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给定点二部度的图的极大增强Zagreb指数
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摘要:图的增强Zagreb指数在化学中被广泛地用于研究庚烷和辛烷的热量信息.研究给定点二部度的图,
得到了达到极大增强Zagreb指数的极图,并分析了这类极图与完全二部图的关系.
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0 Introduction
LetGbeasimpleconnectedgraphwithvertex

setV(G)andedgesetE(G).AgraphGiscalled
abipartitegraph whenitsvertexsetcan be

partitionedintotwodisjointpartsV1,V2suchthat
alledgesofG meetbothV1 andV2

[1].The
subgraphofGinducedbyV',denotedby<V'>,is
thesubgraphG'=(V'(G'),E'(G'))ofGinwhich
G'hasthevertexsetV',andforallu,v∈V',e=



uv∈E(G)ifandonlyife∈E'(G').Thevertex
bipartitenessofagraphG,denotedbyvb(G),is
theminimumnumberofverticeswhosedeletion
fromGresultsinabipartitegraph[2].Robbiano
etal.[3]researchedthemaximumspectralradius
andmaximumsignlessLaplacianspectralradius
withaboundedvertexbipartitenessnumber.Liu
andPan[4]characterizedthegraphswhichhavethe
minimum Kirchhoff index with a vertex
bipartitenessnumber.

TheaugmentedZagrebindex(AZI)ofgraphs
wasproposedbyFurtulaetal.[5].Itisdenotedby
AZI(G)anddefinedas

AZI(G)= ∑
uv∈E(G)

dudv

du+dv-2  3,
whereduanddvarethedegreeofthevertexuand
vinG,respectively.TheAZIisavaluableindex
tocalculatetheheatinformationofheptanesand
octanesinchemistry.Inrecentyears,researchers
haveobtainedanincreasingnumberofresultson
AZI.Huangetal.[6-7]havegiventheupperand
lowerboundon AZI,andorderedtheAZIof
connectedgraphs.Sunetal.[8]haveresearchedthe
AZIofline,subdivisionandtotalgraphs.
Inthispaper,weanalyzethemaximumAZI

amonggraphswithagivenvertexbipartiteness
numbervb(G).Whentheverticesnumbernand
the bipartiteness number m are given,the
maximum AZIonvertexbipartitenessgraphsis
solved.Theextremalgraphisrelatedwiththe
completebipartitegraphandcompletegraph.

1 Maximum AZIofthecomplete
bipartitegraph
ThecompletegraphKnisagraphwithn

vertices,and any two different vertices are
connectedbyanedge.Acompletebipartitegraph
Kn1,n2isabipartitegraph,withabipartition{V1,
V2},where|V1|=n1,|V2|=n2,andarbitrarily
twoverticesu∈V1andv∈V2areconnectedbyan

edge.ThecomplementgraphGofgraphG,isthe
graphwithV(G)=V(G),andE(G)={uv:uv∉
E(G)}.

LetG1andG2betwovertex-disjointgraphs,
thejoinofG1andG2isdenotedbyG1∨G2,such
thatV(G1∨G2)=V(G1)∪V(G2),and

E(G1∨G2)=E(G1)∪E(G2)∪
{uv:u∈V(G1),v∈V(G2)}.

ThusKn1,n2canbewrittenasKn1∨Kn2.
Lemma 1.1[6]  The AZIis monotonic

increasinginthenumberofedgesinagraph.Then
fore∉E(G),AZI(G)<AZI(G+e).

Weinthefollowingcalculatethemaximum
AZIonKn1,n2.

Theorem 1.1 LetKn1,n2 beacomplete
bipartitegraphwithnvertices,thenthefollowing
resultholds:

①Ifniseven,then

AZI(Kn1,n2)≤
n8

256(n-2)3.

②Ifnisodd,then

AZI(Kn1,n2)≤
(n2-1)4

256(n-2)3.

