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Abstract: Let n and ¢ be positive integers. Based on elementary methods and techniques, the

explicit formula for ¢, (n) (e =p", Hq,-) was given for the case g = =+ = ¢, = 1(mod p) or
i=1

g1 =+-=¢q, = 1(mod p) , where p,qi,*>+sq, are distinct primes, ¢ and r are both positive

integers, thus generalizing the previous results.
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0 Introduction

In the 18th century, Euler first defined the
Euler function ¢ (1) of a positive integer n to be the
number of positive integers not greater than n but
prime ton . It”s well known that as one of the
important number theory functions, Euler function

has been applied widely'™. In 2002 and 2007,

Received: 2017-08-04; Revised: 2017-12-08

Cai”and Cai et al. " generalized the definition of

Euler function to be the generalized Euler

function,
Definition 0. 1
e » the generalized Euler function of n related to e is
.= >, 1,

i=1,ged(ion) =1
i.e.s ¢, () is the number of positive integers not

For two positive integer n and
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n . .
greater than [ —] but prime to n , where e is a
e

positive integer and [ x ] is the greatest integer not

greater than x . It’s easy to verify that

o (1) —;M;Ef] (D
where ¢ (;1) is the Mobius {unction, i e. ,
p(n) =
1, n=1;

(—D*sn=2anda; =*=a, =1;
0, n = 2 and there is some a; > 1(1 < < k)
2)
k
when n = H pii(a; = 0) is a positive integer and

=1
pi(i=1,++,k) are distinct primes. It is easy to see
that for any positive integer n —> 2,

2#%) =0 (3)

dln

It” s well known that for the positive integer

k
n= H péi(a; = 1) , the Euler function
i=1

k
o) = [ (psr — pe.
i=1

And from the definition one can get ¢ (n) =¢; (n) .
Naturally we ask the following:
Question 0. 1

e , determine the explicit algorithm formula for

For any fixed positive integer

the generalized Euler function ¢, () .

k
Fixed a positive integer n = H pii =2, where

i=1
piscts pp are distinct primes and a;,***.a, are

k
positive integers, denote 2(n) = 2 a; andw(n) =
=1

k. Especially, 2(1) =« (1) =0.

In recent years, Cai et al. '™ obtained the
accurate calculation formula for ¢, (n) (e =2,3,4,
6) , and then, by using properties for Legendre or
Jacobi symbols, they also got some necessary and
sufficient conditions for that ¢, () and ¢, (n + 1)
(e =2,3,4) are both odd or even numbers.

Proposition 0. 1%/ Let p, .+, p, be distinct

primes,  a@js***saq,  positive  integers, a.f

k
nonnegative integers, and n; = | | pii .
=1

D I ged(p,»3)=1G=1,,k) and n=3n, >
3, then

() | (— 1)20m guon—e
3 T 3 :
a 6 {071} and

pi=2(mod 3)(i =1,*,k);

§03(7Z) ==

o)

, otherwise.

@ Ilfn =21, >4, then

go(n) (7 1)()(11)211_:(11)*&
i 4 ’

a € {0,1} and
p,- E3(1’1’10(:1 4)(1 :17"'9k);

@4(7’1):
o(n)
4

@ If ged(p;,6) =1G = 1,+*,k) and n =
293°n, > 6, then

, otherwise,

(— 1) guinti—p
6
a=0,8¢& {0,1} and
p: =5(mod 6) (1 =1,+,k);
(— 1) gu(m—1-4
6
a=1,8€ {0,1} and
pi =5(mod 6) (G =1,,k);
(— 1) gutn—f
—

a=2,8€ {0,1} and
p: =5(mod 6) (G =1,++,k);

b

1
FRIORS

gD(;(?’l):

b

% on) —

1
5 ¢(n), otherwise,

Recently, Wang and Liao" obtained the
formula for ¢;(n) and some sufficient conditions
for 2 | ¢;(n) . The present paper continues the
study, based on elementary methods and
techniques, generalizes the main results in Refs.
[7-9], and gives the explicit formula for ¢, (n)

t
(e=p", Hq,») , where p,q,,**,q, are distinct

i=1

primes, ¢ and r are both positive integers. In fact
we prove the following main results.

Theorem 0. 1

primes, anda;,***,a; be positive integers. Suppose

Let py.**spr be distinct
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k
that e is a positive integer, and n = HP?" , then
i=1

%90(7’1), p,' El(mod 6)(i:19"°’k>§

. — 1 72 71 (2(71)20)(71)*1
. (n) ?go(n)—O—(e )(— 1) ’

e

Di =— 1(mod 8>(i:19"°9/3).
Theorem 0. 2

primes, t,a,a;s***»a, be positive integers. If e =

Let pspiseerspr be distinct

k

pls ny :Hp?f and n =e“n; . then
i=1

o(pny)

P b
0(:1, p,' = 1(m0d p)(izly"'ak);

() )€1 (p =) (D
Pe b b ’

a:19 p,' Eil(mod p)(i::ly'"?k);

1
;go(n), a=2.

