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摘要:考虑了带有时间独立系数的二维抛物方程的逆时问题.此问题具有严重的不适定性,即解(若存在)不连

续依赖于给定的数据.利用正则化方法,得到了解的最优稳定估计.数值算例展示了该正则化方法的有效性.
关键词:逆时问题;不适定问题;正则化;误差估计

0 Introduction
We discuss the backward problem of

nonhomogeneous two-dimensional parabolic
equationwithatime-dependentcoefficient:

ut(x,y,t)-a(t)Δu=f(x,y,t),
(x,y,t)∈Br0×(0,T]  (1)

u|Br0
=0,t∈[0,T] (2)

u(x,y,T)=g(x,y),(x,y)∈Br0
(3)

wherea(t),f(x,y,t)andg(x,y)aregiven
continuousfunctions.Br0isthecircledomainof
radiusr0centeredattheorigin.Weassumethat
thereareconstantsp,qsuchthat

0<p≤a(t)≤q (4)
  Whenweknowtheinformationu(x,y,t)at
t=T,weneedtoobtaintheinformationofu(x,



y,t)att=0.Thisproblemiscalledbackwardheat
conductionproblem(BHCP).Sincethesolution(if
itexists)toBHCPdoesnotdependcontinuously
onthegivendata[1],asmallperturbationonthe
datacangreatlyaffecttheexactsolution.Hence,
itisimpossibletosolvetheBHCPusingclassical
methods.Themethodofquasi-reversibility(QR)

proposedinRef.[2]wasdesignedtosolveill-
posedproblems.However,sincetheorderofthe
operatorisreplacedbyanoperatorofsecondorder
withasmallparameter,itisverydifficultto
perform the numerical implementation. The
methodoflogarithmicconvexity[3]isalsoeffective
togettheconditionalstabilityestimatewhen0<
t≤Tratherthant=0.Furthermore,itusually
requiresa'(t)≤0.Someresearchershavestudied
this problem using the boundary element
method[4-6].A group preserving scheme was
introduced in Ref.[7]. Some regularization
methods[8-12]wereintroducedtosolvetheBHCP.
These methods weredemonstratedtobevery
effective,whereasmostofthem wereappliedto
thelinearhomogeneouscaseorconstantcoefficient
andone-dimensionalproblems.Ref.[12]gavea
modified methodforregularizingthebackward
problem ofone-dimensionalparabolicequation
withthetime-dependentcoefficientandobtained
the error estimates between the regularized
solutionandtheexactsolutionasfollows

‖u(·,t)-u(g)(·,t)‖≤
t+γ
T+γ +A2

pγ
q2(T+γ)

(5)
whereγ ∈ (0,qT).Wecaneasilyseethatthe
above estimate tends to zero slowly in a

neighborhoodofzerowhen
p
q2
isverysmall.

In this paper, we consider the two-
dimensionalequation with the time-dependent
coefficient(1)~(3).Toourbestknowledge,few

papershavebeenpublishedrelatedtothetime-
dependent coefficient and two-dimensional
equation,andevenfewerintheareaiscircular
domain.Wegeneralizetheregularizationmethod
andobtainabetterconvergencestabilitythanRef.
[12]withsimilarassumptions.

1 Expressionofsolution
Inordertogettheexpressionofthesolution,

weletx =rcosθ,y =rsinθ,thenBr0 is
transformed into [0,r0] × [0,2π). For
convenience,thefunctionsu,f,gwhichhavebeen
transformedarestillrepresentedbyu,f,g.Then
Eqs.(1)~(3)become

ut-a(t)1r

rru

r  +1r2
2u

θ2



 


 =

f(r,θ,t),0<r<r0 (6)
u|r=r0=0 (7)

u|t=T =g(r,θ) (8)
  Assumingu=T(t)R(r)Θ(θ),andusingthe
methodofseparationofvariables,weobtain

Θ″+μΘ=0,
Θ(θ+2π)=Θ(θ), 

1
r
(rR')'+(λ-μ

r2
)R=0,0<r<r0,

|R(0)|<+∞,R(r0)=0, 
andordinarydifferentialequation

T'+λa(t)T=0.
  Bysolvingtheaboveeigenvalueproblem,we
cangetthesolutionofthehomogeneousequation:

v(r,θ,t)=∑
∞

m=0
∑
∞

n=1 exp(ω2mn(A(T)-A(t)))·

(Amncosmθ+Bmnsinmθ)Jm(ωmnr) (9)

whereωmnisthenthpositiverootofBesselfunction

Jm(ωr0)andA(t)=∫
t

0
a(s)ds.Usingtheimpulse

principle,wecangetthesolutionofEqs.(6)~
(8).

