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广义欧拉函数的计算公式

廖群英

(四川师范大学数学科学学院,四川成都610068)

摘要:设n和e均为正整数.利用初等的方法和技巧,给出了广义欧拉函数φe(n)(e=pr,∏
t

i=1
qi)在所有的

qi 同余于p 均模1或者均模-1时的准确计算公式,其中,p,q1,…,qt 为不同的素数,t和r为正整数.这
推广了前人的结果.
关键词:欧拉函数;广义欧拉函数;莫比乌斯函数

0 Introduction
Inthe18thcentury,Eulerfirstdefinedthe

Eulerfunctionφ(n)ofapositiveintegerntobethe
numberofpositiveintegersnotgreaterthannbut
primeton [1].It’swellknownthatasoneofthe
importantnumbertheoryfunctions,Eulerfunction
hasbeenappliedwidely[1-4].In2002and2007,

Cai[5]andCaietal.[6]generalizedthedefinitionof
Euler function to be the generalized Euler
function.

Definition0.1 Fortwopositiveintegernand
e,thegeneralizedEulerfunctionofnrelatedtoeis

φe(n)= ∑
n
e  

i=1,gcd(i,n)=1
1,

i.e.,φe(n)isthenumberofpositiveintegersnot



greaterthan[
n
e
]butprimeton,whereeisa

positiveintegerand[x]isthegreatestintegernot
greaterthanx.It’seasytoverifythat

φe(n)=∑
d|n

μ(
n
d
)[d
e
] (1)

whereμ(n)istheMöbiusfunction,i.e.,

μ(n)=         
1,n=1;
(-1)k,n≥2andα1=…=αk=1;
0,n≥2andthereissomeαi>1(1≤i≤k)

􀮠

􀮢
􀮡

􀪁􀪁
􀪁􀪁

(2)

whenn=∏
k

i=1
pαii (αi≥0)isapositiveintegerand

pi(i=1,…,k)aredistinctprimes.Itiseasytosee
thatforanypositiveintegern≥2,

∑
d|n

μ(
n
d
)=0 (3)

  It’swellknownthatforthepositiveinteger

n=∏
k

i=1
pαii (αi≥1),theEulerfunction

φ(n)=∏
k

i=1
(pαii -pαi-1i ).

Andfromthedefinitiononecangetφ(n)=φ1(n).
Naturallyweaskthefollowing:

Question0.1 Foranyfixedpositiveinteger
e,determinetheexplicitalgorithmformulafor
thegeneralizedEulerfunctionφe(n).

Fixedapositiveintegern=∏
k

i=1
pαii ≥2,where

p1,…,pkaredistinctprimesandα1,…,αkare

positiveintegers,denoteΩ(n)=∑
k

i=1
αiandω(n)=

k.Especially,Ω(1)=ω(1)=0.
Inrecentyears,Caietal.[7-8]obtainedthe

accuratecalculationformulaforφe(n)(e=2,3,4,
6),andthen,byusingpropertiesforLegendreor
Jacobisymbols,theyalsogotsomenecessaryand
sufficientconditionsforthatφe(n)andφe(n+1)
(e=2,3,4)arebothoddorevennumbers.

Proposition0.1[7-8] Letp1,…,pkbedistinct
primes, α1,…,αk positive integers, α,β

nonnegativeintegers,andn1=∏
k

i=1
pαii .

①Ifgcd(pi,3)=1(i=1,…,k)andn=3αn1>
3,then

φ3(n)=

φ(n)
3 +

(-1)Ω(n)2ω(n)-α-1

3
,

   α∈{0,1}and
   pi≡2(mod3)(i=1,…,k);

φ(n)
3
,otherwise.

􀮠

􀮢

􀮡

􀪁
􀪁
􀪁􀪁

􀪁
􀪁
􀪁􀪁

  ②Ifn=2αn1>4,then

φ4(n)=

φ(n)
4 +

(-1)Ω(n)2ω(n)-α

4
,

   α∈{0,1}and
   pi≡3(mod4)(i=1,…,k);

φ(n)
4
,otherwise.