Theorem 0. 3

distinct primes, and z.a, a;,***.a; be positive integers.

Let Gi1s°**sGisP1s s D be

¢ k
Ife= Hq,- s Ny = Hj)f’f andn = e“n;, then
=1

i=1
1
—¢on)y a =2, ora=1,
e
Pz = l(mod €)(i:19'°'9}€>§

0. (n) = |
?SD(H)ﬁLM, a=1,
pi =— 1(mod e) (i =1,++,k).
where
M — (7 1)(2(71)7[ Zm(n)fzfl .

t (e, —2

2D 2

r=1 Iy <Teee<li <t H q ij

i—1
Remark 0. 1 Firstly, by taking e = 3 in

Theorem 0. 1 and p =3,z =1 in Theorems 0. 2, one
can get (1) of Proposition 0. 1. Secondly, by
takinga =2r in (2) of Proposition 0. 1, one can get
Theorem 0. 1 for the case ¢ =4 and Theorem 0. 2
for the case p = 2, where r is a nonnegative
integer. Lastly, by taking e =6 in Theorems 0. 1
and 0. 3 one can get (3) of Proposition 0. 1 for the

case « = . We leave the detailed proofs to

interested readers.

1 Proofs for main results

1.1 Proof for Theorem 0. 1
@ pr, = 1(1’1’10d €)(l :19°"9k) ) i. €. o fOl‘
anyd | ns d = 1(mod ¢). Then by (1)~ (3)

we have

din e
d—1
() (1))
P 2nlp)e = Bulf)= e @

@I p;=—1(mod e)(i =1,*,k) , then for
anyd | ns d =+ 1(mod e¢) . And so by Egs. (2)~
(4), we have

0. (n) :E/l%) F}:

d|n e

D N R B

d|n,d=1(mod ¢) d|n,d=—1(mod ¢) e

3 AN

d|n.d=1(mod ¢) d

SEIE =k

d|n.d=—1(mod ¢) e

g0 1\ #@J_

€ € dind—tomod e d
—1
(e € >d\n~,d§(mode># (%):
(n) —2
’ ‘fn - (e € )d\u.d;umodw# <§) -

¢m>+«—2> S (”)_

k
¢ € g (LT e
=1

k
( [lpI“[ 1)t\n
i=1
3

(I % Hi=1(mod )
i=1

o) X
r\ili[lp,

QO —1 (mod )

()-

D

#O0 | (¢ =2)p (5)

e e

(w21 0Qm)and2 | £, then

k

p[
A= > AIE)_
r\]jlp, l

t=1(mod ¢)
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k
2

2(@)(—1% T

i=0 2]
() If2] 02 and 21k , then

1)

1){2(11) Zw(n) 1

A= > plizt =

! t
t| H/’i st=—1(mod e)
i=1

kt1

2

2 (ij_ 1) (— D =

i=1
21 =(—1
For the case 24102 (n) and 21k or 21 Q2 (n) and
2 | k&, similarly we can get
A = (— 1) getm=1 (6)
Hence by Egs. (5) and (6) we immediately have

_ _ Q) 9wln)—1
901,(n):%go(n)+(€ S Vi Q@)

e

)(2(71) Zw(n)*l

This completes the proof for Theorem 0. 1.
1.2 Proof for Theorem 0. 2
@O Fora=landt =1, i.e.. e =p.,n=pn, .,
then by ged(p.n,) =1 we have
o) =¢(pn)) =(p — Do),
Q) =00n)+1,wn) =wln,) +1
And so by Egs. (1)~(3), we can get

sﬁe(n):gop(pnl)zz/l(@) {ij —

d|pny d P

Z#("I)CHZ (p" )[ } on) — @, (n))

dln, dln

} (8

€))
Now by ged(p,n;) =1, Egs. (8) ~ (9) and
Theorem 0.1 we can get

o.(n) =pn) —¢,(n) =
’ P,' = 1(m0d p)(i:19°°'9k)§

o(ny)
p
P = (£0n) | —DECDIZ =
p p
p,' E_l(modp)(izlv"'vk).

