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摘要:Balaban指数与sum-Balaban指数被广泛地应用于定量结构性质和定量活性性质的研究.确定了仙人

掌图Balaban指数与sum-Balaban指数的上界,并刻画了所有取得上界的极图.
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0 Introduction
Molecular topology can be expressed

numericallyintermofmoleculardescriptors,and

amongthesedescriptorstopologicalindicesoccupy
aspecialplacebecausetheyaremorecomplexthan
countsofatoms,groupsorbonds,butless
complicatedthanquantum-chemicalparameters.



Consequently,theycanbecomputedinavery
shorttimefromvarioustypesofinputdataon
atomconnectivities,andbeusedforquantitative
structure-property relationship (QSPR) and
quantitative structure activity relationship
(QSAR).
BalabanindexwasproposedbyBalaban[1,2]

whichisalsocalledtheaveragedistance-sum
connectivityorJindex.TheBalabanindexofa
simpleconnectedgraphGisdefinedas

J(G)=
m

μ+1∑uv∈E(G)

1
DG(u)DG(v)

.

Balabanetal.[3]alsoproposedthesum-Balaban
indexSJ(G)ofaconnectedgraphG,whichis
definedas

SJ(G)=
m

μ+1∑uv∈E(G)

1
DG(u)+DG(v)

,

wherethedistancebetweenverticesuandvinGis

denotedbydG(u,v)andDG(u)= ∑
v∈V(G)

dG(u,v)

(orD(u)forshort)isthedistancesumofvertexu
inG.μ=|E(G)|-|V(G)|+1=m-n+1isthe
cyclomaticnumber.

In2002,Balaban[4]comparedtheorderingof
constitutionalisomersofalkaneswith6~9carbon
atoms.Itwasshownthattheorderinginducedby
Balabanindexparallelstheorderinginducedby
Wienerindex,butreducesthedegeneracyofthe
latter index and provides a much higher
discriminatingability.

ThebehaviorofBalabanindex mimicsthe
behaviorofthemeltingtemperaturesandglass
transitiontemperaturesforlinearmacromolecules,
which possess an asymptoticlimitforthese
physicalproperties.The asymptotic value of
Balabanindexforaninfinitepathisthenumber
π=3.14159in Ref.[3]andtheasymptotic
propertiesforFibonaccitreesareanalyzedinRef.
[5].
For chemical applications, it may be

interesting to identify the graphs with the
maximumandminimumtopologicalindicesina
givenclassofgraphs.Deng[6]provedthatamong

alltreeswithnvertices,thestarSnandthepath
Pn havethemaximalandtheminimalBalaban
index,respectively.Fangetal.[7]gavetheupper
boundsofBalabanindexandsum-Balabanindex
forbicyclicgraphs,andcharacterizedthebicyclic
graphswhichattainthesharpupperbounds.You
andDong[8]gavetheunicyclicgraphswiththe
maximumBalabanindexandthemaximumsum-
Balabanindexamongallunicyclicgraphsonn
vertices.MoremathematicalpropertiesofBalaban
indexcan befoundin Refs.[9-12]. More
mathematicalpropertiesofsum-Balabanindexcan
befoundinRefs.[10-11,13-14].

LetGbeasimpleandconnectedgraphwith
|V(G)|=nand|E(G)|=m .Asusual,let
NG(u)betheneighborvertexsetofvertexu.
ThendG(u)=|NG(u)|iscalledthedegreeofu.
LetGbeagraphandØ ≠U ⊆V(G).The

subgraphofG whosevertexsetisUandwhose
edgesetisthesetofedgesofGthathavebothends
inUiscalledthesubgraphofGinducedbyUandis
denotedbyG[U].WesaythatG[U]isaninduced
subgraph of G. The induced subgraph
G[V(G)\U]isdenotedbyG-U.IfU={v},we
writeG -vforG - {v}.Foranyvertexv ∈
V(G),wedefineDG(v,U)=∑

u∈U
dG(v,u).