􀮠

􀮢

􀮡

􀪁
􀪁
􀪁􀪁

􀪁
􀪁
􀪁􀪁

  ③ Ifgcd(pi,6)=1(i=1,…,k)andn=
2α3βn1>6,then

φ6(n)=

1
6φ(n)+

(-1)Ω(n)2ω(n)+1-β
6

,

   α=0,β∈{0,1}and
   pi≡5(mod6)(i=1,…,k);
1
6φ(n)+

(-1)Ω(n)2ω(n)-1-β
6

,

   α=1,β∈{0,1}and
   pi≡5(mod6)(i=1,…,k);
1
6φ(n)-

(-1)Ω(n)2ω(n)-β
6

,

   α≥2,β∈{0,1}and
   pi≡5(mod6)(i=1,…,k);
1
6φ(n),otherwise.

􀮠

􀮢

􀮡

􀪁
􀪁
􀪁
􀪁
􀪁
􀪁
􀪁
􀪁
􀪁􀪁

􀪁
􀪁
􀪁
􀪁
􀪁
􀪁
􀪁
􀪁
􀪁􀪁

  Recently,WangandLiao[9]obtainedthe
formulaforφ5(n)andsomesufficientconditions
for2|φ5(n).Thepresentpapercontinuesthe
study, based on elementary methods and
techniques,generalizesthemainresultsinRefs.
[7-9],andgivestheexplicitformulaforφe(n)

(e=pr,∏
t

i=1
qi),wherep,q1,…,qtaredistinct

primes,tandrarebothpositiveintegers.Infact
weprovethefollowingmainresults.

Theorem 0.1 Letp1,…,pk bedistinct
primes,andα1,…,αkbepositiveintegers.Suppose

516第8期 ThecomputingformulaforgeneralizedEulerfunctions



thateisapositiveinteger,andn=∏
k

i=1
pαii ,then

φe(n)=

1
eφ
(n),pi≡1(mode)(i=1,…,k);

1
eφ
(n)+

(e-2)(-1)Ω(n)2ω(n)-1

e
,

   pi≡-1(mode)(i=1,…,k).

􀮠

􀮢

􀮡

􀪁
􀪁􀪁

􀪁
􀪁􀪁

  Theorem0.2 Letp,p1,…,pkbedistinct
primes,t,α,α1,…,αkbepositiveintegers.Ife=

pt,n1=∏
k

i=1
pαii andn=eαn1,then

φe(n)=

φ(pn1)
p

,

α=1,pi≡1(modp)(i=1,…,k);

φ(pn1)
p -

(p-2)(-1)Ω(n)-t2ω(n)-2

p
,

α=1,pi≡-1(modp)(i=1,…,k);
1
eφ
(n),α≥2.

􀮠

􀮢

􀮡

􀪁
􀪁
􀪁
􀪁
􀪁
􀪁
􀪁
􀪁
􀪁
􀪁

  Theorem0.3 Letq1,…,qt,p1,…,pk be
distinctprimes,andt,α,α1,…,αkbepositiveintegers.

Ife=∏
t

i=1
qi,n1=∏

k

i=1
pαii andn=eαn1,then

φe(n)=

1
eφ
(n),α≥2,orα=1,

   pi≡1(mode)(i=1,…,k);
1
eφ
(n)+M,α=1,

   pi≡-1(mode)(i=1,…,k).

􀮠

􀮢

􀮡
􀪁
􀪁
􀪁􀪁

􀪁
􀪁
􀪁􀪁

where
M =(-1)Ω(n)-t2ω(n)-t-1·

∑
t

r=1
(-1)r ∑

1≤i1<…<ir≤t

(∏
r

j=1
qij -2)

∏
r

j=1
qij

.

