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Large induced subgraph with restricted degrees in trees
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Abstract: A problem was proposed to determine for a tree T the size of the largest SSV(T) such

that all vertices in T[S have either degree 1 or degree 0 (mod #). Here it was proved that, for

integer k=2, every tree T contains an induced subgraph of order at least ¢, |V (T) | with all
degrees either equal to 1 or 0 (mod #), where ¢, =3/4 when £ =2, and ¢, =2/3 when k=3.

Moreover, the bounds are best possible. This gives a good answer to the problem.
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0 Introduction

A classical result of Gallait

asserts that for
any graph G, the vertex set V (G) can be
partitioned into two sets, each of which induces a

subgraph with all degrees even. From this we can
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conclude that every graph of order n contains an
. n .
induced subgraph of order at least fET with all

degrees even, and this is best possible by
considering a path.

A natural question is to ask for the largest size
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of an induced subgraph with all degrees odd in a
graph of given order. There are many results
related to the problem (see for example in Refs.

[2-6].

Scottt™ proved that every tree of order n contains

In particular, for trees, Radcliffe and

+1
an induced subgraph of order at least 2 (nTT with

all degrees odd. Berman et al. " further extended
this result to an induced subgraph having all
degrees congruent to 1 modulo k.. In the same
paper, they proposed the following interesting
problem. Write G[S] for the subgraph of graph G
induced by S&V(G).

Problem 0. 1 For any tree T, determine
the size of the largest S&V (T) such that all
vertices in T[S ] have either degree 1 or degree 0
(mod k).

In this paper, we give an answer to Problem
0.1 in the following theorem.

Theorem 0. 1  For every tree T and every
integer k=2, there is a set SSV (T) such that
|S|=¢, |V(T)| and T[S] has all degrees either 1

3 2
or 0Cmod %), where = for k=2 and ¢, =3

for £ =3. Morecover, the bound of | S| is best
possible,

The tightness of ¢, can be shown by
considering a path P, on 3n vertices for #==3 and
the following tree T, on 4n vertices as shown in
Fig. 1 for k=2.

T2 L L4i+2
o T1 T3 Ty Ts T7 T4i  Tait1 T4it3
Fig.1 Tree T,

The rest of the paper is arranged as follows.
We give the proof of Theorem 0. 1 in Section 1. In

Section 2, we give some remarks and discussions.

1 Proof of Theorem 0. 1

We call an SCV (T) a good subset of T if
|S|=c, IV(T) | and T[S] has all degrees 1 or 0
(mod k). Our proof is by contradiction. Suppose
to the contrary that there is a tree T such that T

contains no good set S&V (T). Without loss of
generality, we may assume T is a smallest
counterexample. Clearly, |V (T) | >2. If 2<<
diam(T)<I3 then T is a star or a double-star. It is
an easy task to check that T has a good set, a
contradiction. So we may assume that diam(T) =
4, where diam(T) is the diameter of T.

Let L, be the set of leaves of T and L; be the
set of leaves of T—L, and L, be the set of leaves
of T—(L,UL,). For a vertex v of T, write
N, (v) for N(v)(L; and d;(v) for IN,;(v) ]|, i=
0, 1, 2. Since diam(T)=4, L, is non-empty. By
the definition, we have d,(v)> 0 for v &€ L, and
d,(v)> 0 forvEL,.

Claim1.1 Let x€L,. Then for each w €
N,(x), we have d,(w)=1 and d 1 (w) =2.

Proof Let w be any vertex in N;(x). Note
that w&L,. Then d,(w)>0.

Case 1 k=3,

Hdy(w)=2, let Ty,=T[Ny(w) ], then T, is
an empty graph on N, (w). Now let T' =T —
(N, G U {w ).
T. Hence T’ has a good set S’. Therefore, S U

N, (w) is a good set of T since

Then T is a tree smaller than

| No(w) [=] V(Ty) IE%(I V(T [+ D,

a contradiction,

Case 2 k=2.

If do (w) =3, with a same argument with
do(w)=2 for k=3, we can find a good set S"U

3
N, (w) with order at least " |[V(T)| of T, a

contradiction.

Hd,(w)=2,let Sy={w}UN,(w) and T'=
T—(S,U{x}). Then T’ has a good set S". Note
that T[S, ] is a path of length 2. Then S, is a
good set of T[S, ]. Since |S,|=|V(Ty)|=3, we

3 ,
have \SO\EZ(\V(TO)H—D. Therefore, S"US,

is a good set of T', a contradiction.

Note that N7 (w) =N, (w) U {x}, we have
dr(w)=d,(w)+1=2.

Claim 1.2 If £=2, then for each x €L,, we
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have d,(x)=1, d(x)=0 and dr(x)=2.

Proof Since x€L,, we have d;(x)=1. Let
So=No(x)UN, (x) U Uwe;\rlg,.) N, (w)) and
To=T[S,]. Denote d,(x)=a and d,(x) =b.
By Claim 1. 1, T, consists of a independent edges
and b independent vertices. So S, is a good set of
Ty. Let T"=T—(S,U{x}). Then T’ is a tree
smaller than T. By the minimality of T, T  has a
good set S”. If a==2 or b=1 then |S, | =2a+b=>

3
3. So |S,|= \V(To)|>z(\V(TO) | + 1).

Therefore, S” U S, is a good set of T, a
contradiction.

Note that for each x € L,, we have d+(x) =
do(x)+d (x)+1=2.

Proof of Theorem 0.1 Choose a vertex x €L ,.

Case 1 k=>3.

By Claim 1. 1, we can find a vertex w€
N, (x) withd,(w)=1. Denote N, (w)={v}. Let
T'=T—{w, v,x} and To=T[{w, v} ]. By the
minimality of T, T” has a good set S”. Let S, =
{w, v}. Note that S, is a good set of T, and

2 , .
IS, | :2>§( V(T |+1). S"US, is a good set

of T, a contradiction.

Case 2 k=2.

By Claims 1. 1 and 1. 2, we may assume
N(x)={w, y} with w&€ N, (x) and N, (w) =
{v}. Let So={xs w, v}s To=T[S,] and T =
T— (S, U{yh.
has a good set by the minimality of T. So T has a

Note that each component of T’

A 3
good set S”. Since |S, | ZBEZHV(TO) | +1,

S"US, is a good set of T, a contradiction.

2 Conclusion

In this paper, we proved that, for integer £ =

2, every tree T contains an induced subgraph of
order at least ¢; | V(T) | with all degrees either

3
equal to 1 or 0 (mod %), where ¢, = when £ =

2, and ¢, = when £=3. Moreover, the bounds

3

are best possible. This solved Problem 0.1
proposed by Berman et al. As a further step, for
given integer k=2 and general graph G, it is an
interesting challenge to determine the size of the
largest SSV (G) such that all vertices in G[S]
have either degree 1 or degree 0 (mod k).
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