AblockofagraphGisamaximal2-connected
subgraphofG.Acactusgraphisaconnected
graphinwhichnoedgeliesinmorethanonecycle,
suchthateachblockofacactusgraphiseitheran
edgeoracycle.Avertexsharedbytwoormore
cyclesiscalledacut-vertex.WedenoteCl

ntheset
ofallcactusgraphsofordernandlcycles.
Obviously,C0

n aretreesandC1
n areunicyclic

graphs.Refs.[6,8]obtainedtheupperboundson
theBalabanindex(sum-Balabanindex)oftrees
andunicyclicgraphs,respectively.Inthispaper,
weletl≥2andthenn≥2l+1.
IfallblocksofacactusGarecyclesofthe

samelengthm ,thecactusism-uniform.A
hexagonalcactusisa6-uniformcactussuchthat
everyblockofthegraphisahexagon.Ifeach
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hexagonofahexagonalcactusGhasatmosttwo
cut-verticesand each cut-vertexisshared by
exactlytwohexagons,wesaythatGisachain
hexagonalcactus(seeFig.1).Moreinformation
oncacticanbefoundinRefs.[15-20].

Fig.1 Achainhexagonalcactus

Inthispaper,weobtaintheupperboundsof
Balabanindexandsum-Balabanindexamongcacti,
andcharacterizethecactiwhichattainthebounds.
InSection1,weintroducesomeusefullemmasand
someusefulgraphtransformations,andstudythe
changesofBalabanindexandsum-Balabanindexof
acactusgraphafterthesetransformations.In
Section2,wewillgivesharpupperboundson
Balabanindexandsum-Balabanindexofcacti.

1 Someusefulgraphtransformations
Inthissection,wewillintroducesomeuseful

lemmasandsomeusefulgraphtransformations.
Lemma1.1[9] Letx,y,a ∈ RR+suchthat

x≥y+a.Then 1
xy
≥

1
(x-a)(y+a)

,and

theequalityholdsifandonlyifx=y+a.
Lemma1.2[8] Letx1,x2,y1,y2 ∈RR+such

thatx1>y1andx2-x1=y2-y1 >0.Then
1
x1

+
1
y2
<
1
x2

+
1
y1

.

1.1 Edge-liftingtransformation
LetG1andG2betwographswithn1≥2and

n2 ≥2vertices,respectively.IfGisthegraph
obtainedfromG1andG2byaddinganedgebetween
avertexu0ofG1andavertexv0ofG2,G'isthe
graphobtainedbyidentifyingu0ofG1tov0ofG2

andaddingapendentedgetov0,thenG'iscalled
theedge-liftingtransformationofG(seeFig.2).

Lemma1.3[6,14] LetG'betheedge-lifting
transformationofG.ThenJ(G)<J(G'),and
SJ(G)<SJ(G').

Fig.2 Theedge-liftingtransformation

ByLemma1.3,wecanverifythatifC∈Cl
n

attainsthe maximum Balabanindexandsum-
BalabanindexofallgraphsinCl

n ,thenCisa
cactusgraphasshowninFig.3andthefollowing
fiveconditionshold.

Fig.3 ThecactusgraphC

(i)3≤r≤n-2l+2;
(ii)eachcycleofcactusgraphChasatleast

onecut-vertex;
(iii)Giisacactusgraph,orpendentedges,or

avertex,where1≤i≤r;
(iv)Gi∩Gj=Øforany1≤i<j≤r;
(v)therearel-1cyclesinG1∪G2∪G3∪…

∪Gr.
Fig.4showsanexampleofhowtoobtainCby

repeating edge-lifting transformations from a
cactusgraphG,whereV(G1)={v1,v5,v6,v7};
E(G1)={v1v5,v1v6,v1v7,v6v7};V(G2)={v2,
v8};E(G2)={v2v8};V(G3)={v3,v9,v10};
E(G3) = {v3v9,v3v10}; V(G4) = {v4};
E(G4)=Ø .

Remark1.1 Inordertodeterminethecacti
whichattainthe maximum Balabanindexand
maximumsum-BalabanindexofallgraphsinCl

n ,
wejustneedtodiscussthecactusgraphC∈Cl

nas
showninFig.3.
1.2 Cycle-edgetransformation

LetC ∈Cl
nbeacactusgraphasshownin
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Fig.4 Anexample

Fig.3,whereCr=v1v2…vristhebiggestcycleof
C,and|V(Gi)|=ti+1.Denotethevertexset
Wvi =NC(vi)∩V(Gi)and|Wvi|=kifor1≤i≤
r.Obviously,ti≥kifor1≤i≤r.

(i)Ifrisevenandr≥4,thenC'isthegraph
obtainedfromCbydeletingtheedgev2v3andthe
edgesfromv2toWv2

,meanwhile,addingtheedges
v1v3andfromv1toWv2.

