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非线性非局部奇摄动分数阶方程Cauchy问题的激波解

徐建中1,汪维刚2,莫嘉琪3

(1.亳州学院电子与信息工程系,安徽亳州,236800;2.合肥幼儿师范高等专科学校基础部,安徽合肥230011;

3.安徽师范大学数学与统计学院,安徽芜湖241003)

摘要:研究了一类非线性非局部奇摄动分数阶方程Cauchy问题.首先求出了原Cauchy问题的外部解.然后

利用伸长变量、合成展开法构造出解的激波层和初始层校正项.最后利用微分不等式理论,研究了原非线性

非局部奇摄动分数阶方程Cauchy问题解的渐进性态并证明了它的一致有效的渐近估计式.
关键词:非线性;分数阶微分方程;激波



0 Introduction
Manyphysicalproblemscanbesolvedusing

thefractional order derivative,such as the
complicated seepage flow, heat conduction
phenomena,etc.Theycannotbedescribedusing
theideaofnormativederivative,butcanbesolved
usingtheideaoffractionalorderderivative[1].The
fractionalorderderivativeisextendedtothe
derivativeofintegerorder.Thefractionalorder
derivativehavepracticaluse,suchasthenumerical
inversions in fractional order diffusion
equation[2-9],etc.Inthispaper,weconstruct
asymptoticsolution for a class of nonlinear
nonlocalfractionalorderdifferentialequationusing
thesingularperturbationtheory,andobtainits
uniformly valid estimation for asymptotic
behavior.

Thenonlinearproblemisanattractivesubject
inthe mathematicalcircles.Manyapproximate
methods have been studied, including the
boundarylayermethod,themethodofaveraging,
themultiplescales methodandthe methodof
matchedexpansion[10-11].Agreatdealofworkhas
beendoneinthisareasuchasthesingularly
perturbed degenerated parabolic equations and
application to morpho-dynamics in tided
environment[12],the asymptoticintegration of
degenerate singularly perturbed systems of
parabolic partial differentialequations[13],the
meshless method based on moving kriging
interpolationforatime-fractionalorderdiffusion
equation[14].

Usingthesingularperturbationmethodthe
authorsalso considered a class of nonlinear
problems,suchasthehomotopicmappingsolving
method for gain fluency of a laser pulse
amplifier[15],thegainfluencyofalaserpulse
amplifier[16],theinter-decadalsea-airoscillator
model[17]andtheanti-periodicsolutionsforakind
ofnonlineardifferentialequation with multiple
deviatingarguments[18],etc.Inthispaper,we
constructedanasymptoticsolutionforaclassof

nonlinear nonlocalfractional order differential
equation.

Westudythefollowingsingularperturbation
Cauchyproblemforthefractionalorderdifferential
equation:

∑
n

r=1
εαrar(Dα

t)ru+u=f(t,Tu,ε),

0<t<∞  (1)

(Dα
t)ju(0)=Aj,j=0,1,…,n-1 (2)

whereεisasmallpositiveparameter,nisaneven
number,ar(r=1,2,…,n)andAj(j=0,1,…,n-1)
areconstantsandαisapositivefractionlessthan
1,andα-thfractionalorderderivativeDα

tuofu(t)
isdefinedby

Dα
tu≡

1
Γ(1-α)

d
dt∫

t

0
(t-s)-αu(s)ds,

whereΓisaGammafunctionandintegralTu

denotedbyTu=∫
∞

0
u(s)ds.

Weassumethat
[H1]f(t,Tu,ε)(t ≠t0)isasufficiently

smoothfunctionincorrespondingdomains;
[H2]fε ≠0,fTu ≥ct-α >0,wherecisa

positiveconstant;
[H3]thereisasufficientlysmoothsolution

U0(t)(t ≠t0)forthenonlocalequationu -
f(t,Tu,0)=0.