u(r,θ,t)=∑
∞

m=0
∑
∞

n=1 exp(ω2mn(A(T)-A(t)))(Amncosmθ+Bmnsinmθ)Jm(ωmnr)-

∫
T

t
exp(ω2mn(A(s)-A(t)))Cmn(s)cosmθ+Dmn(s)sinmθ  Jm(ωmnr)ds (10)
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where

Amn=
δm

πr20J2m+1(ωmnr0)∫
r0

0∫
2π

0
g(r,θ)cosmθJm(ωmnr)rdrdθ,

Bmn=
2

πr20J2m+1(ωmnr0)∫
r0

0∫
2π

0
g(r,θ)sinmθJm(ωmnr)rdrdθ,

Cmn(s)=
δm

πr20J2m+1(ωmnr0)∫
r0

0∫
2π

0
f(r,θ,s)cosmθJm(ωmnr)rdrdθ,

Dmn(s)=
2

πr20J2m+1(ωmnr0)∫
r0

0∫
2π

0
f(r,θ,s)sinmθJm(ωmnr)rdrdθ,

and

δm =
1,m=0;
2,m >0. 

Let

vmn(r,t)= exp(ω2mn(A(T)-A(t)))Amn-

∫
T

t
exp(ω2mn(A(s)-A(t)))Cmn(s)ds Jm(ωmnr)

(11)

vmn(r,t)= exp(ω2mn(A(T)-A(t)))Bmn-

∫
T

t
exp(ω2mn(A(s)-A(t)))Dmn(s)ds Jm(ωmnr)

(12)

and

ϕm(r,t)=∑
∞

n=1
vmn(r,t),

ψm(r,t)=∑
∞

n=1
vmn(r,t)








 (13)

then

u(r,θ,t)=∑
∞

m=0
ϕm(r,t)cosmθ+

ψm(r,t)sinmθ (14)
  Sincethesolutionuisnotstableaboutthe
observeddatag,weapproximateEqs.(6)~(8)
byusingtheregularizationproblem

u(r,θ,t)=∑
∞

m=0
∑
∞

n=1 
exp(-ω2mnA(t))

β+exp(-ω2mnA(T))
(Amncosmθ+Bmnsinmθ)Jm(ωmnr)-

∫
T

t

exp(ω2mn(A(s)-A(t)-A(T)))
β+exp(-ω2mnA(T))

Cmn(s)cosmθ+Dmn(s)sinmθ  Jm(ωmnr)ds (15)

wheretheparameterβ=β()>0canbechosen
later.

2 Regularizationandstability
Forclarity,wedenotethat‖·‖isthenorm

inL2([0,r0]× [0,2π]).Wealsoassumethe
solutionalwaysexists.
2.1 Mainresults

Theorem2.1 (Stabilityofthe modified
method)Letu(g)andu(h)bedefinedbyEq.
(15)correspondingtothefinalvaluesgandhin
L2([0,r0]×[0,2π]),respectively.Thenweget

‖u(g)(·,t)-u(h)(·,t)‖≤

β
pt

qT-1‖g-h‖,0≤t≤T.
  Theerrorestimatebetweentheexactsolution

ofEqs.(6)~(8)andtheregularizedsolutionis
presented.

Theorem2.2 (Theerrorestimate)Let∈
(0,T),g,g∈L2([0,r0]×[0,2π]),andube
theexactsolutionofEqs.(6)~(8).If

π∫
r0

0∑
∞

m=0
∑
∞

n=1
exp(ω2mnA(T))|vmn(r,t)|  2+

∑
∞

n=1
exp(ω2mnA(T))|vmn(r,t)|  2dr≤B2

holdsforallt∈ [0,T]and‖g-g‖ ≤,we
canget

‖u(g)(·,t)-u(g)(·,t)‖≤


1
2(

pt
qT+1)+B,0≤t≤T.

2.2 Proofsofthemaintheorems
Weneedthefollowingtwolemmastoget
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Theorems2.1and2.2.
Lemma2.1 Letη>0,0≤a≤b,b>0,

thenforallk∈N ,onehas
eka

1+ηekb
≤η-

a
b .