(ii)Ifrisoddandr≥5,thenC'isthegraph

obtainedfromCbydeletingtheedgesv2v3,v3v4,
fromv2toWv2andv3toWv3

,meanwhile,adding
theedgesv1v4,v1v3,fromv1toWv2andv1toWv3.

ThenC'∈Cl
n .WesaythatC'isthecycle-

edgetransformationofC(seeFig.5).
Lemma1.4 LetC ∈Cl

nbeacactusgraphas
showninFig.3withr≥4,andC'bethecycle-
edgetransformationofC (seeFig.5).Then
J(C)<J(C').

Fig.5 Thecycle-edgetransformation
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  ProofCase1 risevenandr≥4.
We first consider the vertex vx ∈

V(C)\{v2}.Itiseasytoseethat

DC(vx)=∑
r

i=1
DC(vx,Gi)+DC(vx,Cr),

DC'(vx)=∑
r

i=1
DC'(vx,Gi)+DC'(vx,Cr).

  Fromtheoperationofcycle-edgetransformation,
notingthatC - {V(G2)}≅C'- {V(G2)}and
DC(vx,Cr) ≥ DC'(vx,Cr), DC(vx,G2) ≥
DC'(vx,G2),wherevx ∈V(C)\{v2}.Thenwe
haveDC(vx,Gi)≥DC'(vx,Gi),where1≤i≤
r,and

DC(vx)-DC'(vx)≥0 (1)
wherevx∈V(C)\{v2}.
Itcanbecheckeddirectlythat

1
DC'(vx)DC'(vy)

≥
1

DC(vx)DC(vy)
(2)

wherevx,vy ∈V(C)\{v2}.
Inthefollowing,weconsidertheedgeson

vertexv2ofC:v1v2,v2v3andfromv2toWv2.
Forv1v2 ∈ E(C),itcan be checked

directlythat

DC'(v2)-DC(v2)=∑
r+2
2

i=2
ti+

r
2-1,

DC(v1)-DC'(v1)=∑
r+2
2

i=2
ti+

r
2-1.

Then
DC'(v2)-DC(v2)=DC(v1)-DC'(v1)=

∑
r+2
2

i=2
ti+

r
2-1 (3)

  SincedC'(v2,v1)=1,wehave
DC'(v2)-DC'(v1)=n-2>

∑
r+2
2

i=2
ti+

r
2-1=DC'(v2)-DC(v2) (4)

Letx=DC'(v2),y=DC'(v1),a=∑
r+2
2

i=2
ti+

r
2-1.

Thenx-y=n-2>a.ByLemma1.1,wehave
1

DC'(v2)DC'(v1)
>      

1
(DC'(v2)-a)(DC'(v1)+a)

=

1
DC(v2)DC(v1)

(5)

  Forv2v3∈E(C),by(1)and(4),wehave
DC'(v3)≤DC(v3),DC'(v1)<DC(v2).Then

1
DC'(v1)DC'(v3)

>
1

DC(v2)DC(v3)
(6)

  Fortheedgesfromv2toWv2
,by(1)and(4),

wehaveDC(v2)> DC'(v1),andDC(w)≥
DC'(w)foranyw ∈Wv2.Then

1
DC'(v1)DC'(w)

>
1

DC(v2)DC(w)
(7)

foranyw∈Wv2.
By(2)and (5)~(7),itcanbechecked

directlythat
1

DC'(vx)DC'(vy)
>

1
DC(vx)DC(vy)

.

  FromthedefinitionofBalabanindex,ifpis
even,wehaveJ(C')>J(C).

Case2 risoddandr≥5.
Wefirstconsiderthevertexvx ∈V(C)\{v2,

v3}. From the operation of cycle-edge
transformation, noting that DC(vx,Cr) ≥
DC'(vx,Cr)andDC(vx,Gi)≥DC'(vx,Gi)for1≤
i≤r.Thenforanyvertexvx∈V(C)\{v2,v3},
wehave

DC(vx)≥DC'(vx) (8)
Then

1
DC'(vx)DC'(vy)

≥
1

DC(vx)DC(vy)
(9)

wherevx,vy ∈V(C)\{v2,v3}.
Wenowconsidertheedgesonverticesv2,v3

ofC:v1v2,v2v3,v3v4,fromv2toWv2andv3to
Wv3.

