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时间相依的超前倒向随机发展方程

占德胜1,储 晶2

(1.马鞍山职业技术学院基础部,安徽马鞍山243031;2.安徽师范大学数学系,安徽芜湖241000)

摘要:讨论了Hilbert空间中一类时间相依的超前倒向随机发展方程,给出了其解的存在唯一性定理.作为

应用,探讨了一类超前倒向随机偏微分方程的演化解.所得结果推广了已有相关结论.
关键词:超前倒向随机发展方程;时间相依;演化解

0 Introduction
SincePardouxand Peng[1]establishedthe

theoryofnonlinearbackwardstochasticdifferential
equations(BSDEs),manyinterestinggeneralized
formshavebeenintroduced.Amongthem,Peng
andYang[2]consideredakindofnewBSDEs,called
anticipatedBSDEs,withthefollowingform:

-dY(t)=f(t,Y(t),Z(t),Y(t+μ(t)),
Z(t+υ(t)))dt-Z(t)dW(t),t∈[0,T];
Y(t)=ξ(t),Z(t)=η(t),t∈[T,T+M]









(1)
whereμ(·):[0,T]→RR +\{0}andυ(·):[0,T]
→RR+\{0}arecontinuousfunctionssatisfyingthat

(a1)thereexistsaconstantM ≥0suchthat
foreacht∈[0,T],



t+μ(t)≤T+M,t+υ(t)≤T+M;
  (a2)thereexistsaconstant0≤L <1such
thatforeacht ∈ [0,T]andeachnonnegative
integrablefunctiong(·),

∫
T

t
g(s+μ(s))ds≤L∫

T+M

t
g(s)ds,

∫
T

t
g(s+υ(s))ds≤L∫

T+M

t
g(s)ds.

  InEq.(1),thegeneratorfcontainsnotonly
thevaluesofsolutionsofthepresentbutalsothe
future.PengandYang[2]provedtheexistenceand
uniqueness of the solutions under Lipschitz
conditions.Furthermore,they gavea duality
relation between stochastic differential delay
equationsandanticipatedBSDEs,whichisauseful
toolintheanalysisofstochasticoptimalcontrol
problems,seee.g.Refs.[3-4].Theaboveworks
onBSDEsandanticipatedBSDEshavebeeninthe
frameworkoffinitedimension.

Ontheotherhand,HuandPeng[5]introduced
akindofbackwardstochasticevolutionequations
(BSEEs)inaHilbertspaceH withthefollowing
form:
dY(t)= [AY(t)+
f(t,Y(t),Y(t))]dt-Z(t)dW(t),t∈[0,T];
Y(T)=ξ









(2)
whereA:D(A)⊂ H → Hisalinearoperator
whichgeneratesaC0-semigroup{S(t)}0≤t≤T on
H .Theyprovedtheexistenceanduniquenessof
themildsolutionforEq.(2).Sincethen,Daueret
al.[6] have examined the approximate
controllabilityforthesystem(2)withakindof
non-Lipschitz coefficients. Mahmudov and
McKibben[7]provedtheexistenceanduniqueness
ofthemildsolutiontoEq.(2)andobtaineda
stochastic maximum principlefortheoptimal
controlofstochasticsystemsgovernedbyBSEE
(2).Inaddition,Al-Hussein[8]consideredaclass
oftime-dependentBSEEinaHilbertspaceH of
thefollowingform:
-dY(t)=[A(t)Y(t)+
f(t,Y(t),Z(t))]dt-Z(t)dW(t),t∈[0,T];
Y(t)=ξ









(3)

whereA(t),t ≥ 0,areunboundedoperators
which generate a strong evolution operator
U(t,r),0≤r≤t≤T.Theauthorprovedthe
existenceanduniquenessoftheevolutionsolution
ofEq.(3)withnon-Lipschitzcoefficients.

