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Abstract: A class of Cauchy problem for the nonlinear nonlocal singular perturbation fractional
order equation was considered. First, the outer solution to the original Cauchy problem was
obtained. Then, using the stretched variables and the composing expansion method the shock
wave layer and initial layer were constructed. Finally, using the theory of differential inequality
the asymptotic behavior of the solution to the original Cauchy problem of nonlinear nonlocal
singular perturbation fractional order equation was studied and its uniformly valid asymptotic
estimation was proved.
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0 Introduction

Many physical problems can be solved using
derivative, such as the

flow, heat

the fractional order

complicated seepage conduction
phenomena, etc. They cannot be described using
the idea of normative derivative, but can be solved
using the idea of fractional order derivativel. The
fractional order derivative is extended to the
derivative of integer order. The fractional order
derivative have practical use, such as the numerical
order  diffusion

inversions in fractional

equation””*, etc.

In this paper, we construct
asymptotic solution for a class of nonlinear
nonlocal fractional order differential equation using
the singular perturbation theory, and obtain its
uniformly  valid estimation for asymptotic
behavior.

The nonlinear problem is an attractive subject
in the mathematical circles. Many approximate

methods have been studied. including the
boundary layer method, the method of averaging,
the multiple scales method and the method of

Lot A great deal of work has

matched expansion
been done in this area such as the singularly
perturbed degenerated parabolic equations and

tided

the asymptotic integration of

application to  morpho-dynamics in

environment!'?),

degenerate singularly perturbed systems of

parabolic partial differential equations'*, the

meshless method based on moving kriging
interpolation for a time-fractional order diffusion

equation-',

Using the singular perturbation method the
authors also considered a class of nonlinear
problems, such as the homotopic mapping solving

method for
[15]

gain fluency of a laser pulse

amplifier'”’, the gain fluency of a laser pulse

amplifier'™, the inter-decadal sea-air oscillator

1E17]

mode and the anti-periodic solutions for a kind

of nonlinear differential equation with multiple

[18]
’

deviating arguments etc. In this paper, we

constructed an asymptotic solution for a class of

nonlinear nonlocal fractional order differential
equation.

We study the following singular perturbation
Cauchy problem for the fractional order differential

equation:

Zs“’a,(Df)’u +u=fGsTu,e),
r=1 (L

0Tt <Too

(D$)u(0) =A;,j =0,1,yn—1 (2
where € is a small positive parameter, n is an even
number; a, (r=1,2,+,n) and A; G = 0,1,-**.n—1)
are constants and « is a positive fraction less than
1, and a-th fractional order derivative D% of u (¢)
is defined by

Doy = ﬁ C%J:)(t —s)u(s)ds,

where I' is a Gamma function and integral Tu
denoted by Tu :rju(s)ds.
0

We assume that

(H, ] fG,Tu,e)( 7~ ty) is a sufficiently
smooth function in corresponding domains;

[Ho] fe # 0sfpn = ct™ >0, wherec is a
positive constant;

[ H, ] there is a sufficiently smooth solution
U,(t) (¢t # ty,) for the nonlocal equation u —
fsTu,0) =0,

1 Outer solution

We construct the outer solution U(z,e) of the
nonlinear nonlocal problem (1)~(2). Let

U(tse) = 2 U, (1)e” (3)

i=0
Substituting Eq. (3) into Eq. (1), developing
the nonlinear term f(z,Tu,e) in €°, equating
coefficients of the same powers for e® to zero, and
from the solution U, (¢) for the reduced equation,
we obtainU,; (¢) (i =1,2,+++) successively:

U,‘(t):Fi(t)_G[(t)si:1727"' (4)

where
1 J )
Fi) =[5 f @ TI2U (e Toe) T
1! “de =0
1.0 3 ,
G= e Doema, (D 2 U (e .
. r=1 j=0
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Substituting U, (¢) and U, (z) (i =1,2,+++) into
Eq. (3), we obtain the outer solution U(z,e) for
the singular perturbation problem (1)~ (2). But
the outer solution (3) may not satisfy the point ¢,
and the initial condition (2), so we need to
construct shock wave layer correction V near point

t =t, and the initial layer correction W near t =0,

2 Shock wave layer correction

Let the solution for the nonlinear nonlocal
problem (1)~(2) be of the form

M:U(t7€)+V(Ga€) (5)
with
Vig.e) = 2,V (6)e" (6)
i=0
whereo = |t —1,| /e is a stretched variable!'*',
Substituting Egs. (5), (6) into Egs. (1) ~
(2), developing the nonlinear term f(z,