  Proof
eka

1+ηekb
=

eka

(1+ηekb)
a
b(1+ηekb)1-

a
b
≤

eka

(1+ηekb)
a
b
≤η-

a
b .

  Lemma2.2 Let0<β<1,thenforallt∈
[0,T],wehave

βe-kA(t)

β+e-kA(T)≤β
pt
qT.

  Proof FromEq.(4),wehavept≤A(t)≤

qt.AccordingtoLemma2.1andthecondition
0<β<1,weobtain

βe-kA(t)

β+e-kA(T)=β
ek(A(T)-A(t))

1+βekA(T)
≤

β·β
A(t)
A(T)-1≤β

pt
qT.

  ProofofTheorem2.1
FromEq.(15),wehave

u(g)(r,θ,t)=∑
∞

m=0
ϕ

m(g)(r,t)cosmθ+

ψ
m(g)(r,t)sinmθ (16)

u(h)(r,θ,t)=∑
∞

m=0
ϕ

m(h)(r,t)cosmθ+

ψ
m(h)(r,t)sinmθ (17)

where

ϕ
m(g)(r,t)=∑

∞

n=1 
exp(-ω2mnA(t))

β+exp(-ω2mnA(T))
Amn(g)-∫

T

t

exp(ω2mn(A(s)-A(t)-A(T)))
β+exp(-ω2mnA(T))

Cmn(s)ds Jm(ωmnr),

ψ
m(g)(r,t)=∑

∞

n=1 
exp(-ω2mnA(t))

β+exp(-ω2mnA(T))
Bmn(g)-∫

T

t

exp(ω2mn(A(s)-A(t)-A(T)))
β+exp(-ω2mnA(T))

Dmn(s)ds Jm(ωmnr).

  Theϕ
m(h)(r,t)andψ

m(h)(r,t)canbeobtainedsimilarly.
AccordingtoLemma2.2andthedefinitionofAmnandBmn ,weget

‖u(g)(·,t)-u(h)(·,t)‖2=π∑
∞

m=0

2
δm

|ϕ
m(g)(·,t)-ϕ

m(h)(·,t)|2+

π∑
∞

m=1
|ψ

m(g)(·,t)-ψ
m(h)(·,t)|2=π∑

∞

m=0
∑
∞

n=1

2
δm

|
exp(-ω2mnA(t))

β+exp(-ω2mnA(T))
Jm(ωmnr)(Amn(g)-Amn(h))|2+

π∑
∞

m=1
∑
∞

n=1
|
exp(-ω2mnA(t))

β+exp(-ω2mnA(T))
Jm(ωmnr)(Bmn(g)-Bmn(h))|2=

π∑
∞

m=0
∑
∞

n=1

2
δm

|
exp(ω2mn(A(T)-A(t)))
1+βexp(ω2mnA(T))

Jm(ωmnr)(Amn(g)-Amn(h))|2+

π∑
∞

m=1
∑
∞

n=1
|
exp(ω2mn(A(T)-A(t)))
1+βexp(ω2mnA(T))

Jm(ωmnr)(Bmn(g)-Bmn(h))|2≤

β2
A(t)
A(T)-1  ‖g-h‖2 (18)

Therefore,weobtain

‖u(g)(·,t)-u(h)(·,t)‖≤β
A(t)
A(T)-1‖g-h‖≤β

pt
qT-1‖g-h‖.

  TheproofofTheorem2.1iscomplete.
ProofofTheorem2.2
Consideringtheobservationvalueg with

error,andaccordingto(18),wecanobtain
‖u(g)(·,t)-u(g)(·,t)‖≤

β
A(t)
A(T)-1‖g-g‖≤β

pt
qT-1· (19)

  AccordingtoEqs.(14)and(16),wehave
u(r,θ,t)-u(r,θ,t)=         

∑
∞

m=0
ϕm(r,t)-ϕ

m(g)(r,t)  cosmθ+

ψm(r,t)-ψ
m(g)(r,t)  sinmθ=
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∑
∞

m=0
 cosmθ∑

∞

n=1

β
β+exp(-ω2mnA(T))

vmn(r,t)+

sinmθ∑
∞

n=1

β
β+exp(-ω2mnA(T))

vmn(r,t) .
Then
‖u(·,t)-u(·,t)‖2=        

∫
2π

0∫
r0

0
|u(r,θ,t)-u(r,θ,t)|2drdθ≤

π∫
r0

0∑
∞

m=0 ∑
∞

n=1

β
β+exp(-ω2mnA(T))

vmn(r,t)  2+
∑
∞

n=1

β
β+exp(-ω2mnA(T))

vmn(r,t)  2 dr≤
β2π∫

r0

0∑
∞

m=0
∑
∞

n=1
exp(ω2mnA(T))|vmn(r,t)|  2+

∑
∞

n=1
exp(ω2mnA(T))|vmn(r,t)|  2dr.