  Remark0.1 Firstly,bytakinge=3in
Theorem0.1andp=3,t=1inTheorems0.2,one
canget(1)ofProposition0.1.Secondly,by
takingα=2rin(2)ofProposition0.1,onecanget
Theorem0.1forthecasee=4andTheorem0.2
forthecasep =2,whererisanonnegative
integer.Lastly,bytakinge=6inTheorems0.1
and0.3onecanget(3)ofProposition0.1forthe
caseα =β.Weleavethedetailedproofsto

interestedreaders.

1 Proofsformainresults
1.1 ProofforTheorem0.1

①Ifpi ≡1(mode)(i=1,…,k),i.e.,for
anyd|n,d ≡1(mode).Thenby(1)~(3)
wehave

φe(n)=∑
d|n

μ
n
d  d

e
􀭠
􀭡

􀪁􀪁 􀭤
􀭥

􀪁􀪁 =

∑
d|n

μ
n
d  ·d-1

e  =
1
e∑d|nμ

n
d  d-

1
e∑d|nμ

n
d  =1eφ(n) (4)

  ②Ifpi≡-1(mode)(i=1,…,k),thenfor
anyd|n,d≡±1(mode).AndsobyEqs.(2)~
(4),wehave

φe(n)=∑
d|n

μ
n
d  d

e
􀭠
􀭡

􀪁􀪁 􀭤
􀭥

􀪁􀪁 =

∑
d|n,d≡1(mode)

μ
n
d  d

e
􀭠
􀭡

􀪁􀪁 􀭤
􀭥

􀪁􀪁 + ∑
d|n,d≡-1(mode)

μ
n
d  d

e
􀭠
􀭡

􀪁􀪁 􀭤
􀭥

􀪁􀪁 =

∑
d|n,d≡1(mode)

μ
n
d  d-1

e  +
∑

d|n,d≡-1(mode)
μ

n
d  d-e+1

e  =
φ(n)
e -

1
e ∑

d|n,d≡1(mode)
μ

n
d  -

e-1
e  ∑

d|n,d≡-1(mode)
μ

n
d  =

φ(n)
e + e-2

e  ∑
d|n,d≡1(mode)

μ
n
d  =

φ(n)
e + e-2

e  ∑
(∏
k

i=1
pαi-1
i )t|n

(∏
k

i=1
pαi-1
i )t≡1(mode)

μ
n

(∏
k

i=1
pαi-1i )t  =

φ(n)
e + e-2

e  ∑
t|∏

k

i=1
pi

(-1)Ω(n)-kt≡1(mode)

μ
∏
k

i=1
pi

t  =
φ(n)
e + e-2

e  A (5)

  (a)If2|Ω(n)and2|k,then

A = ∑
t|∏

k

i=1
pi

t≡1(mode)

μ
∏
k

i=1
pi

t  =
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∑
k
2

j=0

k
2j  (-1)k-2j=2k-1=(-1)Ω(n)2ω(n)-1.

  (b)If2|Ω(n)and2 k,then

A= ∑
t|∏

k

i=1
pi,t≡-1(mode)

μ
∏
k

i=1
pi

t  =
∑
k+1
2

j=1

k
2j-1  (-1)k-2j+1=

2k-1=(-1)Ω(n)2ω(n)-1.
  Forthecase2 Ω(n)and2 kor2 Ω(n)and
2|k,similarlywecanget

A=(-1)Ω(n)2ω(n)-1 (6)
HencebyEqs.(5)and(6)weimmediatelyhave

φe(n)=
1
eφ
(n)+

(e-2)(-1)Ω(n)2ω(n)-1

e
(7)

  ThiscompletestheproofforTheorem0.1.
1.2 ProofforTheorem0.2

①Forα=1andt=1,i.e.,e=p,n=pn1,
thenbygcd(p,n1)=1wehave

φ(n)=φ(pn1)=(p-1)φ(n1),
Ω(n)=Ω(n1)+1,ω(n)=ω(n1)+1 (8)