Proof Notethat

AZI(Kn1,n2)= ∑
uv∈Kn1,n2

( dudv

du+dv-2
)3=

n1n2(
n1n2

n1+n2-2
)
3

=
(n1n2)4

(n1+n2-2)3
,

AZI(Kn1-1,n2+1)=
(n1-1)4(n2+1)4
(n1+n2-2)3 =

[(n1-1)(n2+1)]4
(n1+n2-2)3

.

  Ifn1-1≥n2+1,then
n1n2<(n1-1)(n2+1),

AZI(Kn1-1,n2+1)>AZI(Kn1,n2).
Thenwehavethatifniseven,then

AZI(Kn1,n2)≤Kn
2,

n
2 =

n8

256(n-2)3
;

andthatifnisodd,then

AZI(Kn1,n2)≤Kn-1
2 ,

n+1
2 =

(n2-1)4

256(n-2)3
.

2 MaximumAZIofvertexbipartiteness
graphs
LetΒn,mbethesetofgraphswithnvertices,

andthevertexbipartitenessvb(G)≤m,then
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Bn,m =                   
{G=(V(G),E(G)):|V(G)|=n,vb(G)≤m}.
  Theorem2.1 Let1≤m≤n-3,n≥3,G∈
Bn,m,thenthefollowingresultshold:

①Ifn-miseven,thenAZI(G)≥AZI(G),

whereG =Km ∨(Kn-m
2 ∨Kn-m

2
).Theequality

holdsifandonlyifG≅G,and

AZI(G)=
m(m-1)(n-1)6

16(n-2)3 +

m(n-m)(n-1)3(n+m)3

8(3n+m-4)3 +

(n-m)2(n+m)6

256(n+m-2)3
.

  ②Ifn-misodd,thenAZI(G)≥AZI(G),

whereG=Km∨(Kn-m-1
2 ∨Kn-m+1

2
).Theequality

holdsifandonlyifG≅G,and

AZI(G)=
m(m-1)(n-1)6

16(n-2)3 +       

m(n-1)3[
(n+m+1)3
(3n+m-5)3+

(n+m-1)3
(3n+m-7)3

]+

[(n-m)2-1][(n+m)2-1]3

256(n+m-2)3
.

  Proof ForanyG∈Βn,m,letG∈Βn,m,such

thatAZI(G)≥AZI(G).Supposethatthevertex

bipartitenessofgraphGism',andi1,i2,…,im'

aretheverticesinV(G),suchthatG/{i1,i2,…,
im'}isabipartitegraphwithabipartition{V1,
V2},where|V1|=n1and|V2|=n2,thenn=
n1+n2+m'.

Supposethatthereexistv1∈V1,v2∈V2,and

v1,v2arenotadjacent,letG+=G+uv,obviously
G+∈Βn,m.ByLemma1.1,wehaveAZI(G+)≥

AZI(G),whichisacontradiction.Thereforeany
twoverticesv1∈V1,v2∈V2areadjacent,implying

thatG/{i1,i2,…,im'}isacompletebipartite
graph.Similarly,weobtainthat<{i1,i2,…,im'}>
isacompletegraph,

G=Km'∨Kn1,n2=Km'∨(Kn1∨Kn2).
Assumem'<m,then

n1+n2=n-m'>n-m ≥3.
Itimpliesthatn1≥2orn2≥2.

Supposethatn1≥2,then

G=Km'∨(Kn1 ∨Kn2)
hasasubgraphKm'+1=Km'∨K1,whichisajoin
ofthegraphKm'andavertexofKn1.Itiseasyto
checkthat

G'=Km'+1∨(Kn1-1∨Kn2)∈Βn,m.

Bycalculation,theedgenumberofG=Km'∨

(Kn1∨Kn2)is
m'(m'-1)

2 +m'n1+m'n2+n1n2

andtheedgenumberof
G'=Km'+1∨(Kn1-1∨Kn2)∈Βn,m

is
(m'+1)m'
2 +(m'+1)(n1-1)+(m'+1)n2+

(n1-1)n2.