Toourbestknowledge,therehavebeenno
worksreportedonanticipatedBSEEs.Originally,
wewantedtoprovetheexistenceanduniquenessof
theevolutionsolutionforthefollowinganticipated
BSEE:
-dY(t)= [A(t)Y(t)+
f(t,Y(t),Z(t),Y(t+μ(t)),Z(t+υ(t)))]dt-
Z(t)dW(t),
Y(t)=ξ(t),Z(t)=η(t),t∈[T,T+M]












(4)
Duetotechnicaldifficulty,wecannotasyetsolve
theabovegeneralform.Thedifficultyliesinthe
existencepart.Wecannotdefineanefficient
Picarditeration.Wewilltryourbesttosolvethis
probleminourfurtherstudy.

Motivated by the aforementioned works,
beingleftwithnothingbetterthanthesecond
choice,thepresentpaperdealswithaclassof
anticipatedBSEEsinaHilbertspaceH withthe
followingform:

-dY(t)=[A(t)Y(t)+
f(t,Y(t),Z(t),Y(t+μ(t)))]dt-
Z(t)dW(t),t∈[0,T];
Y(t)=ξ(t),Z(t)=η(t),t∈[T,T+M]












(5)
whereμ(·):[0,T]→RR +\{0}isacontinuous
functionsatisfyingtheassumptions(a1)and(a2).

As the first step, which is also the
fundamentalstep,weprovetheexistenceand
uniquenessoftheevolutionsolutionstoEq.(5)
withthecoefficientsatisfyingLipschitzconditions.
Ofcourse,ourresultscouldbeextendedtothe
case ofthe coefficient satisfying some non-
LipschitzconditionsasappearedinRefs.[6-7].We
expecttodomoreresearchworksonanticipated
BSEE (4).Basedonourobtainedresults,the
existenceanduniquenessoftheevolutionsolution
foraclassofanticipated backwardstochastic
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partialdifferentialequationisderived.

1 Preliminaries
LetT >0befixedthroughoutthispaper.

AssumethatK,H aretwoseparable Hilbert
spaceswithinnerproduct<·,·>Kand<·,·>H ,
respectively.Wedenotetheirnormsby‖·‖K

and‖·‖H .Incasewithoutconfusion,wejust
use<·,·>fortheinnerproductand‖·‖forthe
norm.Let (Ω,F,PP)beacompletefiltered
probabilityspace.Let{ei}∞i=1beanorthonormal
basisofK ,{W(t):t∈ [0,T]}beacylindrical
K-valuedBrownianmotion,whichcanbewritten

formallyastheinfinitesumW(t)=∑
∞

i=1
wi(t)ei,

where{wi(t)}∞i=1aremutuallyindependentone-
dimensional standard Brownian motions. We
assumethatthefiltrationisgeneratedbythe
cylindricalBrownianmotionW(·)andaugmented,
thatis

Ft=σ{W(s);s≤t}∨N,0≤t≤T,
whereNistheclassofPP-nullsets.Inthesequel,
letL2(K,H)denotethesetofHilbert-Schmidt
operatorsfromKtoH.Formoredetails,onecan
seeRef.[5]andthereferencestherein.

Inwhatfollows,weneedthefollowingfacts
on evolution operator defined on aseparable
HilbertspaceH ,whichappearedinRefs.[9-10].

Lemma1.1 Let{A(t)}0≤t≤Tbeafamilyof
closedlinearoperatorssatisfyingtheso-called
Acquistapace-Terreniconditions(ATC),thatis
thereexistconstantsL0>0,α1,α2,…,αk,γ1,γ2,
…,γkwith0≤γi<αi≤2,i=1,2,…,ksuchthat
‖A(t)(λ-A(t))-1(A(t)-1-A(s)-1)‖≤

L0∑
k

i=1
(t-s)αi|λ|γi-1,

fors,t∈RR,λ∈Sθ\{0},where
ρ(A(t))⊃Sθ=

{λ∈CC:|argλ|≤θ}∪{0},θ∈ π
2
,π  

andthereexistsaconstantL1≥0suchthat

‖(λ-A(t))-1‖≤
L1

1+|λ|
,λ∈Sθ.

