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Proof of chromaticity of the complete tripartite graphs K(n—k.n—3.n)

XU Limin', YANG Zhilin*

(1. Department of Humanities Education s Huainan Vocational and Technical College s Huainan 232001, China ;
2. School of Mathematics s Hefei University of Technology,Hefei 230009, China)

Abstract: Let P(G, A) be the chromatic polynomial of a graph G. A graph G is chromatically
unique if for any graph H, P(H, 2)=P (G, 1) implies G2H. Here, by comparing the number
of the triangular subgraphs and the number of the quadrangular subgraphs without chords, the
chromatic uniqueness problem of the complete tripartite graphs K (n —k ,n—3,n) was completely

solved. It was proved that K(n—Fk,n—3,n) is chromatically unique if n=k +225.
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0 Introduction

All graphs considered here are finite and
simple. For a graph G, let V(G) . E(G) be the

vertex set, edge set of G, respectively. We denote
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by P(G,2) the chromatic polynomial of G. Two
graphs G and H are said to be chromatically
equivalent, denoted by G~ H if P(G,A )=P(H,
A). A graph G is said to be chromatically unique or
y-unique if G2H for any graph H such that H~
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G. The complete tripartite graph can be denoted
by K(n-+a,,n+aysn+as) having partite sets
V., with |V, |=n—+a; fori=1,2,3.

Ref. [ 1] gave the conjecture that the K (n—F,
n,n) is chromatically unique if n==k +22>4, Refs.
[ 2-4 ] showed that the Km—k.,n—i,n) is
chromatically unique if 7=k +22>4 and : =0, 1.
Ref. [ 5] showed that the Kn—Fk.,n—v,n) is
chromatically unique if #=>v+22>4 and n=v* (b +
v/3)/4, and that the Km—k,n—2,n) is
chromatically unique if n =% + 2 =>4, Ref. [ 6]
showed that the K (n—k ,n—wv,n) is chromatically
unique if 4=v=>2,k=v and n=k*/4+v+1. Rel.
[ 7] showed that K(n—Fk,n—
unique ,if # —v=2,v=>1 and n—v=max{[ (k —
v)*/4+k],[ (k—v)?/4+3(k—0v)/2+20—11/4],
[ k—w)ot+rk—20+1]}.

Here we show that the complete tripartite

v,n) is chromatically

graph K (n —k,n—3.,n ) is chromatically unique
forn =k +225.

For a positive integer i, a partition {U,,U,,
«,U;} of V(G) is called a i-independent partition
in G if each U, is a nonempty independent set of G.
By m (G ,7) we denote the number of i-independent
partition in G.

Let Ay, Ay, A; be the edge subsets of
Km+taysn+as,sn+as) with A;S{xy| Vz €&
Voo Vy€Vih, AbySiay| V2 €V, . Vy€EV,} and
A, Sy | VY€V, VyEV, ). Let A=A, UA, U
Ay, ‘Al ‘ =l ‘Az | =1, |A3 | =1;. BY K(n+a1 s
n+ta;,n+tas) —A we denote the graph obtained
by deleting all edges in A from the complete
tripartite graph K (n +a,.n +a,»n +as). By
A(G) we denote the number of triangles C; in G.
By a (G) we denote the number of cycles C; of
without chords in G. By T (e, r) we denote the
tree T'; containing the edges e and » in G. By A(e,
r»w) we denote the triangle C; containing the
edges e, and w in G. Let

e=[{TC.r)| e€CA . rEA} |+ {T(e.r)|

e€A rEANFHT e e €A, r €A
o1={AC.rvw)| e @A rEA, . wE€AL} ],
po=[{ACe,rw)| e€A r €A, €A},

o;=[{ACerw)| e€A L rEA ALY,
y={ACe,rsw)| e€ Alr EA,,wEAL}].
Clearly o=¢+ ¢, + @3 +37.

1 Some lemmas

Lemma 1.1 Let K(i+a,,n+a,,n+as)
—A~Km—Fksn—v.n)s n>k=v=0. Then

D a,ta,tas=—(+v),

@ |Al=a,a,taastaras—vk=(k*+0v>—
ai—aj—a3)/2,

@AK(n+ta,n+tay,n+tay) —A)=
AKn—k,n—v,n)) ,

@D a(Kn+ta.n+tay,n+tay) —A)=
a(Knta;ntazntas)) .