1 Outersolution
WeconstructtheoutersolutionU(t,ε)ofthe

nonlinearnonlocalproblem(1)~(2).Let

U(t,ε)=∑
∞

i=0
Ui(t)εαi (3)

  SubstitutingEq.(3)intoEq.(1),developing
thenonlineartermf(t,Tu,ε)inεα,equating
coefficientsofthesamepowersforεαtozero,and
fromthesolutionU0(t)forthereducedequation,
weobtainUi(t)(i=1,2,…)successively:

Ui(t)=Fi(t)-Gi(t),i=1,2,… (4)
where

Fi(t)=
1

i!
[∂

i

∂εαif(t,T[∑
∞

j=0
Uj(t)εαj],ε)]ε=0,

Gi(t)=
1

i!
[∂

i

∂εαi(ε-αi∑
n

r=1
εαrar(Dα

t)r∑
∞

j=0
Uj(t)εαj)]ε=0.
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  SubstitutingU0(t)andUi(t)(i=1,2,…)into
Eq.(3),weobtaintheoutersolutionU(t,ε)for
thesingularperturbationproblem (1)~(2).But
theoutersolution(3)maynotsatisfythepointt0
andtheinitialcondition (2),so weneedto
constructshockwavelayercorrectionVnearpoint
t=t0andtheinitiallayercorrectionWneart=0.

2 Shockwavelayercorrection
Letthesolutionforthenonlinearnonlocal

problem(1)~(2)beoftheform
u=U(t,ε)+V(σ,ε) (5)

with

V(σ,ε)=∑
∞

i=0
Vi(σ)εαi (6)

whereσ= t-t0 /εisastretchedvariable[10-11].
SubstitutingEqs.(5),(6)intoEqs.(1)~

(2), developing the nonlinear term f(t,
T(U+V),ε)inεα,andequatingcoefficientsof
thesamepowersofεαtozero,wehave

∑
n

r=1
εαrar(Dα

σ)rV0+V0=        

f(t0,T(U0+V0),0)-f(t0,TU0,0) (7)
(Dα

σ)jV0(0)=(Dα
σ)jU0(0),

j=0,1,…,n-1  (8)

∑
n

r=1
εαrar(Dα

σ)rVi+Vi=          

fTu(t0,T(U0+V0,0)T(Ui+Vi))+Fi,
0<t<∞,i=1,2,…

􀮦

􀮨

􀮧

􀪁
􀪁
􀪁
􀪁

(9)
(Dα

σ)jVi(0)=(Dα
σ)jUi(0),

j=0,1,…,n-1  (10)

whereFi(i =1,2,…)areinductively known
functions,whoseconstructionsareomitted.

From the hypotheses and theory for
characteristicequationofcorrespondingfractional
order differential equations with constant
coefficients,the fractional order differential
equationsinitialvalueproblems(7)~(10),wecan
obtainsolutionsVi(σ),i=0,1,2,…,successively
which have shock wave layer behavior
neart=t0[10-11]:

Vi(σ)=O(exp(-kiσ))=O(exp(-ki
t-t0

ε
)),

i=0,1,2,…,0<ε≪1  
(11)

whereki,i=1,2,…,arepositiveconstants.
SubstitutingVi(σ)(i=0,1,2,…)intoEq.(6),

weobtaintheshockwavelayercorrectionV(σ,ε)
neart=t0ofthesolutionu(x,ε)totheproblem
(1)~(2).

3 Initiallayercorrection
Letthesolutiontotheinitialvalueproblem

(1)~(2)be
u=U(t,ε)+W(τ,ε) (12)

with

W(τ,ε)=∑
∞

i=0
Wi(τ)εαi (13)

whereτ=t/εisastretchedvariable[10-11].
SubstitutingEqs.(12)and(13)intoinitial

valueproblem(1)~(2),developingthenonlinear
term f(ετ,T(U + W),ε)inεα andequating
coefficientsofthesamepowersofεα tozero,
weobtain

∑
n

r=1
εαrar(Dα

τ)rW0+W0=       

f(0,T(U0+W0),0)-f(t,TU0,0),
0<t<∞

􀮦

􀮨

􀮧

􀪁
􀪁
􀪁􀪁

(14)
(Dα

t)jW0(0)=Aj-(Dα
t)jU0(0),

j=0,1,…,n-1  (15)