Then,thereexistsauniqueevolutionoperator
{U(t,s),0≤s≤t≤T}satisfyingthat

(i)U(t,s)U(s,r)=U(t,r),
(ii)U(t,t)=Iforr≤s≤t,
(iii)(t,s) U(t,s)iscontinuousfort>s,

(iv)Ut
(t,s)=A(t)U(t,s)and

‖A(t)kU(t,s)‖≤L0(t-s)-k

for0<t-s≤1,k=0,1.
Remark1.1 Generally,{U(t,s),0≤s≤t≤

T}iscalledanevolutionoperatororatwo-parameters
semigroup,andthefamily{A(t)}0≤t≤Tiscalledthe
infinitesimaloperatorof{U(t,s),0≤s≤t≤T}.

Remark1.2 IfA(t),t≥0,isasecondorder
differentialoperatorA,i.e.,A(t)=Afort≥0.
Then,AgeneratesaC0-semigroup{eAt,t≥0},
whichisdiscussedinRefs.[5-7].
Inwhatfollows,weneedthefollowingspace.

Fors,S ∈ [0,T],letL2
F(s,S;H)denotethe

spaceofFS-measurableprocessesψ:Ω×[s,S]→

HsuchthatEE∫
S

s
|ψ(u)‖2du<∞.

Wegivethefollowingassumptionswhichwill
beusedintheproofofresults.

(H1)Assumethatf(s,ω,y,z,ξ):[0,T]×
Ω×H ×L2(K;H)×L2

F(s,T+M;H)→H,
which is P  B(H)  B(L2(K;H)) 
B(H)/B(H)measurablesuchthatf(·,0,0,0)∈
L2

F(0,T;H).
(H2)ThereexistsaconstantC≥0,suchthat

foralls∈[0,T],y(s),y'(s)∈H ,z(s),z'(s)
∈L2(K;H),ξ(·),ξ'(·)∈L2

F(s,T+M;H),
r∈ [s,T+M],
‖f(s,y(s),z(s),ξ(r),η(r))-
f(s,y'(s),z'(s),ξ'(r),η'(r))‖≤
C(‖y(s)-y'(s)‖ + ‖z(s)-z'(s)‖ +
EE Fs‖ξ(r)-ξ'(r)‖).

Definition 1.1  A pair of Ft-adapted
stochasticprocesses(Y,Z)=(Y(t),Z(t))0≤t≤T+M

iscalledtheevolutionsolution (orsimplya
solution)totheanticipatedBSEE(5)if(Y,Z)∈
L2

F(0,T+M;H)×L2
F(0,T+M;L2(K;H))

suchthat
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Y(t)=U(T,t)ξ(T)+

∫
T

t
U(s,t)f(s,Y(s),Z(s),Y(s+μ(s)))ds-

∫
T

t
U(s,t)Z(s)dW(s),0≤t≤T;

Y(t)=ξ(t),Z(t)=η(t),t∈[T,T+M]














(6)

2 Existenceanduniquenessofthe
evolutionsolution
Inthissection,weaimtoderivetheexistence

and uniqueness result for the solution of
anticipatedBSEE (5).Beforestatingourmain
theorem,werecallanexistence,auniquenessand
anestimateofthesolutionforthefollowingBSEE
appearedinRef.[8].

-dY(t)=[A(t)Y(t)+f(t)]dt-
     Z(t)dW(t),t∈[0,T];
Y(t)=ξ







 (7)

Inthesequel,weletk:= sup
0≤t≤s≤T

‖U(s,t)‖.

Lemma2.1[8,Lemma3.1] Ifξ∈L2(Ω,FT,PP;

H)andf ∈L2
F(0,T;H),thereexistsaunique

pair(Y,Z)∈L2
F(0,T;H)×L2

F(0,T;L2(K;H))
for0≤t≤Tsuchthat

Y(t)=U(T,t)ξ+∫
T

t
U(s,t)f(s)ds-

∫
T

t
U(s,t)Z(s)dW(s) (8)

Moreover,for0≤t≤T,itholdsthat
EE‖Y(t)‖2≤2k2EE‖ξ‖2+      

     2k2(T-t)EE∫
T

t
‖f(s)‖2ds (9)

and

EE∫
T

t
‖Z(s)‖2ds≤8k2EE‖ξ‖2+      

     8k2(T-t)EE∫
T

t
‖f(s)‖2ds(10)

  Thefollowingexistenceanduniquenesstheorem
isthemainresultofthissection.