Lemma 1.2 Let K(n+ta,sn+ta,sn+ay)
—A~Kn—ksn—v:n), 0v<tk, a,<<a,<a;.
Then —v<<a;<0.

Lemma 1.3 lLeta;+arta;=—(k+v),
|Al=aia,+a1a;+asa;—vk and

A=AK (n+a,sntassnta;)—A)—

AKn—Fksn—v,n)).
Then

Z:alazag—alll —axl, —asl; +o—.

Lemma 1.4 Let K(n+ta,,nta,n+as)
—A~KWn—k,n—v,n), ay,<<a,<<as, n=k+
22v+2, a=a(Kn+ta,,ntarsntay) —A)—
a(K(n—Fk,n—wv,n)). Then

O a<— Ul + 11+ 1,0 /24 (o —7) /4 —
(nta,ta;—a) e /2—n+a+ta;—a)e,/2—
(nta,+a,—a;)g;/2+(@—y+ 1) (p—7)/2—
(o1t +e))y—Q@r+Dvy/2,

Q@ a<— (o= /A—ntastas—a)e /2—
(nta,+ta;—a) g, /2—(n+a,+a,—az)e;/2+
(o—7+Do—7)/2— (g1t +¢)y—By+1) -
y/2—(n+a; —1)(n+a,— (U +1))1/2—
(ntas—1Dta, —U;+1))1,/2,

Q@ a<—(p—Y)/A—ntar,ta;—a)e /2—
(nta,+ta;—a))e,/2—(n+a +ta,—as)e;/2+
(p—r+Dp—7)/2— (g1 +¢, +o)y—@By+1) »
Y/2—mtas;— 1D nta,— U+ /2,

Da<—(p—Y)/d—n+a,tas—a ), /2—
(nta,t+as;—a)@,/2—n+a,ta,—az)e;/2+
(o—7+Dp—7)/2— (g1t +@)y— 3y +1) »
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v/ 2—mta;—Dnta,—U,+1)),/2.

Lemma 1.5 Let K(n+tai.n+tassntas)
—As~ KWm+tbi.ntby,ntbs), as€{by,bysbs)
and min{n+b6,.n+b,sn+b;}=2. Then

Kn+a sn+assn+ay) —A; L

Kn+bysn+byen+by) . | Ay |[=0.

Lemma 1. 6" Let G~ H. Then m(G,i)=

m(H i) for i=1,2,+,|V(G) |,

2 Main result

Theorem 2. 1
K(n—Fk.n—3,n) is chromatically unique if n=
k4225,

Proof Let K(n+ai»n+az.n+tas;)—A~
Kn—Fksn—3,n) and a; <<a,<<a;. By Lemmas
1.1 and 1. 2, we have

a;+a; tas=—C(+3),
| A |=a,a, +aas +asas — 3k,
A=0,a=0, —3<a, <0,
By Lemma 1. 3,

The complete tripartite graph

A=ajaza; —aily —azl; —asl; +o—7=
as(k+as)(3+as) —(a;, —as)l, —
(ar, —as)l, +¢ —7v=0.

Since [,l,=@;+7, l1l;=¢,+7 and [,1;=
@117, we have that 1,1, +1,0l5+1.1;=¢.

Now we consider the following three cases.

Casel —3<a;<<0.

Suppose [, +1;=0, we have ¢ —y=0. Hence
arasas —aszl, =0, l, =ajas = | Al =aa;—
(k+a,)(3+a,) and (k+a,)(3+a,)=0.

Hence a; =—3 or a;=—*k. From Lemma 1.5,
we have |A|=0, Kn+a;sn+as,n+ta;)—AL
Kn—Fksn—3,n). Hence {a1sazssa;}={—F,
—3,0}, a contradicting a;<<0. Such /, +/570.

Similarly, we have that /, +/,70 and [,+
1s70. Hence 1/, +11l5+1,l;50. Since a;=—1
or a;=—2, we have

as;(k+az)(3+az;)=—2k+as),

A=—2(k+ay) —(ay —ay)l, —
(a, —as)l, +¢ —7v=0.
Suppose ¢ —y=0 ,From @O of Lemma 1. 4,

we have <0, contradicting a=0.

For ¢ —7>0, we consider the following three
subcases.

Subcase 1. 1 [, = 2.
following three subcases.