AndsobyEqs.(1)~(3),wecanget

φe(n)=φp(pn1)=∑
d|pn1

μ
pn1
d  d

p
􀭠
􀭡

􀪁􀪁 􀭤
􀭥

􀪁􀪁 =    

∑
d|n1

μ
n1
d  d+∑

d|n1
μ

pn1
d  d

p
􀭠
􀭡

􀪁􀪁 􀭤
􀭥

􀪁􀪁 =φ(n1)-φp(n1)

(9)
Nowbygcd(p,n1)=1,Eqs.(8)~ (9)and
Theorem0.1wecanget

φe(n)=φ(n1)-φp(n1)=

φ(n1)-

φ(n1)
p
,pi≡1(modp)(i=1,…,k);

φ(n1)
p +

(p-2)(-1)Ω(n1)2ω(n1)-1

p  ,
   pi≡-1(modp)(i=1,…,k).

􀮠

􀮢

􀮡

􀪁
􀪁􀪁

􀪁
􀪁􀪁

=

φ(pn1)
p

,pi≡1(modp)(i=1,…,k);

φ(pn1)
p -

(p-2)(-1)Ω(n)-t2ω(n)-2

p
,

   pi≡-1(modp)(i=1,…,k)

􀮠

􀮢

􀮡

􀪁
􀪁􀪁

􀪁
􀪁􀪁

(10)

  ②Forα=1andt≥2,i.e.,e=pt,n=ptn1.
Thenbygcd(p,n1)=1weknowthat

φ(n)=(ptα-ptα-1)φ(n1),
Ω(n)=Ω(n1)+t,ω(n)=ω(n1)+1 (11)

andsobygcd(p,n1)=1andEqs.(1)~(3)
wehave

φe(n)=φpt(ptn1)=∑
d|ptn1

μ
ptn1
d  d

pt
􀭠
􀭡

􀪁􀪁 􀭤
􀭥

􀪁􀪁 =

∑
d|n1

μ
n1
d  ptd

pt
􀭠
􀭡

􀪁􀪁 􀭤
􀭥

􀪁􀪁 +∑
d|n1

μ
ptn1
d  d

pt
􀭠
􀭡

􀪁􀪁 􀭤
􀭥

􀪁􀪁 +

∑
d|n1,1≤β≤t-1

μ
pt-βn1

d  pβd
pt
􀭠
􀭡

􀪁􀪁 􀭤
􀭥

􀪁􀪁 =

φ(n1)+∑
d|n1

μ
pn1
d  pt-1d

pt
􀭠
􀭡

􀪁􀪁 􀭤
􀭥

􀪁􀪁 =

φ(n1)-∑
d|n1

μ
n1
d  d

p
􀭠
􀭡

􀪁􀪁 􀭤
􀭥

􀪁􀪁 =

φ(n1)-φp(n1).
Thusbygcd(p,n1)=1,(11)andTheorem0.1we
knowthat

φe(n)=φ(n1)-φp(n1)=

φ(n1)-

φ(n1)
p
,

   pi≡1(modp)(i=1,…,k);

φ(n1)
p -

(p-2)(-1)Ω(n1)2ω(n1)-1

p
,

   pi≡-1(modp)(i=1,…,k).

􀮠

􀮢

􀮡

􀪁
􀪁
􀪁􀪁

􀪁
􀪁
􀪁􀪁

=

(p-1)φ(n1)
p

,

   pi≡1(modp)(i=1,…,k);
(p-1)φ(n1)

p -
(p-2)(-1)Ω(n)-t2ω(n)-2

p
,

   pi≡-1(modp)(i=1,…,k)