Theorem2.1 Assumetheassumptions(H1)
~(H2)hold,andμsatisfies(a1)and(a2).Then,
foranygiventerminalconditionsξ(·)∈L2

F(T,

T+M;H)andη(·)∈ L2
F(T,T + M;

L2(K;H)),theanticipatedBSEE (5)hasa

uniquesolution.
Proof Uniqueness.Let(Yi,Zi)∈L2

F(0,

T+M;H)×L2
F(0,T+M;L2(K;H)),i=1,

2,betwosolutionsofanticipatedBSEE (5).
DefineY

︿
=Y1-Y2,Z

︿
=Z1-Z2and

f
︿(s)=f(s,Y1(s),Z1(s),Y1(s+μ(s)))-

f(s,Y2(s),Z2(s),Y2(s+μ(s))),
wethenhave

Y
︿(t)=∫

T

t
U(s,t)f

︿(s)ds-∫
T

t
U(s,t)Z

︿(s)dW(s),

t∈[0,T];

Y
︿(t)=0,Z

︿(t)=0,t∈[T,T+M]












(11)
FromLemma2.1and(H2),wehave

EE‖Y
︿(t)‖2≤2k2(T-t)EE∫

T

t
‖f

︿(s)‖2ds≤

6k2C2(T-t)EE∫
T

t
(‖Y

︿(s)‖2+‖Z
︿(s)‖2)ds+

6k2C2(T-t)EE∫
T

t
EE Fs‖Y

︿(s+μ(s))‖2ds≤

6k2C2(T-t)EE∫
T

t
(‖Y

︿(s)‖2+‖Z
︿(s)‖2)ds+

6k2C2(T-t)LEE∫
T

t
‖Y

︿(s)‖2ds=

6k2C2(T-t)(1+L)EE∫
T

t
‖Y

︿(s)‖2ds+

6k2C2(T-t)EE∫
T

t
‖Z

︿(s)‖2ds (12)

and

EE∫
T

t
‖Z

︿(s)‖2ds≤

8k2(T-t)EE∫
T

t
‖f

︿(s)‖2ds≤

24k2C2(T-t)(1+L)∫
T

t
EE‖Y

︿(s)‖2ds+

24k2C2(T-t)∫
T

t
EE‖Z

︿(s)‖2ds (13)

  Now,lettingη=
1

48k2C2,fort∈ [T-η,

T],weget

EE∫
T

t
‖Z

︿(s)‖2ds≤(1+L)∫
T

t
EE‖Y

︿(s)‖2ds

and

EE‖Y
︿(t)‖2≤

1+L
4 EE∫

T

t
‖Y

︿(s)‖2ds.

  TheGronwallinequalityimpliesthat
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EE‖Y
︿(t)‖2=0,EE‖Z

︿(t)‖2=0,
i.e.,Y1(t)=Y2(t)andZ1(t)=Z2(t)PP-a.s.for
t∈ [T-η,T+M].Withthesameprocedure,
wecanshowtheuniquenessfort∈ [T -2η,
T-η].Thus,theuniquenessisproved.

Existence.LettingY0(t)= 0 fort ∈
[0,T+M],invirtueofRef.[8,Theorem3.1],
wedefinerecursively(Yn+1,Zn+1)∈L2

F(0,T +
M;H)×L2

F(0,T+M;L2(K;H))astheunique
solutiontothefollowingBSEE:

Yn+1(t)=U(T,t)ξ(T)+∫
T

t
U(s,t)f(s,Yn(s),Zn+1(s),Yn(s+μ(s)))ds-

     ∫
T

t
U(s,t)Zn+1(s)dW(s),0≤t≤T;

Yn+1(t)=ξ(t),Zn+1(t)=η(t),t∈[T,T+M]













(14)

For0≤t≤T,wehave

Yn+1(t)-Yn(t)=∫
T

t
U(s,t)[f(s,Yn(s),Zn+1(s),Yn(s+μ(s)))-

        f(s,Yn-1(s),Zn(s),Yn-1(s+μ(s)))]ds-∫
T

t
U(s,t)(Zn+1(s)-Zn(s))dW(s);

Yn+1(t)-Yn(t)=0,Zn+1(t)-Zn(t)=0,t∈[T,T+M].