∑
n

r=1
εαrar(Dα

τ)rWi+Wi=

fTu(0,T(U0+W0,0)T(Ui+Wi))+Gi,
0<t<∞,i=1,2,…

􀮦

􀮨

􀮧

􀪁
􀪁
􀪁
􀪁

(16)
(Dα

t)jWi(0)=Aj-(Dα
t)jUi(0),

j=0,1,…,n-1,i=1,2,…  (17)

whereAi =
1

i!
[∂

iA
∂εαi]ε=0andGi,i=1,2,…,are

inductivelyknownfunctions,whoseconstructions
areomittedtoo.

From the fractional order differential
equationsinitialvalueproblems(14)~(17),we
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can obtain solutions Wi(τ),i = 0,1,2,…,
successivelywhichpossessinitiallayerbehavior
neart=0:

Wi(τ)=O(exp(-k
~
iτ)=O(exp(-k

~
i
t
ε
),

i=0,1,2,…,0<ε≪1  
(18)

wherek
~
i,i=1,2,…,arepositiveconstants.

SubstitutingWi(τ),i=0,1,2,…,intoEq.
(13),wecanobtaintheinitiallayercorrection
W(τ,ε)neart=0ofthesolutionu(t,ε)forthe
initialvalueproblem(1)~(2).

FromEqs.(3),(6),(13),thenweobtainthe
asymptoticsolutionuasy(t,ε)totheinitialvalue
problem(1)~(2)be

uasy(t,ε)=∑
∞

i=1
[Ui(t)+Vi(σ)+Wi(τ)]εαi,

0≤t<∞,0<ε≪1.  
(19)

4 Uniformvalidityofasymptoticsolution
Nowweprovetheasymptoticsolution(19)is

anuniformlyvalidasymptoticexpansioninε.
Theorem4.1 Underthehypotheses[H1]~

[H3],thereisasolutionu(t,ε)tothenonlinear
nonlocalinitialvalueproblem (1)~(2)forthe
singularperturbationfractionalorderdifferential
equation,whichpossessesthefollowinguniformly
validasymptoticexpansioninεont∈[0,∞)

u(t,ε)=∑
m

i=0
[Ui(t)+Vi(

t-t0
ε

)+

    W1i(
t
ε
)]εαi+O(εα(m+1)),

t∈[0,∞),0<ε≪1

􀮦

􀮨

􀮧

􀪁
􀪁
􀪁
􀪁
􀪁􀪁

(20)

  Proof Weconstructtwoauxiliaryfunctions
α(t,ε),β(t,ε):

α(t,ε)=∑
m

i=0
[Ui(t)+Vi(

t-t0
ε

)+

W1i(
t
ε
)]εαi-δεα(m+1) (21)

β(t,ε)=∑
m

i=0
[Ui(t)+Vi(

t-t0
ε

)+

W1i(
t
ε
)]εαi+δεα(m+1) (22)

whereδisapositiveconstantlargeenoughtobe
chosenbelow,andmisanarbitraryfixedpositive
integer.

Obviously,wehave
α(t,ε)≤β(t,ε) (23)

(Dα
t)jα(0,ε)≤Aj≤(Dα

t)jβ(0,ε),

j=0,1,…,n-1  (24)

  Nowweprovethat

∑
n

r=1
εαrar(Dα

t)rα+α-f(t,Tα,ε)≥0,

0<t<∞  (25)
∑
n

r=1
εαrar(Dα

t)rβ+β-f(t,Tβ,ε)≤0,

0<t<∞  (26)
  Infact,fromthehypotheses[H1]~[H3]and
Eqs.(4),(7),(9),(14)and(16)forεsmall
enough,thereisapositiveconstantd,suchthat