Subcase 1.1.1 [/,=2. Since a; Ta,—2a;=
a1 ta;+as;—3a;=—(+3)—3a;, we have

A=—2(k +a3) —2(a, +a, —2a3) —
(ay—as) Uy —2) —
(ay —az)U; —2)+¢—7=0,
6+4da; =C(a, —a;) Uy —2)+
(a; —az)U, —2)—(p—7) < 0.
Hence a; =—2 and ¢ —7<<2. Since ¢ —7=

We consider the

27, we get y<<1. Hence
n+a ta—a;—(e—7v+1 =
(kb +2—(k+3)—2a;) —3=0.

Since |A|= (k243> —a > —a,?—a;?) /224,
we have a,<<a;=——2.

Suppose [; ==3. Since ¢ —7 = ¢, + ¢, T3+
2y<<—6—4a;+(a,—as)<<1, we have y=0. By
D of Lemma 1. 4,we have

a<—+ta +ar,—a) (@ + @, +¢3)/2+
(p—7+Dp—7)/2<
—(p+De/2+(p+1¢/2=0,
contradicting a =0.

Suppose [, =2. Since n +as; — 1=k +2—3=

2=2y,
nta,— U, +1=
n+(a, +ay, +az) —(a, +a3) —3=
n—(k+3)+5—-3=>21,
by @ of Lemma 1. 4, we have
a<<—+a +ta,—a)(p +¢+¢3)/2+
(o—r+D@—7)/2— (o1 + ¢, + )7 —
By+Dy/2—m+a;—D+a, —

L +I00L/2<—(@—7+D(p1 + 92 +¢3)/2+
(o—7y+D(@p—7)/2— (o1 + @2 +93)y —
By+Dy/2—ry<(o—r+Dy—(p—377—
Gr+Dy/2—y=2r—Gr+1Dy/2<0,

contradicting a =0.

Subcase 1.1.2 [,=1. Since
A=—((—3—a) —(a,—a),—1) —
(a, —a)U;,— 1D +¢—7=0,

we have o —y<<(a;—a;) +(k—3—a;),
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n+a —2)—(o—v)=nt+a —2—
(k—3—a;)—(a; —az) =3+ 2a;,
n+a;—D—(e—r+D =
n+a;—2—(p—7) =3+ 2a;.

Suppose a; = — 1. We have (n +a, —2)—
(p—7)>0,(nta;—1)—(p—y+1)>0. From @
of Lemma 1.4, we have

a<—+a;—Dn+a — U, +1)1/2+
(p—7+Dp—7)/2<
—(p—7+Dn+a, —2)/2+
(p—7+D(p—7)/2<0,
contradicting a =0.
Suppose a;=—2. We have
n+ta ta;,—as=n-+a +a, +a; —2a;=
n—(k+3)+4=h—k)+1=3,
n+a —2—(—y)=>—1,
n+a;—D—(e—ry+1D =>—1.

From @ of Lemma 1. 4, we get
a<—n+ta,tas—a)de/2—
(n+a)+as;—a)e,/2—
(n+a+a,—as)es/2+
(p—7v+D@—7)/2—Qr+Dv/2—
ntas—1Dn+a, —2)/2<
—3(p1 + @2 +@3)/2— @By +Dy/2+
(p—7+D@—7)/2—(e—y—D(p—7)/2<
—3(p1 + @2 +@3)/2 =2y + (¢ —7) <0,
contradicting a =0.

Subcase 1. 1. 3
SinceZ:*Z(/eﬁ—ag)*(al*ag)llﬁ—(go*}’):oy

we have

l,=0. Such ¢=¢, and y=0.

(n —|—a1 +a:% *az) — (902 +D >

n+a,+a;—ay) —2(k+ay) —2(a, —a;) —1=

n+ta;—a —ay) —2k—1=>
(b +2)+2a3+(k+3)—2k—1=4+2a; =0.
From @O of Lemma 1. 4, we have a <<O0,
contradicting @ =0.
Subcase 1. 2
three subcases.
Subcase 1.2.1 [,=>2. Since
A=—k—3—a) —(a;—as) (U, —1) —
(ar —ay),— 1D +¢—7=0,

[, =1. we consider the following

we have

n+a,—2)—(p—r) =

n+a,—2— (G —3—a;) —(a, —a;) =
F+2+2a;+1—kFk=3+2a,,
n+ta;—D—(p—r+D=
n+as—2)—(p—7) =3+ 2a;.
Suppose a;=—1. We have
n+a,—2)—(p—7) >0,
n+a;—1 —(@—7y+1D >0.
By @ of Lemma 1. 4, we have
a<(p—y+D(p—7)/2—
(nta;—1)(nta,—2)/2<0,
contradicting a =0.