ThengraphGhasn1-1edgeslessthanG',

byLemma1.1,wehaveAZI(G)<AZI(G'),
whichisacontradiction,thusm'=m.Therefore
wehave

G=Km ∨(Kn1 ∨Kn2).
  Thedegreeduofvertexuis

du=
n-1,
n-n1,
n-n2,









u∈Km;

u∈Kn1;

u∈Kn2;

sotheAZIofgraphGis

AZI(G)=∑
uv∈G~
(du·dv

du+dv-2
)3=

∑
u,v∈Km

( dudv

du+dv-2
)3+

∑
u∈Km,v∈Kn1

( dudv

du+dv-2
)3+

∑
u∈Km,v∈Kn2

( dudv

du+dv-2
)3+

∑
u∈Kn1

,v∈Kn2

( dudv

du+dv-2
)3=

m(m-1)
2

[(n-1)(n-1)
n-1+n-1-2

]
3

+

mn1[
(n-1)(n-n1)
2n-n1-3

]
3

+

mn2[
(n-1)(n-n2)
2n-n2-3

]
3

+

n1n2[
(n-n1)(n-n2)
2n-n1-n2-2

]
3

.
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  LetG︵=Km∨(Kn1-1∨Kn2+1),then

AZI(G︵)=
m(m-1)
2

[(n-1)(n-1)
2n-4

]
3

+

m(n1-1)[
(n-1)(n-n1+1)
2n-n1-2

]
3

+

m(n2+1)[
(n-1)(n-n2-1)
2n-n2-4

]
3

+

(n1-1)(n2+1)[
(n-n1+1)(n-n2-1)
2n-n1-n2-2

]
3
,

AZI(G)-AZI(G︵)=m(n-1)3[
n1(n-n1)3
(2n-n1-3)3+

n2(n-n2)3
(2n-n2-3)3-

(n1-1)(n-n1+1)3
(2n-n1-2)3 -

(n2+1)(n-n2-1)3
(2n-n2-4)3

]+

1
(2n-n1-n2-2)3

[n1n2(n-n1)3(n-n2)3-

(n1-1)(n2+1)(n-n1+1)3(n-n2-1)3].

  Ifn1-1≥n2+1,thenAZI(G)<AZI(G
︵).

Therefore,ifn-miseven,thenwehave

n1=n2=
n-m
2 .

ThatistosayG=Km∨(Kn-m
2 ∨Kn-m

2
),and

AZI(G)=
m(m-1)
2

[(n-1)(n-1)
n-1+n-1-2

]
3

+

2mn-m
2
[ (n-1)(n+m)/2
n-1+(n+m)/2-2

]
3

+

n-m
2

n-m
2
( (n+m)/2·(n+m)/2
(n+m)/2+(n+m)/2-2

)
3

=

m(m-1)(n-1)6

16(n-2)3 +

m(n-m)(n-1)3(n+m)3

8(3n+m-4)3 +

(n-m)2(n+m)6

256(n+m-2)3
.

Ifn-misodd,thenwehave

n1=
n-m+1

2
,n2=

n-m-1
2 .

ThatistosayG=Km∨(Kn-m+1
2 ∨Kn-m-1

2
),and

AZI(G)=
m(m-1)
2

[(n-1)(n-1)
n-1+n-1-2

]
3

+

mn-m-1
2

(n-1)(m+
n-m+1

2
)

n-1+m+
n-m+1

2 -2



















3

+

mn-m+1
2

(n-1)(m+
n-m-1

2
)

n-1+m+
n-m-1

2 -2



















3

+

n-m-1
2

n-m+1
2

·

(m+
n-m-1

2
)(m+

n-m+1
2

)

m+
n-m-1

2 +m+
n-m+1

2 -2



















3

=

m(m-1)(n-1)6

16(n-2)3 +

m(n-1)3
(n+m-1)3
(3n+m-7)3+

m(n-1)3
(n+m+1)3
(3n+m-5)3+

[(n-m)2-1][(n+m)2-1]3

256(n+m-2)3
.
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