TW-+V),e) in e*, and equating coefficients of
the same powers of € to zero, we have

>reva, (D, +V, =

r=1

f(to’T(U() +V0)9O)_f<to9TU090) (7)

(D)'V,(0) —(D?)]UO(O),} (8
j=0,1,,n—1
Seva (DY, +V, = I
r=1
F1u(tos TWy + Ve, OTW, +V)) +F,» (
0<t<{oo,i=1,2, J
(9
(D2)V,(0) =(D$'U,(0),
. } (10
=01, n—1
where F,(i = 1,2,-*) are inductively known
functions, whose constructions are omitted.
From the hypotheses and theory for

characteristic equation of corresponding fractional

order differential equations with  constant

coefficients, the fractional order differential
equations initial value problems (7)~(10), we can
obtain solutions V;(¢),i =0,1,2,**

which shock

near t =i,

, successively

have wave layer  behavior

10117 |

uwﬁqumwﬁ»:ow@—hﬁgﬁbx
1=0,1,2,,0<ex1
an
where k;,i =1,2,+++ , are positive constants.
Substituting V; () (: = 0,1,2,+*+) into Eq. (6),
we obtain the shock wave layer correction V(s,e)
neart =t, of the solution u(x,e) to the problem

(DH~(2).

3 Initial layer correction

Let the solution to the initial value problem
(1)~(2) be
u=U(t,e) +W(r,e) (12)
with
W(rse) = 2 W, ()
i=0
where r =t /e is a stretched variable!!

Substituting Egs. (12) and (13) into initial

(13

0-11]

value problem (1)~(2), developing the nonlinear
term f(er,TWU + W),e) in e°

coefficients of the same powers of &* to zero,

and equating

we obtain

Dieva, (DY W, +W, =
r=1

£, TW, +Wy),0) — f(&,TU,,0), (
0<<t<Coo J
a4
(D)W, (0) =A; — (DU, (0),

, } (15)
F =01 —1

Dreva, (DOW, +W, =
r=1
fM&ﬂM+m&ﬁ@ﬁWm+G[
O<t <OO,i:1,2’---
(16)
(DIW,(0) =A, — (DU, (0,
j:0919°°'9n719i:1927°°'
A
prel

} an

e=0 and G,‘ai :112,"" are

where A, = lTl[

inductively known functions, whose constructions
are omitted too.
order  differential

From the f{ractional

equations initial value problems (14) ~ (17), we
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071929"' ’

successively which possess initial layer behavior

can obtain solutions W,;(z),:

neart =0;

W, (£) =OCexp(— kit) =OCexp(— k. i—'),

) 2091927"'90 <€ < 1
(18)
where ;,- ,1=1,2,°++ , are positive constants.
Substituting W,‘(T)yi = 091929”' ’ into Eq.

(13), we can obtain the initial layer correction
W (zr,e) near t =0 of the solution u(z,e) for the
initial value problem (1)~(2).

From Eqs. (3),(6),(13), then we obtain the
asymptotic solution u,,(z,e) to the initial value

problem (1)~(2) be

Uy (£58) = 2 [U, () +V, (o) + W, () Je"

i=1
0<<t<Coo,0<Ce< 1.
(19)

4 Uniform validity of asymptotic solution 28“’61 (DD 2 (Ui () + Vi (———

Now we prove the asymptotic solution (19) is
an uniformly valid asymptotic expansion ine.

Theorem 4.1 Under the hypotheses [ H, ]~
[H; ], there is a solution u(z,e) to the nonlinear
nonlocal initial value problem (1) ~ (2) for the

singular perturbation fractional order differential

equation, which possesses the following uniformly 7 (; vT[i (U, (1) +V,(

valid asymptotic expansion ine ont € [0,90)
i=0

u<z,s>—Z[U <¢>+V<‘ >+]

Ny - 20)
Wi () Je 40 ),

t €[0,00,0<Ce<x1
Proof We construct two auxiliary functions

alt,e) ftse) s
m ‘ ‘

alt,e) =2 [U, () +V,(—2H) +

=0

Wl,’(?)jsmv 78611(/7171) (21)

ﬁ(z,e>—Z[U<>+V<

i=0

Wh-(?)]s‘“' + ge (22)

)+

where § is a positive constant large enough to be
chosen below, and m is an arbitrary fixed positive
integer.