􀮠

􀮢

􀮡

􀪁
􀪁
􀪁􀪁

􀪁
􀪁
􀪁􀪁

(12)
  ③Forα≥2,i.e.,e=pt,n=ptαn1.Thenby
gcd(p,n1)=1weknowthat

φ(n)=(ptα-ptα-1)φ(n1),
andsobyEqs.(1)~(3)wehave

φe(n)=φpt(ptαn1)=∑
d|ptαn1

μ
ptαn1
d  d

pt
􀭠
􀭡

􀪁􀪁 􀭤
􀭥

􀪁􀪁 =

∑
d|n1

μ
n1
d  ptαd

pt
􀭠
􀭡

􀪁􀪁 􀭤
􀭥

􀪁􀪁 +∑
d|n1

μ
ptαn1
d  d

pt
􀭠
􀭡

􀪁􀪁 􀭤
􀭥

􀪁􀪁 +

∑
d|n1,1≤β≤tα-1

μ
ptα-βn1

d  pβd
pt
􀭠
􀭡

􀪁􀪁 􀭤
􀭥

􀪁􀪁 =

ptα-tφ(n1)+∑
d|n1

μ
pn1
d  ptα-1d

pt
􀭠
􀭡

􀪁􀪁 􀭤
􀭥

􀪁􀪁 =
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ptα-tφ(n1)-ptα-t-1φ(n1)=φ(n)
e

(13)

  NowbyEqs.(10)and(12)~(13),Theorem
0.2isproved.
1.3 ProofforTheorem0.3

①Forα=1,i.e.,n=en1,andthen
Ω(n)=Ω(n1)+t,ω(n)=ω(n1)+t (14)

ThusbyEqs.(1)~(3)wehave
φe(n)=φe(en1)=           

∑
d|en1

μ
en1
d  d

e
􀭠
􀭡

􀪁􀪁 􀭤
􀭥

􀪁􀪁 =∑
t

r=1
Ar+φ(n1) (15)

whereforanyr=1,…,t,

Ar= ∑
1≤i1<…<ir≤t

∑
d|n1

μ
∏
r

j=1
qijn1

d  d

∏
r

j=1
qij

􀭠

􀭡

􀪁
􀪁􀪁

􀭤

􀭥

􀪁
􀪁􀪁 =

∑
1≤i1<…<ir≤t

(-1)rφ∏
r

j=1
qij
(n1) (16)

  Ifpi ≡1(mode)(i=1,…,k),thenby

gcd(n1,e=∏
t

i=1
pi)=1,(16)andTheorem0.1,

wehave
Ar= ∑

1≤i1<…<ir≤t
(-1)rφ∏

r

j=1
qij
(n1)=

∑
1≤i1<…<ir≤t

(-1)rφ
(n1)

∏
r

j=1
qij

(17)

Nowby(15)and(17)weknowthat

φe(n)=φ(n1)(1+(-1)∑
t

i=1

1
qi

+

(-1)2 ∑
1≤i<j≤t

1
qiqj

+…+

(-1)t-1 ∑
i1<…<it-1

1
qi1
…qit-1

+(-1)t
1
e
)=

φ(n1)·
∏
t

i=1
(qi-1)

e =φ(n)
e

(18)

  Ifpi ≡-1(mode)(i=1,…,k),thenby

gcd(n1,e=∏
t

i=1
pi)=1,Theorem0.1and(14)

wehave
Ar= ∑

1≤i1<…<ir≤t
(-1)r·       

φ(n1)

∏
r

j=1
qij

+
(∏

r

j=1
qij -2)(-1)Ω(n1)2ω(n1)-1

∏
r

j=1
qij

  =

φ(n1) ∑
1≤i1<…<ir≤t

(-1)r
1

∏
r

j=1
qij

+

(-1)r ∑
1≤i1<…<ir≤t

(∏
r

j=1
qij -2)(-1)Ω(n)-t2ω(n)-t-1

∏
r

j=1
qij

(19)
Nowby(15)and(18)~(19),wecanget

φe(n)=φ(n1) 1+(-1)∑
t

i=1

1
qi

+

(-1)2 ∑
1≤i<j≤t

1
qiqj

+…+

(-1)t-1 ∑
ii<…<it-1

1
qi1
…qij

+(-1)t
1
e +

(-1)Ω(n)-t2ω(n)-t-1∑
t

r=1
(-1)r·

∑
1≤i1<…<ir≤t

(∏
r

j=1
qij -2)

∏
r

j=1
qij

=

φ(n)
e +(-1)Ω(n)-t2ω(n)-t-1∑

t

r=1
(-1)r·

∑
1≤i1<…<ir≤t

(∏
r

j=1
qij -2)