Forv1v2 ∈ E(C),itcan be checked
directlythat

DC'(v2)-DC(v2)=t2+1 (10)
DC(v1)-DC'(v1)≥t2+r-3>

t2+1=DC'(v2)-DC(v2) (11)
  SincedC'(v2,v1)=1,wehave

DC'(v2)-DC'(v1)=n-2>
t2+1=DC'(v2)-DC(v2) (12)

  Letx=DC'(v2),y=DC'(v1),anda=t2+1.
Thenx-y=n-2>a.ByLemma1.1,wehave
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1
DC'(v2)DC'(v1)

≥       

1
(DC'(v2)-a)(DC'(v1)+a)

>

1
DC(v2)DC(v1)

(13)

  Forv2v3 ∈ E(C),itcan bechecked
directlythat

DC(v3)-DC'(v1)≥r-3+t2>t2+1,
DC'(v3)=DC'(v2).

  By(10)and(12),wehaveDC'(v3)-DC(v2)
=DC'(v2)-DC(v2)=t2 +1andDC(v2)>
DC'(v1).ThenDC'(v3)> DC(v2)> DC'(v1).
Letx=DC'(v3),y=DC'(v1),a=t2+1.Then
x>y+a.ByLemma1.1,wehave

1
DC'(v3)DC'(v1)

>      

1
(DC'(v3)-a)(DC'(v1)+a)

>

1
DC(v2)DC(v3)

(14)

  Forv3v4∈E(C),itcanbecheckeddirectly
that DC(v4) ≥ DC'(v4), and DC(v3) >
DC'(v1).Then

1
DC'(v1)DC'(v4)

>
1

DC(v3)DC(v4)
(15)

  Fortheedgesfromv2toWv2andtheedges
fromv3toWv3

,by(8)and(12),wehaveDC(v2)
>DC'(v1),andDC(w)≥DC'(w)foranyw ∈
Wv2.Then

1
DC'(v1)DC'(w)

>
1

DC(v2)DC(w)
(16)

forw ∈Wv2.
SinceDC(v3)> DC'(v1)andDC(w)≥

DC'(w)foranyw ∈Wv3
,wehave

1
DC'(v1)DC'(w)

>
1

DC(v3)DC(w)
(17)

forw ∈Wv3.
By(9)and(13)~(17),itcanbechecked

directlythat
1

DC'(vx)DC'(vy)
>

1
DC(vx)DC(vy)

forvx,vy ∈V(C).

FromthedefinitionofBalabanindex,ifris
odd,wehaveJ(C')>J(C).

Lemma1.5 LetC ∈Cl
nbeacactusgraphas

showninFig.3withr≥4,andC'bethecycle-
edgetransformationofC(seeFig.5).ThenSJ(C)<
SJ(C').

ProofCase1 risevenandr≥4.
Fortheverticesvx,vy ∈V(C)\{v2},by

(1),wehave
1

DC'(vx)+DC'(vy)
≥

1
DC(vx)+DC(vy)

(18)
forvx,vy ∈V(C)\{v2}.

Inthefollowing,weconsidertheedgeson
vertexv2ofC:v1v2,v2v3,theedgesfromv2to
Wv2.

Forv1v2∈E(C),by(3),wehaveDC'(v1)
+DC'(v2)=DC(v1)+DC(v2).Then

1
DC'(v2)+DC'(v1)

=
1

DC(v2)+DC(v1)
(19)

  Forv2v3∈E(C),by(1)and(4),wehave
DC'(v3)<DC(v3)andDC'(v1)≤DC(v2).Then

1
DC'(v1)+DC'(v3)

>
1

DC(v2)+DC(v3)
(20)

  Fortheedgesfromv2toWv2
,by(1)and(4),

wehaveDC'(v1)≤ DC(v2),andDC'(w)≤
DC(w)foranyw ∈Wv2.Then

1
DC'(v1)+DC'(w)

≥
1

DC(v2)+DC(w)
(21)

forw ∈Wv2.
By(18)~(21)andthedefinitionofsum-

Balabanindex,wehaveSJ(C')>SJ(C).
Case2 risoddandr≥5.
Fortheverticesvx,vy ∈V(C)\{v2,v3},by

(8),wehave
1

DC'(vx)+DC'(vy)
≥

1
DC(vx)+DC(vy)

(22)
forvx,vy ∈V(C)\{v2,v3}.

Inthefollowing,weconsidertheedgeson
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verticesv2,v3ofC:v1v2,v2v3,v3v4,theedges
fromv2toWv2andv3toWv3.