FromLemma2.1and(H2),wehave

EE‖Yn+1(t)-Yn(t)‖2≤2k2(T-t)EE∫
T

t
‖[f(s,Yn(s),Zn+1(s),Yn(s+μ(s)))-

f(s,Yn-1(s),Zn(s),Yn-1(s+μ(s)))]ds‖2ds≤

6k2C2(T-t)EE∫
T

t
(‖Yn(s)-Yn-1(s)‖2+‖Zn+1(s)-Zn(s)‖2)ds+

6k2C2(T-t)EE∫
T

t
EE Fs[‖Yn(s+μ(s))-Yn-1(s+μ(s))‖2]ds≤

6k2C2(T-t)EE∫
T

t
(‖Yn(s)-Yn-1(s)‖2+‖Zn+1(s)-Zn(s)‖2)ds+

6k2C2L(T-t)EE∫
T

t
‖Yn(s)-Yn-1(s)‖2ds=

6k2C2(T-t)(1+L)EE∫
T

t
‖Yn(s)-Yn-1(s)‖2ds+6k2C2(T-t)EE∫

T

t
‖Zn+1(s)-Zn(s)‖2ds

(15)
and

EE∫
T

t
‖Zn+1(s)-Zn(s)‖2ds≤

8k2(T-t)EE∫
T

t
‖[f(s,Yn(s),Zn+1(s),Yn(s+μ(s)))-f(s,Yn-1(s),Zn(s),Yn-1(s+μ(s)))]ds‖2ds≤

24k2C2(T-t)(1+L)EE∫
T

t
‖Yn(s)-Yn-1(s)‖2ds+24k2C2(T-t)EE∫

T

t
‖Zn+1(s)-Zn(s)‖2ds

(16)

Letη=
1

48k2C2.Fort∈ [T-η,T],weget

EE∫
T

t
‖Zn+1(s)-Zn(s)‖2ds≤

1+L
2 EE∫

T

t
‖Yn(s)-Yn-1(s)‖2ds (17)

EE‖Yn+1(t)-Yn(t)‖2≤
3(1+L)
16 EE∫

T

t
‖Yn(s)-Yn-1(s)‖2ds (18)
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  Letun(t)=∫
T

t
EE‖Yn(s)-Yn-1(s)‖2ds,it

followsfrom(18)that

-
dun+1(t)
dt ≤

3(1+L)
16 un(t),un+1(T)=0.

  LetC1=
3(1+L)
16 .Integrationshowsthat

un+1(t)≤C1∫
T

t
un(s)ds.

  Iteratingtheaboveinequality,wehave

un+1(0)≤
Cn
1

n! u1(0).

  Thisimpliesthat{Yn}isaCauchysequencein
L2

F(T-η,T+M;H).Thenby(17),{Zn}isa
CauchysequenceinL2F(T-η,T+M;L2(K;H)).Let

Y:=lim
n→∞

Yn,Z:=lim
n→∞

Zn.

  ByvirtueofLipschitzassumptionoff,one
caneasilycheckthatforanyt∈[T-η,T+M],
PP-a.s.,

EE∫
T

t
‖U(s,t)f(s,Yn(s),Zn+1(s),Yn(s+μ(s)))-

f(s,Y(s),Z(s),Y(s+μ(s)))‖2ds→0,

n→∞.
Now,lettingn→∞in(14)yieldsthat

Y(t)=U(T,t)ξ(T)+∫
T

t
U(s,t)·

   f(s,Y(s),Z(s),Y(s+μ(s)))ds-

   ∫
T

t
U(s,t)Z(s)dW(s),0≤t≤T;

Y(t)=ξ(t),Z(t)=η(t),t∈[T,T+M],













asdesired,whichmeansthat(Y,Z)solvesthe
anticipatedBSEE(5)fort∈ [T-η,T+M].For
t∈ [T-2η,T-η],wecanshowtheexistence
withtheaboveprocedure.Becauseηisfixed,we
canestablishtheexistenceofsolutionsforBSEE
(5)asabovefort∈ [0,T +M].Theproofis
complete.

