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Abstract: Augmented Zagreb index (AZD of a graph is widely used to study the heat information
of heptanes and octanes in chemistry. Here graphs with given vertex bipartiteness were studied.
The extremal graph having maximum AZI was given. The relationship between the extremal
graph and complete bipartite graph was analyzed.
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partitioned into two disjoint parts V,,V, such that
all edges of G meet both V, and V.. The

Let G be a simple connected graph with vertex subgraph of G induced by V', denoted by V'), is
set V(G) and edge set E(G). A graph G is called the subgraph G'=(V'(G"),E’"(G")) of G in which

a bipartite graph when its vertex set can be G’ has the vertex set V', and for all u,v €V, e=
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uv€E(G) if and only if e € E’(G"). The vertex
bipartiteness of a graph G, denoted by v, (G), is
the minimum number of vertices whose deletion
from G results in a bipartite graph®. Robbiano
et al. ) researched the maximum spectral radius
and maximum signless Laplacian spectral radius
with a bounded vertex bipartiteness number. Liu
and Pan'"' characterized the graphs which have the
minimum  Kirchhoff index with a vertex
bipartiteness number.

The augmented Zagreb index (AZI) of graphs
was proposed by Furtula et al. ™). Tt is denoted by

AZI(G) and defined as
] d.d, 3
AZI(G) :u»uezmw - _2) :
where d, and d, are the degree of the vertex u and
v in G, respectively. The AZI is a valuable index
to calculate the heat information of heptanes and
octanes in chemistry. In recent years, researchers
have obtained an increasing number of results on
AZ1. Huang et al.'®” have given the upper and
lower bound on AZI, and ordered the AZI of
connected graphs. Sun et al. " have researched the
AZ]1 of line, subdivision and total graphs.

In this paper, we analyze the maximum AZI
among graphs with a given vertex bipartiteness
number v, (G). When the vertices number n and
the bipartiteness number m are given, the
maximum AZIl on vertex bipartiteness graphs is
solved. The extremal graph is related with the

complete bipartite graph and complete graph.

1 Maximum AZI of the complete
bipartite graph

The complete graph K, is a graph with n

vertices, and any two different vertices are
connected by an edge. A complete bipartite graph
K, .. is a bipartite graph, with a bipartition {V,,
V,}, where |V, |=n,,|V,| =n,, and arbitrarily

two vertices « €V, and v €V, are connected by an
edge. The complement graph G of graph G, is the
graph with V(G) =V(G), and E(G) = {uv:uv &
EG)} .

Let G, and G; be two vertex-disjoint graphs,
the join of G, and G is denoted by G, V G,, such
that V(G, VG,)= V(G UV(G,), and

E(G, V G =EWG) UEG) U
{uv:u € V(G v € V(G,) ).
Thus K, ., can be written as E,,‘ \/E,,, .

Lemma 1. 1'% The AZI is monotonic
increasing in the number of edges in a graph. Then
for e ¢ E(G), AZIG)<AZI(G+e).

We in the following calculate the maximum
AZlonK, , .

Theorem 1. 1
bipartite graph with n vertices, then the following

Let K, ., be a complete

result holds:

D If n is even, then
8

<
AZIE 0 ) S556 0 — 2y
@ If n is odd, then
(n?—1D"
<7
AZI(K@.@, )\256(71_2)2
Proof Note that
d”dv 3
AZI(K, ) *We% e
( "1, )3 B (niny)*
e ny +ny,—2 _(771+772_2)3’

(ny — D'y +1D"
(ny +n, —2)°
[(n, — DG + D]
(ny +n, —2)°
If n,—1=n,+1, then
nmn, << (ny — D, +1),
AZIK, 4,10 > AZIK, ., ) .

Then we have that if n is even, then

AZI(KH,—l.njﬂ ) =

8
AZI(K, . ) <Kz :m;

and that if » is odd, then

(n* —1D*
AZIK,, ) S Kl =ooe 5
ZI( 7I‘vl)\ 2 2 256(n —2)°

2  Maximum AZI of vertex bipartiteness
graphs

Let B,,.,, be the set of graphs with n vertices,

and the vertex bipartiteness v, (G)<um , then
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B,., = Suppose that 7n,2=>2, then

{(G=WV(G.EG)): | VG |[=n,v,(G) < m}.
Theorem 2.1 Let ISSm<<n—3, n=3, GE
B,.,.» then the following results hold:

@D I n—m is even, then AZI(G)=AZI(G),
where G = K,, V (Kf* VKu )
holds if and only if G=G, and

The equality

mim —1D(n—1)°
AZIG) = e T
m(n—771)(71—1)3(n+m)3+

83n+m—4)°

n—m)?n+m)
256(n +m —2)°

@ If n—m is odd, then AZI(G)=AZI(G),
where G =K,, \V (Kt \ Kn=nt1), The equality

holds if and only if G=G, and
mim — 1) — 1)
AZIG) = oi—n7 T
s (mt+m+ 17 n+m—1°
m(n—1) [(371 Jrm*5)3+(3n +7n*7)3]+

[(h—m)?—1][(n+m)?—1]
256(n +m —2)° )

Proof For any GEB,.,,» let GEB,.,.» such
that AZI(G)=AZI(G). Suppose that the vertex

bipartiteness of graph Gism's and iysisssip
are the vertices in V(G), such that G/{i sisse",
i, is a bipartite graph with a bipartition {V,,
V., where |V, | =n, and |V, |
nyFnyt+m'.