∏
r

j=1
qij

(20)

  ②Forα≥2,i.e.,n=eαn1,then

φ(n)=eα-1∏
t

i=1
(qi-1)φ(n1) (21)

andbyEqs.(1)~(3)wehave

φe(n)=∑
d|eαn1

μ
eαn1
d  d

e
􀭠
􀭡

􀪁􀪁 􀭤
􀭥

􀪁􀪁 =

∑
d|n1

μ
eαn1
d  d

e
􀭠
􀭡

􀪁􀪁 􀭤
􀭥

􀪁􀪁 +∑
d|n1

μ
n1
d  eαd

e
􀭠
􀭡

􀪁􀪁 􀭤
􀭥

􀪁􀪁 +∑
t

r=1
Br=

eα-1φ(n1)+∑
t

r=1
Br (22)

whereforanyr=1,…,t,

Br= ∑
1≤i1<…<ir≤t

∑
d|n1

μ
∏
r

j=1
qijn1

d  eα-1d

∏
r

j=1
qij

􀭠

􀭡

􀪁
􀪁􀪁

􀭤

􀭥

􀪁
􀪁􀪁 =

(-1)reα-1φ(n1) ∑
1≤i1<…<ir≤t

1

∏
r

j=1
qij

(23)

NowfromEqs.(18)and(21)~(23)wecanget
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φe(n)=eα-1φ(n1)+        

eα-1φ(n1)∑
t

r=1
(-1)r ∑

1≤i1,…,ir≤t

1

∏
r

j=1
qij

=

eα-1φ(n1)+eα-1φ(n1)
∏
t

i=1
(qi-1)

e -1  =
φ(n)
e

(24)

  ThusfromEqs.(18),(20)and(24),we
completetheproofforTheorem0.3.

2 Conclusion
Letnandebepositiveintegers.Basedon

elementarymethodsandtechniques,thepresent
papergavetheexplicitformulaforφe(n)(e=pr,

∏
t

i=1
qi),wherep,q1,…,qtaredistinctprimes,t

andrarebothpositiveintegers.Ourresultsare
generalizationsofthemainresultsinRefs.[7-8]to
somedegree.

References

[1]GUYR K.UnsolvedProblemsinNumberTheory

[M].NewYork:Springer-Verlag,2004.
[2]LEHMER E.Oncongruencesinvolving Bernoulli

numbersandthequotientsofFermatandWilson[J].
AnnalsofMathematics,1938,39(2):350-359.

[3]IRELANDK,ROSENM.AClassicalIntroductionto
ModernNumberTheory[M].NewYork:Springer-
Verlag,1990.

[4]DING Yu.Generalized Euler’sfunctionandits
properties[D].Hangzhou:ZhejiangUniversity,2008.

[5]CAITianxin.Acongruenceinvolvingthequotientsof
Euleranditsapplications(Ⅰ)[J].ActaAritmetica,
2002,103(4):313-320.

[6]CAITianxin,FUXudong,ZHOUXia.Acongruence
involvingthequotientsofEuleranditsapplications
(Ⅱ)[J].ActaAritmetica,2007,130(3):203-214.

[7]CAITianxin,SHENZhongyan,HUMengjun.Onthe
parityofthegeneralizedEulerfunction[J].Advances
inMathematics(China),2013,42(4):505-510.

[8]SHENZhongyan,CAITianxin,HUMengjun.Onthe
parityofthegeneralizedEulerfunction(Ⅱ)[J].
Advancesin Mathematics (China),2016,45(4):
509-519.

[9]WANG Rong,LIAO Qunying.Onthegeneralized
Eulerfunctionφ5(n)[J].JSichuanNormalUniv
(NaturalEdition),2018,41(4):445-449.

[10]RIBENBOIM P.13 Lectureson Fermat’s Last
Theorem[M].NewYork:Springer,1979.

916第8期 ThecomputingformulaforgeneralizedEulerfunctions