2 Anexample
Inthissection,anexampleisprovidedto

illustratethetheoryobtained.
Example2.1 LettingD = [0,π],we

consider the following anticipated backward

stochasticpartialdifferentialequations ofthe
form:

-dv(t,ξ)=
2

x2v
(t,ξ)+b(t,ξ)v(t,ξ)




 


 dt+

F(t,ξ,v(t,ξ),z(t,ξ),v(t+M,ξ))dt-
z(t,ξ)dW(t),0≤ξ≤π,t∈ [0,T];
v(t,0)=v(t,π)=0,t∈ [0,T];
v(t,ξ)=ϕ(t,ξ),z(t)=η(t,ξ),
t∈[T,T+M],0≤ξ≤π

















(19)

whereW(t)denotesastandardcylindricalWiener
processdefinedonacompleteprobabilityspace
(Ω,F,P),ϕ∈L2

F(T,T+M;RR),η∈L2
F(T,

T+M;L2(RR;L2(D))),v:[0,T+M]×D →
RR,z: [0,T + M] × D → L2(RR;
L2(D)),F(s,ξ,y,z,η):[0,T]×D×RR×L2(RR;
L2(D))×L2

F(s,T+M;L2(RR;L2(D)))→RR .
Torewrite(19)intotheabstractformof(5),

weconsiderthespaceU =L2(D)anddefinethe
operatorA:D(A)⊂U→UbyAz=z″withdomain
D(A)= {z ∈ U,z,z' being absolutely
continuousz″∈U,z(0)=z(π)=0}.

Then,Aistheinfinitesimalgeneratorofan
analyticsemigroup {S(t)}t≥0 onU.A hasa
discretespectrumwitheigenvalues-n2,n∈NN ,
andthecorrespondingnormalizedeigenfunctionsis

givenbyzn(ξ)=∑
∞

n=1
exp(-n2t)sin(nξ).Moreover,

{zn,n∈NN }isanorthonormalbasisofU.
Now,wedefineanoperatorA(t):D(A)⊂H

→Hby
A(t)x(ξ)=Ax(ξ)+b(t,ξ)x(ξ).

Letb(·)becontinuousandb(t,ξ)≤-γ(γ>0)
foreveryt∈RR .Then,thesystem

v'(t)=A(t)v(t),t≥s;
v(s)=x∈U  

hasanassociatedevolutionfamilygivenby

U(t,s)x(ξ)=[S(t-s)exp∫
t

s
b(τ,ξ)dτ  x](ξ).

Fromtheaboveexpression,itfollowsthatU(t,s)
isexponentiallystable,andforeveryt,s∈Jwith
t>s
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‖U(t,x)‖≤exp(-(1+γ)(t-s)).
  LettingH =L2(D),K =RR,Y(t)(·)

=v(t,·),Z(t)(·)=z(t,·),anddefiningamap
f(s,ω,y,z,ξ):[0,T]×Ω×H ×L2(K;H)×
L2

F(s,T+M;H)→Hby
f(t,Y(t),Z(t),Y(t+M))(ξ)=

F(t,ξ,v(t,ξ),z(t,ξ),v(t+M,ξ)).
Then,wecanrewrite(19)astheformof(5).
Furthermore,ifweimposetheconditionsonF,ϕ
andηaresimilarto(H1)and(H2).Then,by
Theorem2.1,wecanconcludethatthesystem
(19)hasauniqueevolutionsolution(Y,Z)∈
L2

F(0,T+M;L2(Ω,L2(D)))×L2
F(0,T+M;

L2(RR,L2(Ω,L2(D))).
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