Suppose a;=—2. We have
n+a,—2)—(p—7) >—1,
n+a;—D—(—r+1D>—1,
n+a +a; —az; =3.

From @ of Lemma 1. 4, we have
a<—n+ta;tas;—a)e —

(n+a +tas—a)p;—+a +a, —as)es +
(p—7v+D@—7)/2—Qr+Dv/2—
n+ay;—D+a,— U +1)1,/2<

—3(p1 T+ /2 +(@—7+D(@—7)/2—
Br+Dy/2—(e—(e—7—D/2<

—3(p1 + s+ /24+(p—y) —2y <0,
contradicting a=0.
Subcase 1.2.2 [, =1. Since A=—(k—3—
a3)To—y=0, we have
[71 ‘5—612*([1—‘—1)][1—‘—
(nta — U +D]l, —(p—7)=
2n+a,ta,—4—(p—7y) =
2tk +2)—a;—(k+3)—(k—3—a;) —4=0,
m—ta;—1 —(p—7)=
n+a;—1 —(k—3—ay) =
n—k+2+2a; =442a; =0.
Since n+a;+a,—as=n—(k+3)—2a;>1,
by @ of Lemma 1. 4,we have

a<<—n+a tar—a) (o +@+@3)/2+
(p—7v+D@—y)/2—Qr+Dv/2—
m+ta;,—D[n+a,— U +D]L,/2—
(n+as—Dn+a, —U;+1D]1,/2<

—(p1tor+o)/2+(@—7+D(@p—7)/2—

By+Dy/2—(p—7(p—7)/2<
—(p—37)/2+(@—7)/2—Q@r+Dy/2=
y—Q@r+Dy/2=—Qr—1Dy/2<0,

contradicting @ =0.
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Subcase 1. 2.3 [, =0. Such y =0, ¢=0¢,.
Since m (K (nta,,n+az»n+tas) —A,3)=
m(Kn—*k,n—3,n),3) =1, we have that the
bipartite subgraph K (n +a,,»n +a,) — A; is
connected. Hence ¢, <n+a;—1,

n+a; +as;—a)— (g, +1) =
(n +a1+a3—a2)—
n+a,—1)—1=a; —a, =0.
By @ of Lemma 1. 4, we have
a<—+ta +as—a)p,/2+
(§02+1)§Dz/2<07
contradicting a =0.
Subcase 1.3 [, =0. Such ¢—7=¢;, ¥=0.

We consider the following two subcases.

Subcase 1.3.1 [,=>2. Since A=—2(k+a;)—
(a;—a3)l,+9o—ry=0, we have
n+a+a;—a)— (g +1) =

n+a;+tas—a,)—
20k +as) —2(ay, —as) — 1=
n+ta;—a,—a, —2k—1=
n+k+3)+2a;—2k—1 =
(F+2)+(+3)+2a; —2k —1=442a; = 0.
By @ of Lemma 1. 4, we have
a<—+ta;+a;+taDe /2— (g +1)g, /20,
contradicting a =0.
Subcase 1. 3. 2
subgraph K (n+a,,n+a,) —A; is connected, we

l, = 1. Since that bipartite

have ¢, <n+a,—1. Hence
n+a;+a;—a)— (o +1)=
n+a,+ta;—a)—
n+a,—1) —1=a;—a, =0.
By @ of Lemma 1. 4, we have a<<0, contradicting
a=0.

Case2 q;=—3.

Similarly 1,4, + 1,05 + 1,1; 7 0. Since A=
—(a1—az)li—(a; —az)l, ¢ —7v=0, we have
¢—r=0. By @ of Lemma 1. 4, we have a<<0,
contradicting a =0.

Case3 a;=0.

By Lemma 1. 1, we have |A|=a,a,—3k=>0.
Hence aja; 7 0. Since —a,l, =0, —asl, =0,
—aili—azl,+¢—7y=0, we have [y =1[,=0. By
Lemma 1.5, we have

Kn+a ,n+arsn+a;) —AXL

K —Fk.,n—3,n).
Hence the complete tripartite graph K (n—*k,
n—3,n) is chromatically unique for n=k +22>5.
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