Suppose that there exist v; €V,,v, €V;, and

=n,, then n=

vy »v; are not adjacent, let G*=G+uv, obviously

Gt€EB,,,. By Lemma 1. 1, we have AZI(GTH=
AZI(G), which is a contradiction. Therefore any

two vertices v, €V ,v, €V, are adjacent, implying
that G/{ il ) izs oo
graph. Similarly, we obtain that ({i;,iz,**

, 1,7} 1s a complete bipartite
i )
is a complete graph,
G=K,VK,.,=K,V(EK, VK,).
Assume m’<m , then
n +n,=n—m' >n—m>=3.
It implies that n,=>2 or n,=>2.

G=K, V (K, VK,
=K, VK, which is a join

It is easy to

has a subgraph K, 1,
of the graph K, and a vertex of K, .
check that

G' =K, \/(K,, VK, ) €B,...

By calculation, the edge number of G=K,
m' (m’—1)
2

and the edge number of

G/:Km’ 1 v (K\/Kin/) EBH.HI

(E\/E) is +m'n, +m n, +ain,

’ 1 ’ , ,
isw%+(m + Dy —1) +Gn’ +1ny+
(7’11_1)7’12.

Then graph G has n; —1 edges less than G,
by Lemma 1. 1, we have AZI(G)<<AZI(G'),

which is a contradiction, thus m”=m. Therefore

we have

G=K, V (K, VK.

The degree d, of vertex u is

jnl’ u e Km;
d,=n—nu € K, ;

’/Iinz,ueKHZ;

so the AZI of graph G is
e d,

_ dycdy
AZIG) = uzej((d +dv—2)
dlldv
u%{ (du+d *2) +

d.d.
uEKm.,UeKiI‘ d,+d,—2
d.d.
2 ($)3+
W€K, W€K, d,+d,—2
d.d
2 (— 0 )3 —
lleKiul-,UEKil d,+d,—2
mm—1. a—1Dn—1) _3
1)(7’1—71 ) 3
mnl[ T— 1+
—1 )3
mn2[<"2 )(n —n )] N
n—n, —
nl)(?’l—nz) 3
nlnz[

27’17711*7’12*2
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LG‘EG:K,,,V(K”‘fl\/K”_Jl)y then B 41 (n—l)(m+n_7;_1) ’
AZI(&):m<m—1>[<n—1><n—1>]3jL m "27 e +

2 2n — 4 R
h—Dhm—n +D?
m(ny — D[ = annnlillz 1+ n—m—ln—m+1
2 2
n—Dn—n,—1)_3 )
, 1 I _ 3
R G T D=ttt ’;l“)
h—m+Dn—n,— D3 — — -
ny— DG, + D[ — 1, m+n 7;1 1+m+n 7g+172
~ _ 3
AZIE) — AZIG) =m(n— [ —m) mGn — D — D"
Zn —n1 —3) 16(n —2)°
ny(n—mny)? 7(n1—1)(n—n1+‘1)37 L (idm—1)?
2n—n, —3)° Q2n—n, —2)° m(n —1) (3n+m*7)3+
, + D —ny, — 13 3
I+ o n+m-+1
(2n—n, —4)° (U —
1

- . 2)3[n]ng(n*n1)3(n*ng)3*
P

G, — DG, +DG—n, +D—n, —1)°] .
If n,—1=n,+1, then AZI(G)<<AZI(G).

Therefore, if n—m is even, then we have

n—m
ny=—mny,— 2
That is to say G=K,, V(K VKeom), and
mm—1D- i—Dn—1)
AZI(G) = 5 [n_1+n_1_2]+
J— _ 3
o 1 m[ mh—Dm+m)/2 1+

2 n—14+w+m)/2—2
m+m)/2+ (n+m)/2 )3_
n+m)/2+m+m)/2—2"
mim —1)(n— 1)
16(n —2)° T
mn—m)n—13n+m)?

n—mmn—m

2 2

83n+m —4)° +
(n—m)*(n+m)"
256(n +m —2)* °
If n—m is odd, then we have
n—m-+1 n—m—1
m=Tg m= g

That is to say G=K,, V (Krwd \V Ko 1), and

~. mnm—D (i—Dmn—1)
AZIG) = 5 [n71+n7172]+
. 3
(n— DG+
n—m—1 2 4
m
2 n—l+m+$—2

[((h—m)? =1 +m)?>—1]
256(n +m —2)° )
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