JSD(PP"I), po=1(mod p)Gi =1..k);

(p—2)(— DA 2o (10)

b

o(pny)
r )
pi =—1(mod p)(i =1,+,k)
@ Fora=landt =2, 1.¢e. ,e=p' sn=p'n,.
Then by ged(p,n,) =1 we know that

o) =" —p“Deln,),
Q) =0y +tywn) =wln,) +1
and so by ged(p,n;) =1 and Egs. (1) ~ (3)

we have

r' d
0,00 =g (= 3 p(P2) [4] =

2l 5 2

/U(Pt '3"1> [P;td} —

dlny << d

pny b’ 'd
e () [
@in %#( d ) b
d
(ny) — o H -
AN E#(d> »
o) — ¢, ().
Thus by ged(p,n,) =1, (11) and Theorem 0. 1 we
know that

| an

spe(n) :go(nl) _SDP(TII) -
e
P
pi=1(mod p) (i =1,",k);
o(ny) — -
en)  (p—2)(— D2 200!
2 P
p; =—1(mod p)(G =1,+,k).
D)
) ,
pi=1(mod p) (i =1.*1k);
(p —=Don)  (p—2)(—1
P b
p; =—1(mod p) (i =1,,k)

b

)ﬂ(n)*l Zm(n)*z

b

12
@ Fora=2,1.e. ,e=p' sn=p"n,. Then by
ged(psn,) =1 we know that
o) =" —p“Deln,),

and so by Egs. (1)~ (3) we have
nq l:;l} _
d\/}lan] ) '

Su(t) B+ a0 [+

6”” d\n

5l [

t
d|n 1 1<p<<ta—1 d p

ta—t bn, pd _
» ‘P(nl)JF%#(d){pz ]

o.(n) =@, (prny) =
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o(n) (13)
e

P o(ny) —p T on,) =
Now by Egs. (10) and (12) ~(13), Theorem
0. 2 is proved.
1.3 Proof for Theorem 0. 3
D Fora =1, i.e. » n =en;» and then
Q) =0n)+twn) =wn) +r (14)
Thus by Egs. (1)~(3) we have
o.(n) =¢,(en,) =
en, d :
— ] |=|=2/A 1
d%]ly( . ) [J 2A e a9

where for anyr =1,*,¢ ,

zzﬂ(nq) {HJ

> =1 P11, (m) (16)

1<y <ol <t

If p; = 1(mod )i = 1,

A=

,k) , then by

ged(ny se = le») =1, (16) and Theorem 0. 1,

=1

we have
A, = 2 (—1) goﬂ,, (n)) =
1(']\ < J
Z (— 1y £ amn

1<K <o <
| | qi

j=1

Now by (15) and (17) we know that

J

0. () =) A+ (—1)>, 1y

i=1 qi
—D? 2] + e -
1<i<j<t 4i4;
1 1
(— D! —— F+ D)=
11<Z<i,,] qi,*""qi,_, e
H(Qi —D o)
o(n) « :9”: (18)
If pi =— 1(mod e)(i =1,++,k) , then by

ged(ny se = Hp,-) =1, Theorem 0. 1 and (14)
i1

we have

A= 2
1< <o i <
(qu’ — ) (— 1) guln -1
i —
HCII'J
j=1

(=D -

QD(VH)

qu

CH D SR N

( qij _ 2) (7 1)_(2(71)71 2&1(71)*[*1

Z j=1
1lq;
i=1

(—=Dr

1y e, <

(19
Now by (15) and (18)~(19), we can get

goe(n):go(n1)<1+(*1)25+
(—D? D,

1<i<j<: 49i4;
(—D D)

i<,y 17 i

(— 1)2m—t guim—-1 E (—1) »
r=1
(qu'j —2)
i=1 o
1<z‘1§<;r<r :
qu'j
j=1

+ (_ 1)(2(:1)71 2@(:1)71‘71 2 (_ l)r .
r=1
(Ila, —2
> (20)
HQI’j
j=1

@ Fora =2, 1i.e ,n=c¢en,, then

_|_...+

b ) 4
e

o)
e

1= e =t

o) =e || (¢ — Do) 21)
i=1
and by Egs. (1) ~(3) we have

0. (n) = 2#(631) [i} =

d1en, ¢
B 2] ) 2
e tolng) + ZB,, (22)
r=1

where for anyr =1,+,¢ ,

Now from Eqgs. (18) and (21)~(23) we can get
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v.(n) =eTon) +

e lo(n) D, (— 17
r=1

>
- e
IR
<i S=
| | qi
J
j=1

1l —» )
=1

e oln) +€al§0(721)([]

e

o(n)

e
Thus from Egs. (18), (20) and (24), we
complete the proof for Theorem 0. 3.

24

2 Conclusion

Let n and e be positive integers. Based on
elementary methods and techniques, the present
paper gave the explicit formula for ¢, (n) (e =p",

l
Hq,v) , where p.q,.***,q, are distinct primes, ¢

i=1
and r are both positive integers. Our results are
generalizations of the main results in Refs. [7-8] to

some degree,
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