretheshapeparameters.

The three-dimensional static crack path
stabilityisthen examined byconsideringthe
secondandthirdtermsof(22).Theeffectofstatic
crackpathstabilityshouldbeexaminedbymeans
oftherestofthetermsbeingproportionaltoαZ.
Sothethree-dimensionalstaticcrackpathstability
shouldbeevaluatedbythequantityrangeDSZthat
isexpressedas:

DSZ =BSZ +CSZ hZ/LSZ <0,  stable;

DSZ =BSZ +CSZ hZ/LSZ >0,  unstable 
(23)

BSZandCSZarethethree-dimensionalparameters
representingthedestabilizingeffectagainstthe
staticcurvedcrack:

BSZ =
8
3

2
π

TZL1/2
SZ

kIZ
;

CSZ ={[kIZ(2k22-k11)+
bIZ

2
]1
2kIZ

+
4T2

Z

k2IZ
}LSZ

􀮦

􀮨

􀮧

􀪁
􀪁􀪁
􀪁
􀪁

(24)
  Fig.3showsthecrackpathdestabilizing
factorsBSZandCSZforthepresentanalysismodel,
wheretheratiosofappliedstaticstressandthe
sumoftheouterstaticstressandtheresidual
stressarechosenas0.25and0.5.Inthecase
wheretheappliedstaticstresslevelisrelatively

Fig.3 Three-dimensionalstaticcurvedcrack
pathdestabilizingfactors

lowcomparedwiththesumoftheouterstatic
stressandtheresidualstress,andwherethesizeof
the initial crack is relatively small,these
parametershavelargevalues.Thismeansthat
staticcrackpathsoflowstressbrittlefracture
initiatedfromasmallinitialcrackatweldmentcan
mostprobablybebranchedintothebasemetal
approximately when the static crack path
destabilizingfactorsgetuptomaximum.

Asthestaticcrackfurtherextends,itbegins
tointersectthelinedegradationzone.Herethe
questionpresentsitselfofwhetherthestaticcrack
intersectsthezoneandpenetratesintothebase
metal,orwhetheritbranchestotheheataffected
zone,wherethefracturetoughnessislowerthan
thatofthebasemetal.Forthesakeofsolvingthe
question,theangleα*

Z iscalculated,whichis
shapedbythestaticcrackandthedegradationline
bymeansof(22)~(24).Theconditionofthree-
dimensionalstatic crack extension along the
degradationlinecouldbeacquiredbyusing(21).
3.3 Resultsanddiscussions
Inthissubsectionstaticcrackpathsofbrittle

fractureinweldmentsareanalyzedbasedonthe
numericalresults. Numerical calculations are
performedforthecasesinwhichtheinitialhalf
cracklengthischosenasHZ=50,100,150,200,
250,300,350,and400mm.Sincethedistance
LSZ ,betweentheinitialcracklineandthe
degradationlineisoftheorderofthebeadwidths,
itischosenas25or50mm .Theimperfection
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parameterαZisselectedas0.5,1.0,1.5,2.0,
2.5,and3.0degrees.

Basedonthetheorypresentedintheprevious
subsection,thecriticalcurvescouldbedetermined,
whichdistinguishthestaticcrackpropagationin
the base metal and in the degraded zone
respectively.Fig.4representssuchcurvesforthe
casesαZ =2.5degreesandLSZ =25and50mm.
AndσrZisverysmall,thatistosay,σrZ ≪σaZ .
Thefigureillustratesthatiftheratiooftheapplied
staticstressandthesumoftheouterstaticstress
andtheresidualstress,σaZ/σrZ',andtheratioof
thecriticalstaticenergyreleaserateofdegraded
zoneandbasemetal,GCZ

*/GCZ ,fallonthelower
righthandsideoftherespectivecurves,astatic
brittlecrackcanprobablypropagatealongthe
degradationline.From Fig.4,itcanbeconcluded
thatifthesumoftheouterweldingstaticstress
andtheweldingresidualstressactingparallelto
theweldedjointisrelativelysmall,andifthe
decreaseofcriticalstaticenergyreleaserateinthe
degraded zoneis comparatively large,three-
dimensionalstaticcurvedcrackscan probably
propagateinthedegradedzone.Theseresults
qualitativelyinterpretthedifferenceofstaticlinear
elasticityfracturebehaviorobservedinweldedmild
steelplatesandhightensilesteelplates.Ascanbe
seenfrom Fig.4,staticlinearelasticityfracture
startingfrom alonger straightcrack has a
tendencytopropagatealongthedegradedzone.
Thismeansthatonceastaticlinearelasticitycrack
hasbeguntoextendinaweldedjoint,itcouldnot
beexpectedtoturnofftheweldinglineandto
penetrateintothebasemetal.

4 Conclusion
Inthisarticle,three-dimensionalstaticbrittle

crackdevelopmentinafinitebodyisanalyzedby
meansofasecondorderperturbationsolution.
Anditisappliedtoexaminetherelationbetween
thestaticenergycriterionandthestaticstress
criterionforstaticcrackpathprediction.Asfaras
homogeneous materials are concerned, both

Fig.4 Criticalrelationsbetweenthematerialdegradation
andthestaticappliedstressortheouterstaticstressfor
variousinitialthree-dimensionalcracklengths

criteriadesignateequivalentstaticcrack paths
according to the second order approximation
theory.Itshouldbecontrastedforstaticcrack
pathsin materialswithinhomogeneousfracture
toughness, in which the energy criterion
predominatesoverthestresscriterion.Asa
practicalapplicationofthemethod,morphological
characteristicsofthree-dimensionalstaticlinear
elasticityfractureinweldmentarestudied,andthe
criticalcurvesforthethree-dimensionalstatic
crackpropagationinthedegradedzonehavebeen
acquiredconsideringmanyfactorssuchasapplied
staticstresses,weldingresidualstresses,localized
materialdeteriorationanddefectsizes.
Basedontheresearchresultsofthispaper,

the nextresearch goalshould focus on the
calculationofthestressintensityfactorofthe
three-dimensionallinearelasticcrackwithsharp
bending,theplasticzoneofthethree-dimensional
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large bend elastic-plastic crack,the opening
displacement,theJzintegralandotherfracture
characteristicparameters,thedeterminationofthe
shapeparametersofthecrackgrowthpath,etc.
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