Forv1v2∈E(C),by(11),wehave
1

DC'(v1)+DC'(v2)
>

1
DC(v1)+DC(v2)

(23)
  Forv2v3∈E(C),itcanbecheckeddirectly
thatDC(v3)-DC'(v1)>t2 +1=DC'(v3)-
DC(v2).Then

1
DC'(v1)+DC'(v3)

>
1

DC(v2)+DC(v3)
(24)

  Forv3v4∈E(C),sinceDC(v4)≥DC'(v4)
andDC(v3)>DC'(v1),wehave

1
DC'(v4)+DC'(v1)

>
1

DC(v4)+DC(v3)
(25)

  Fortheedgesfromv2toWv2andv3toWv3of
C,by (8)and (12),wehaveDC(v2)>
DC'(v1),DC(w) ≥ DC'(w)for any w ∈
Wv2.Then

1
DC'(v1)+DC'(w)

>
1

DC(v2)+DC(w)
(26)

forw ∈Wv2.
SinceDC(v3)> DC'(v1)andDC(w)≥

DC'(w)forw ∈Wv3
,wehave

1
DC'(v1)+DC'(w)

>
1

DC(v3)+DC(w)
(27)

forvx ∈Wv3.
By(22)~(27),wehave

1
DC'(vx)+DC'(vy)

>
1

DC(vx)+DC(vy)
forvx,vy ∈V(C).

Fromthedefinitionofsum-Balabanindex,
SJ(C')>SJ(C).

LetC∈Cl
nbeacactusgraphasshowninFig.

3.Byrepeatingcycle-edgetransformationsonC,
wewillgetacactusgraphC1 ∈Cl

nsuchthat
J(C1)>J(C)andSJ(C1)>SJ(C),wherethe
graphC1isdefinedinFig.6andthefollowingfive
conditionshold.

(i)Giisacactusgraph,orpendentedge,ora
vertex,where1≤i≤3;

(ii)therearel-1cyclesinG1∪G2∪G3;
(iii)Gi∩Gj=Øfor1≤i<j≤3;
(iv)eachcycleofcactusgraphC1hasatleast

onecut-vertex;
(v)thelengthofeverycycleofC1is3.

Fig.6 ThecactusgraphC1

Remark1.2 Inordertodeterminethecacti
whichattainthe maximum Balabanindexand
maximumsum-BalabanindexofallgraphsinCl

n ,
wejustneedtodiscussthecactusgraphC1∈Cl

nas
showninFig.6.
1.3 Cycle-liftingtransformation

LetC1 ∈Cl
nbeacactusgraphasshownin

Fig.6.DenoteWvi = NC1
(vi)∩ V(Gi)and

|Wvi|=kifor1≤i≤3.LetC'1bethegraph
obtainedbydeletingtheedgesv2vxforvx ∈Wv2

,
andaddingtheedgesv1vxforvx ∈Wv2.Then
C'1∈Cl

n .WesaythatC'1isthecycle-lifting
transformationofC1(seeFig.7).

Lemma1.6 LetC1∈Cl
nbeacactusgraphas

shownin Fig.6,and C'1 bethecycle-lifting
transformationofC1(seeFig.7).ThenJ(C1)<
J(C'1),andSJ(C1)<SJ(C'1).

Proof LetV(C1)={v1,v2,v3,…,vn}.It
canbecheckeddirectlythat

DC1
(vx)≥DC'1

(vx)forvx ∈V(C1)\{v2},
DC'1
(v2)-DC1

(v2)=DC1
(v1)-DC'1

(v1)>0,
DC'1
(v2)>max{DC1

(v1),DC1
(v2)}>DC'1

(v1).
  Forthevertexvx,vy ∈V(C1)\{v2},itis
easytoseethat

1
DC'1
(vx)DC'1

(vy)
≥

1
DC1
(vx)DC1

(vy)

(28)
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Fig.7 Thecycle-liftingtransformation

1
DC'1
(vx)+DC'1

(vy)
≥

1
DC1
(vx)+DC1

(vy)

(29)
  Forv1v2∈E(C1),lettingx=DC'1

(v2),y=
DC'1
(v1),a=DC'1

(v2)-DC1
(v2)=DC1

(v1)-
DC'1
(v1)>0,thenx>y+a,ByLemma1.1,

wehave
1

DC'1
(v1)DC'1

(v2)
>

1
DC1
(v1)DC1

(v2)

(30)
1

DC'1
(v1)+DC'1

(v2)
=

1
DC1
(v1)+DC1

(v2)

(31)
  Forv2v3,v1v3 ∈ E(C1),lettingx2 =
DC'1
(v2),x1 =DC1

(v2),y2 =DC1
(v1),y1 =

DC'1
(v1),thenx1>y1andx2-x1=y2-y1>0.

