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Abstract:AproblemwasproposedtodetermineforatreeTthesizeofthelargestS⊆V(T)such
thatallverticesinT[S]haveeitherdegree1ordegree0(modk).Hereitwasprovedthat,for
integerk≥2,everytreeTcontainsaninducedsubgraphoforderatleastck|V(T)|withall
degreeseitherequalto1or0(modk),whereck=3/4whenk=2,andck=2/3whenk≥3.
Moreover,theboundsarebestpossible.Thisgivesagoodanswertotheproblem.
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树图中度数受限的大导出子图

黄子扬,侯新民

(中科院吴文俊数学重点实验室,中国科学技术大学数学科学学院,安徽合肥230026)

摘要:有文献提出公开问题:对树T,求最大的集合S∈V(T)使得导出子图T[S]每个点的度为1或0
(modk).证明了,对给定的整数k≥2,每一棵树T 都包含一个阶数至少为ck|V(T)|的导出子图使得所有

的度为1或0(modk),这里当k=2时,ck=3/4;当k≥3时ck=2/3,且下界是最好的.这个结果解决了上

述问题.
关键词:树;导出子图;度

0 Introduction
AclassicalresultofGallai[1]assertsthatfor

anygraphG,thevertexsetV (G)can be
partitionedintotwosets,eachofwhichinducesa
subgraphwithalldegreeseven.Fromthiswecan

concludethateverygraphoforderncontainsan

inducedsubgraphoforderatleast
n
2 withall

degrees even,and thisis best possible by
consideringapath.

Anaturalquestionistoaskforthelargestsize



ofaninducedsubgraphwithalldegreesoddina
graphofgivenorder.Thereare manyresults
relatedtotheproblem (seeforexampleinRefs.
[2-6].Inparticular,fortrees,Radcliffeand
Scott[7]provedthateverytreeoforderncontains

aninducedsubgraphoforderatleast2
n+1
3 with

alldegreesodd.Bermanetal.[8]furtherextended
thisresulttoaninducedsubgraph havingall
degreescongruentto1modulok.Inthesame
paper,theyproposedthefollowinginteresting
problem.WriteG[S]forthesubgraphofgraphG
inducedbyS⊆V(G).

Problem0.1[8] ForanytreeT,determine
thesizeofthelargestS⊆V(T)suchthatall
verticesinT[S]haveeitherdegree1ordegree0
(modk).
Inthispaper,wegiveananswertoProblem

0.1inthefollowingtheorem.
Theorem0.1 ForeverytreeT andevery

integerk≥2,thereisasetS⊆V(T)suchthat
|S|≥ck|V(T)|andT[S]hasalldegreeseither1

or0(modk),whereck=
3
4fork=2andck=

2
3

fork≥3.Moreover,theboundof|S|isbest
possible.

Thetightness ofck can be shown by
consideringapathP3non3nverticesfork≥3and
thefollowingtreeT4non4nverticesasshownin
Fig.1fork=2.

Fig.1 TreeT4n

Therestofthepaperisarrangedasfollows.
WegivetheproofofTheorem0.1inSection1.In
Section2,wegivesomeremarksanddiscussions.

1 ProofofTheorem0.1
WecallanS⊂V(T)agoodsubsetofTif

|S|≥ck|V(T)|andT[S]hasalldegrees1or0
(modk).Ourproofisbycontradiction.Suppose
tothecontrarythatthereisatreeTsuchthatT

containsnogoodsetS⊆V(T).Withoutlossof
generality,we may assume T isasmallest
counterexample.Clearly,|V(T)|>2.If2≤
diam(T)≤3thenTisastaroradouble-star.Itis
aneasytasktocheckthatT hasagoodset,a
contradiction.Sowemayassumethatdiam(T)≥
4,wherediam(T)isthediameterofT.

LetL0bethesetofleavesofTandL1bethe
setofleavesofT-L0andL2bethesetofleaves
ofT-(L0∪L1).ForavertexvofT,write
Ni(v)forN(v)∩Lianddi(v)for|Ni(v)|,i=
0,1,2.Sincediam(T)≥4,L2isnon-empty.By
thedefinition,wehaved0(v)>0forv∈L1and
d1(v)>0forv∈L2.