Obviously, we have

a(t,e) <P(tse) (23)
(D) a(0,e) <A, < (D‘Z)%’(O,e),}
(24)
j 20713"'77’1 —1

Now we prove that

Dea, (D)'a+a— f(t,Tase) =0,
=1 (25)
0<<t<{co

Dieva, (DY R+ — f(t,TBre) <0,
=1 (26)

0<<t<<Teo
In fact, from the hypotheses [ H, ]~[H; | and
Egs. (4), (7),(9), (14) and (16) for e small

enough, there is a positive constant d , such that
ZEWar(Df)fBﬂ?—f(x,T[a,e) =
[t —¢0]

Z[U ) +V, (—~ >+W< ) Jew +

=0

)+

5 a(m+1)

f(z,T[Z[U () +V, (—

i=0
W, (e ] 40e ) +

lt—tol JrWi(é)]s“":l,s) <

i=0

Uo 7]((1 9TU() ,O) +

DU () —F, () +G, (1) e +

=1

Dewa, (DHV, +V,

r=1

F oy TU O + 25 D0e%a, (D'V, +V, —

=1 r=1

7][(% ’T(Uo +Vr)) ,0) +
f‘Tu (tO 7T(U0 +V() 90)T(U, _'_V,) 7F“:|€ai +

Dleva, (DW, +W,

—f(O,T(Uo +Wo 90)) +

FGsTU0) 4+ 20 [ D e“a, (DO'W, +W, —

=1 r=1
Fr (0, TWy +Wo,OTWU, +W.)) —G, Je* —

f,l,(tT[Z[U(t)—FV(‘[ oLy 4

)+W( ):|€i+
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W (g)]s”" + fe«m V] ,e) 4

dt e D < (— 0§+ d)t et

Selecting & = d /¢ » then we have Eq. (26).
Analogously, we can prove Eq. (25). From Eqgs.
(23)~(26), a andﬁ are upper and lower solutions
to the initial value problem (1)~(2) respectively.
From the theory of differential inequality"'*'",
there is a solution u (¢ ,e) to the nonlinear nonlocal
singular perturbation initial value problem (1)~
(2) such that a(z.6) < u(r.e) < E(t,e). And
from Egs. (21) and (22), we have the relation

(20). The proof of Theorem 4. 1 is completed.

5 Conclusion

This paper dealt with a class of singular
perturbation Cauchy problem of the fractional
order differential equation. We obtained the outer
solution to original problem and constructed the
interior shock and initial corrective terms of the
asymptotic solutions to the original problem by
using the stretched variables and using the method
of singular perturbation. By means of the theory of
differential inequality, the uniform validity of the
asymptotic solution was proved. Then the shock
wave asymptotic solution to a class of singular
perturbation problem possessed simple, valid and
higher accuracy peculiarity.

The fractional order differential equation can
be applied to the following physical models:

The time delay atmospheric mid-latitude
western wind field anomaly will cause mid-latitude

upper layer ocean flow anomaly, which can be

solved using the {fractional order differential
equation.

Virus  transmission is a complicated
phenomenon. We can study the quality and

quantitative behaviors of the human group for the

infected and the susceptible populations in the

infested area by using the fractional order
differential equation.
The nonlinear evolution fractional order

differential equations of BKK mechanism is a

disturbed physical model. It can have the solution
of the BKK mechanism disturbed

physical model using the approximation theory of

nonlinear

the fractional order differential equation.

The method of the singular perturbation is an
approximate analytic method, which differs from
the general numerical method. From the
approximate analytic expansions of the nonlinear
nonlocal singularly perturbed fractional order
equation Cauchy problem, we can also execute the
continuous analytic operations, such as differential
and integral operations, etc, and thus further
study the qualitative and quantitative behaviors of

the fractional order equation Cauchy problem.
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