∑
n

r=1
εαrar(Dα

t)rβ+β-f(t,Tβ,ε)=

∑
n

r=1
εαrar(Dα

t)r∑
m

i=0
[Ui(t)+Vi(

t-t0
ε

)+Wi(
t
ε
)]εi+

∑
m

i=0
[Ui(t)+Vi(

t-t0
ε

)+Wi(
t
ε
)]εαi+

δεα(m+1)-f(t,T[∑
m

i=0
[Ui(t)+Vi(

t-t0
ε

)+

Wi(
t
ε
)]εαi]+δεα(m+1),ε)+

f(t,T[∑
m

i=0
[Ui(t)+Vi(

t-t0
ε

)+Wi(
t
ε
)]εαi],ε)≤

U0-f(t,TU0,0)+

∑
m

i=1
[Ui(t)-Fi(t)+Gi(t)]εαi+

∑
n

r=1
εαrar(Dα

σ)rV0+V0-f(t0,T(U0+V0),0)+

f(t0,TU0,0)+∑
m

i=1
[∑

n

r=1
εαrar(Dα

σ)rVi+Vi-

fTu(t0,T(U0+V0,0)T(Ui+Vi)-Fii]εαi+

∑
n

r=1
εαrar(Dα

t)rW0+W0-f(0,T(U0+W0,0))+

f(t,TU0,0)+∑
m

i=1
[∑

n

r=1
εαrar(Dα

τ)rWi+Wi-

fTu(0,T(U0+W0,0)T(Ui+Wi))-Gi]εαi-

fTu(t,T[∑
m

i=0
[Ui(t)+Vi(

t-t0
ε

)+
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W1i(
t
ε
)]εαi+δεα(m+1)],ε)+

dt-αεα(m+1)≤(-cδ+d)t-αεα(m+1).
  Selectingδ≥d/c,thenwehaveEq.(26).
Analogously,wecanproveEq.(25).FromEqs.
(23)~(26),αandβareupperandlowersolutions
totheinitialvalueproblem(1)~(2)respectively.
Fromthetheoryofdifferentialinequality[10-11],
thereisasolutionu(t,ε)tothenonlinearnonlocal
singularperturbationinitialvalueproblem (1)~
(2)suchthatα(t,ε)≤u(t,ε)≤β(t,ε).And
fromEqs.(21)and(22),wehavetherelation
(20).TheproofofTheorem4.1iscompleted.

5 Conclusion
Thispaperdealtwithaclassofsingular

perturbation Cauchy problem ofthefractional
orderdifferentialequation.Weobtainedtheouter
solutiontooriginalproblemandconstructedthe
interiorshockandinitialcorrectivetermsofthe
asymptoticsolutionstotheoriginalproblemby
usingthestretchedvariablesandusingthemethod
ofsingularperturbation.Bymeansofthetheoryof
differentialinequality,theuniformvalidityofthe
asymptoticsolutionwasproved.Thentheshock
waveasymptoticsolutiontoaclassofsingular
perturbationproblempossessedsimple,validand
higheraccuracypeculiarity.

Thefractionalorderdifferentialequationcan
beappliedtothefollowingphysicalmodels:

The time delay atmospheric mid-latitude
westernwindfieldanomalywillcausemid-latitude
upperlayeroceanflowanomaly,whichcanbe
solved using the fractional order differential
equation.

Virus transmission is a complicated
phenomenon. We can study the quality and
quantitativebehaviorsofthehumangroupforthe
infectedandthesusceptiblepopulationsinthe
infested area by using the fractional order
differentialequation.

The nonlinear evolution fractional order
differentialequationsofBKK mechanism isa

disturbedphysicalmodel.Itcanhavethesolution
of the nonlinear BKK mechanism disturbed
physicalmodelusingtheapproximationtheoryof
thefractionalorderdifferentialequation.

Themethodofthesingularperturbationisan
approximateanalyticmethod,whichdiffersfrom
the general numerical method. From the
approximateanalyticexpansionsofthenonlinear
nonlocalsingularly perturbed fractional order
equationCauchyproblem,wecanalsoexecutethe
continuousanalyticoperations,suchasdifferential
andintegraloperations,etc,andthusfurther
studythequalitativeandquantitativebehaviorsof
thefractionalorderequationCauchyproblem.
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