ByLemma1.2,wehave
1

DC'1
(v2)

+
1

DC'1
(v1)

>
1

DC1
(v2)

+
1

DC1
(v1)

.

Meanwhile,DC1
(v3)=DC'1

(v3),then
1

DC'1
(v2)DC'1

(v3)
+

1
DC'1
(v1)DC'1

(v3)
>

1
DC1
(v2)DC1

(v3)
+

1
DC1
(v1)DC1

(v3)
(32)

  Letx2=DC'1
(v2)+DC'1

(v3),x1=DC1
(v2)+

DC1
(v3),y2=DC1

(v1)+DC1
(v3),y1=DC'1

(v1)
+DC'1

(v3).Thenx1>y1andx2-x1=y2-y1>
0.ByLemma1.2,wehave

1
DC'1
(v2)+DC'1

(v3)
+

1
DC'1
(v1)+DC'1

(v3)
>

1
DC1
(v2)+DC1

(v3)
+

1
DC1
(v1)+DC1

(v3)

(33)
  Foreachedgev2vx ∈ E(G2),wehave

DC1
(v2)>DC'1

(v1),andDC1
(vx)≥DC'1

(vx),
wherevx ∈V(G)\{v2},then

1
DC'1
(v1)DC'1

(vx)
>

1
DC1
(v2)DC1

(vx)

(34)
1

DC'1
(v1)+DC'1

(vx)
>

1
DC1
(v2)+DC1

(vx)

(35)
  By(28),(30),(32),(34),andthedefinition
ofBalabanindex,wehaveJ(C'1)>J(C1).

By(29),(31),(33),(35),andthedefinition
ofsum-Balabanindex,wehave

SJ(C'1)>SJ(C1).
ByLemma1.6 wewillgetC2∈Cl

nfromC1

byrepeatingcycle-liftingtransformationssuchthat
J(C2)>J(C1)andSJ(C2)>SJ(C1),where
C2isdefinedinFig.8.

Fig.8 ThecactusgraphC2

Remark1.3 Inordertodeterminethecacti
whichattainthe maximum Balabanindexand
maximumsum-BalabanindexofallgraphsinCl

n ,
wejustneedtodiscussthecactusgraphC2∈Cl

nas
showninFig.8.
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FromthediscussionsofSection1,forany

cactusgraphC∈Cl
n ,wefinallygetthegraphC2

fromCbyedge-liftingtransformation,cycle-edge
transformation,cycle-liftingtransformationorany
combinationofthese,wheregraphsC2 ∈Cl

nare
definedinFig.8.ByLemmas1.4~1.6,wehave

J(C)≤J(C2),SJ(C)≤SJ(C2).
  Thatistosay,C2attainsthe maximum
Balabanindexandmaximumsum-Balabanindexof
allgraphsinCl

n .
Theorem2.1 LetC2bedefinedinFig.8.

ThenC2istheuniquecactusgraphinCl
n which

attainsthe maximum Balabanindexandsum-
BalabanindexofallgraphsinCl

n ,and
maxJ(Cl

n)=J(C2)=           
n+l-1
l+1  

2l
2n2-6n+4

+
n-2l-1
2n2-5n+3

+
l
2n-4 ,

maxSJ(Cl
n)=SJ(C2)=          

n+l-1
l+1  

2l
3n-5

+
n-2l-1
3n-4

+
l

2n-2 .
  Proof Fromtheabovediscussions,wehave
thatC2istheuniquegraphofordernandlcycles
whichattainsthe maximum Balabanindexand
sum-BalabanindexofallgraphsinCl

n .Wenow
calculatethevaluesJ(C2)andSJ(C2).

Itcanbecheckeddirectlythat
D(v1)=n-1;

D(vi)=2n-4,where2≤i≤2l+1;
D(vj)=2n-3,where2l+2≤j≤n.

Thus

J(C2)=
n+l-1
l+1  ∑

n

i=2

1
D(v1)D(vi)

+

l
D(v2)D(v3) =

n+l-1
l+1  

2l
2n2-6n+4

+

n-2l-1
2n2-5n+3

+
l

2n-4 ,
and

SJ(C2)=
n+l-1
l+1  ∑

n

i=2

1
D(v1)+D(vi)

+

l
D(v2)+D(v3) =

n+l-1
l+1  

2l
3n-5

+

n-2l-1
3n-4

+
l

2 n-2 .
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