  Consequently,accordingtothehypothesis,
weget

‖u(·,t)-u(·,t)‖≤βB (20)
Hence,wehave

‖u(g)(·,t)-u(g)(·,t)‖≤
‖u(g)(·,t)-u(g)(·,t)‖+

‖u(g)(·,t)-u(g)(·,t)‖≤β
pt
qT-1·+βB

(21)

Ifwetakeβ=,wegettheproofofTheorem
2.2.

Therefore,undertheconditionoftheprior
estimateofthesolution,weobtainthestable
estimateofthesolution.Inparticular,atthetime
oft=0,weget

‖u(g)(·,0)-u(·,0)‖≤

β

+βB (22)

Wetaketheregularizationparameterβ= Bto
obtaintheoptimalapproximationerror

‖u(g)(·,0)-u(·,0)‖≤2B (23)

3 Numericalexperiment
ConsiderEqs.(1)~(3)withT =1andr0=

1,and
a(t)=2t+1,

f(x,y,t)=
(1+2t)(x2+y2+3)

exp(t2+t)  (24)

If

g(x,y)=u(x,y,1)=
1-(x2+y2)

e2 =
1-r2

e2
(25)

wecanobtaintheuniquesolution

u(x,y,t)=
1-(x2+y2)
exp(t2+t)

.

Thenwehaveu(x,y,0)=1-(x2+y2).
Considerthemeasureddata

g(r,θ)= 1+ 6e2  g(r,θ) (26)

thenwehave

‖g-g‖= 6e2‖g‖= (27)
FromEqs.(24)and(25),wecanfindthatthe
functionconsideredisindependentofθ,sowecan
getm =0.Therefore,wehavetheregularized
solutionforthecaset=0fromEqs.(15)and(26).

u(r,θ,0)=∑
∞

n=1 
1

β+exp(-2ω20n)
A
0nJ0(ω0nr)-

∫
1

0

exp(ω20n(s2+s-2))
β+exp(-2ω20n)

C0n(s)J0(ω0nr)ds 
(28)

where

A
0n=

2
πJ21(ω0n)∫

1

0∫
2π

0
g(r,θ)J0(ω0nr)rdrdθ,

C0n(s)=
2

πJ21(ω0n)∫
1

0∫
2π

0
f(r,θ,s)J0(ω0nr)rdrdθ.

  Whenweusethenumericalmethodtoinvert
thevalueofthemomentt=0,weneedtotruncate
theseries.LetBnrepresentthepartialsumof

seriesBandβ= Bn ,wecanseethat

‖u(g)(·,0)-u
n(g)(·,0)‖≤ Bn .

  Fromtheaboveinequalities,wecanseethat
theaccuracy‖u(g)(·,0)-u

n(g)(·,0)‖isnot
onlyrelatedto,butalsotothetruncationdegree
n. We also show this phenomenon in the
followingfigures.Wetaken=6onFig.1,thatis
thesumofthefirstsixtermsofaseriesinEq.
(28).From Fig.1(a),when=0,which
correspondsthe case where no regularization
parameterisintroducedintoEq.(10),wecansee
thatthebackwardproblemisseriouslyill-posed.
InFig.1(b),wetakethevaluesofas1×10-5,1×
10-6,1×10-7,respectively,andwecanfindthe
effectivenessoftheproposedmethod.
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Fig.1 Comparisonoferrorsindifferentvaluesof

4 Conclusion
Inthis paper,we discussthe backward

problem of parabolic equations with time-
independent coefficients over two-dimensional
circulardomains.Inordertosolvetheproblemby
separatingvariables,wetransformthecircular
domainintoarectangularregionbyparameter
transformation,butthefollowingproblemisthat
weneedtointroducetheBesselfunction,which
makestheproblemdifficult.However,withthe
help ofa prioriestimate,we still getthe
regularized solution.By choosing appropriate
regularizationparameters,weobtainrelatively
satisfactoryresults.Anumericalexampleverifies
theeffectivenessofthepresentedmethod.
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