Claim1.1 Letx∈L2.Thenforeachw ∈
N1(x),wehaved0(w)=1anddT(w)=2.

Proof LetwbeanyvertexinN1(x).Note
thatw∈L1.Thend0(w)>0.

Case1 k≥3.
Ifd0(w)≥2,letT0=T[N0(w)],thenT0is

anemptygraphonN0(w).NowletT'=T-
(N0(w)∪{w}).ThenT'isatreesmallerthan
T.HenceT'hasagoodsetS'.Therefore,S'∪
N0(w)isagoodsetofTsince

|N0(w)|=|V(T0)|≥
2
3
(|V(T0)|+1),

acontradiction.
Case2 k=2.
Ifd0(w)≥3,withasameargumentwith

d0(w)≥2fork≥3,wecanfindagoodsetS'∪

N0(w)withorderatleast
3
4|V

(T)|ofT,a

contradiction.
Ifd0(w)=2,letS0={w}∪N0(w)andT'=

T-(S0∪{x}).ThenT'hasagoodsetS'.Note
thatT[S0]isapathoflength2.ThenS0isa
goodsetofT[S0].Since|S0|=|V(T0)|=3,we

have|S0|≥
3
4
(|V(T0)|+1).Therefore,S'∪S0

isagoodsetofT,acontradiction.
NotethatNT(w)=N0(w)∪{x},wehave

dT(w)=d0(w)+1=2.
Claim1.2 Ifk=2,thenforeachx∈L2,we
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haved1(x)=1,d0(x)=0anddT(x)=2.
Proof Sincex∈L2,wehaved1(x)≥1.Let

S0=N0(x)∪N1(x)∪(∪w∈N1(x)N0(w))and
T0=T[S0].Denoted1(x)=aandd0(x)=b.
ByClaim1.1,T0consistsofaindependentedges
andbindependentvertices.SoS0isagoodsetof
T0.LetT'=T-(S0∪{x}).ThenT'isatree
smallerthanT.BytheminimalityofT,T'hasa
goodsetS'.Ifa≥2orb≥1then|S0|=2a+b≥

3.So|S0|=|V(T0)|≥
3
4
(|V(T0)|+1).

Therefore,S' ∪S0 isa goodsetofT,a
contradiction.

Notethatforeachx∈L2,wehavedT(x)=
d0(x)+d1(x)+1=2.

ProofofTheorem0.1 Chooseavertexx∈L2.
Case1 k≥3.
ByClaim1.1,wecanfindavertexw∈

N1(x)withd0(w)=1.DenoteN0(w)={v}.Let
T'=T-{w,v,x}andT0=T[{w,v}].Bythe
minimalityofT,T'hasagoodsetS'.LetS0=
{w,v}.NotethatS0isagoodsetofT0and

|S0|=2≥
2
3
(|V(T0)|+1).S'∪S0isagoodset

ofT,acontradiction.
Case2 k=2.
ByClaims1.1and1.2,wemayassume

N(x)={w,y}withw∈N1(x)andN0(w)=
{v}.LetS0={x,w,v},T0=T[S0]andT'=
T-(S0∪{y}).NotethateachcomponentofT'
hasagoodsetbytheminimalityofT.SoT'hasa

goodsetS'.Since|S0|=3≥
3
4
(|V(T0)|+1),

S'∪S0isagoodsetofT,acontradiction.

2 Conclusion
Inthispaper,weprovedthat,forintegerk≥

2,everytreeTcontainsaninducedsubgraphof
orderatleastck|V(T)|withalldegreeseither

equalto1or0(modk),whereck=
3
4whenk=

2,andck=
2
3whenk≥3.Moreover

,thebounds

arebest possible.Thissolved Problem 0.1
proposedbyBermanetal.Asafurtherstep,for
givenintegerk≥2andgeneralgraphG,itisan
interestingchallengetodeterminethesizeofthe
largestS⊆V(G)suchthatallverticesinG[S]
haveeitherdegree1ordegree0(modk).
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