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一种随机树度分布的解析方法

冯群强,郑伯泽

(中国科学技术大学管理学院统计与金融系,安徽合肥230026)

摘要:主要讨论了随机平面根树的度分布.对任意d≥1,证明了在含有n条边的随机平面根树中,当n→�

时,度数为d 的顶点数目在合适的正则化条件下具有渐近正态性,还给出了该数目期望和方差的渐近表达

式.在证明过程中主要使用了一种解析的方法.
关键词:随机树;度分布;鞍点法;Hurwitz定理

0 Introduction
Aplantedplanetreeisaplanetreewhoseroot

hasonlyonechild.Indrawings,plantedplane
treesascendfromtheirroots.Thesetreeshaveno
labeling.Itiswell-knownthatthenumberofsuch
treeswithnedgesistheCatalannumber(see,for
example,Ref.[1]):

Cn=
1
n
2n -2
n -1  (1)

Themodelofrandomnessinthegrowthofrandom
plantedplanetreesinducesauniformdistribution
onthetrees:AllCnplantedplanetreeswithn
edgesaregeneratedwithequalprobability.

Plantedplanetreeshavebeenconsideredby
many researchers.For example, The height
problems of planted plane trees have been



consideredbyProdinger[2-4];Gutjahr[5]studiedthe
varianceoflevelnumbersinplantedplanetrees
andsomeotherfamiliesoftrees;Chenetal.[6]

gaveabijectionbetweenplantedplanetreeswith
elevatedDyckpaths.

Verticeswithdegree1arereferredtoas
leaves.Buthere,forconvenience,weexcludethe
rootofaplantedplanetreeasaleaf.Forany
integerd≥1,letXn,dbethenumberof(nonroot)
verticesofdegreedinarandomplantedplanetree
withnedges.Notethatarootedtreewithnedges
has a root and n vertices, which implies

that∑
n-1

d=1
Xn,d =n.

Degreeprofile(ordegreedistribution)isan
importanttopicinthestudyofrandomtreesand
random networks. Via P􀆩lya urn models,
MahmoudandSmythe[7],Janson[8]havediscussed
theasymptoticnormalityofthenumberofvertices
withvariousdegreesinrandomrecursivetrees.
Thedegreeprofileofm-arysearchtreeshasbeen
studiedinRef.[9].ZhangandMahmoud[10]have
alsoconsideredthisproblembothforApollonian
networkwhichisarandomnetworkmodel,and
foranotherrandomtreemodel,k-trees.Following
theirroutes,inthispaperweshallstudythe
degreeprofileinrandomplantedplanetrees,i.e.,
theasymptoticdistributionofXn,dforanyfixed
integerd ≥ 1,asn → ∞. Unliketheir
approaches,ananalytical methodisemployed
here.

ToderivetheasymptoticdistributionofXn,d ,
weshalldefineabivariategeneratingfunction
B(x,y).InSection1,weestablishafunctional
equationforB(x,y).Basedonthefunctional
equation,the asymptotic formula for the
expectationofXn,disgiveninSection2.Inthelast
section,weprovetheasymptoticnormalityofa
normalizedversionofXn,d ,fromwhichonecan
easilygettheasymptoticformulaforthevariance
ofXn,d .

Throughoutthispaper,thelimitsarealwaysto
betakenasn→∞.Forfunctionsf(n)andg(n),we

writef(n)~g(n)iflim
n→∞

f(n)/g(n)=1.Wealso

use
D
→forconvergenceindistribution.
Ourmainresultisasfollows.
Theorem0.1 Foranyintegerd≥1,letXn,d

bethenumberofverticesofdegreedinarandom
plantedplanetreeofnedges,wehave

Xn,d -E[Xn,d]

Var[Xn,d]
D
→N(0,1),

with

E[Xn,d]~
1
2dn
,Var[Xn,d]~

2d+1-(d-2)2-2
22d+1 n.

1 Functionalequation
LetPbethesetofallplantedplanetrees.For

anytreeω ∈Pandanyintegerd≥1,letN(ω)
denotethenumberofedgesandMd(w)bethe
numberofverticeswithdegreedinw .Wedefine
abivariategeneratingfunctionasfollows:

B(x,y):=∑
ω∈P

xN(ω)yMd
(w).

WecanrewriteB(x,y)as

B(x,y)=∑
n,k

C(n,k)xnyk (2)

whereC(n,k)isthenumberofplantedplanetrees
withnedgeswhichcontainexactlykverticesof
degreed.Clearly,B(x,y)andC(n,k)both
depend ond.Forthe explicitformulafor
C(n,k),seeRef.[1].
Usingthebranchdecompositiononthefamily

P,itisnothardtoshowthat
P-{􀆠}={􀆠}×(P+P×P+P×P×P+…),
with􀆠beingaplantedplanetreewithnoedgesand
×beingtheCartesianproduct.Foranexampleof
branchdecompositionofplantedplanetrees,see
Fig.1.Then,bythesymbolicmethod(see,for
example,Ref.[11]),onecanshowthatB(x,y)
satisfiesthefollowingfunctionalequation:

Fig.1 Branchdecompositionofaplanted
planetreewiththreebranches
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B(x,y)=x(1+B(x,y)+B2(x,y)+…+
Bd-2(x,y)+yBd-1(x,y)+Bd(x,y)+…).
Simplifying this relation, we obtain the

functionalequationasfollows:

B(x,y)=x 1
1-B(x,y)+

(y-1)Bd-1(x,y)  
(3)

ford ≥1.Thisfunctionalequationwillplayan
essentialroleinourstudyoftheasymptotic
distributionofXn,d .

2 Themean
For E[Xn,d], by the definition of

expectation,

E[Xn,d]=
1
Cn
∑
n-1

k=1
kC(n,k).

  Forconvenience,wedefinethefollowingtwo
functions:

P(x):=B(x,1),G(x):=
􀆟
􀆟yB

(x,y)|y=1.

FromEq.(2),wehave

P(x)=∑
∞

n=1
Cnxn;

G(x)=∑
∞

n=1
∑
n-1

k=1
kC(n,k)  xn.

  ThegeneratingfunctionP(x)doesnotdepend
ond,butG(x)does.Ontherelationbetween
P(x)andG(x),wehavethefollowingresult.

Proposition2.1 Foranyintegerd≥1,

G(x)=
xPd-1(x)(1-P(x))

1-2P(x)
(4)

  Proof RewriteEq.(3)as
B(1-B)=x1+(y-1)Bd-1(1-B)  .

Differentiatingwithrespecttoyforbothsidesof
theaboveequation,wehave

(1-2B)
􀆟B
􀆟y=xBd-1(1-B)+    

x(y-1)(d-1)Bd-2-dBd-1  􀆟B􀆟y.

Applyingy=1totheaboveequationandcarrying
outsomesimplifications,onecancheckeasilythat
Eq.(4)isvalidforanyd≥1.
Sincen≥1,wehaveP(x)=x+O(x2),as

x→0.Thus,ifweconsiderxasacomplex

variable,P(·)isaconformalmappinginasmall
neighborhoodofx=0.Asaresult,P(x)hasan
inversefunctioninthisneighborhood.Thisfactis
veryusefulforthefollowing manipulation of
integrals.MakeuseofCauchyintegralformulain
Eq.(4)toget

∑
n-1

k=1
kC(n,k)=

1
2πi∮C

G(x)dxxn+1=    

1
2πi∮C

xPd-1(x)(1-P(x))
1-2P(x)

dx
xn+1.

HereCisasmallcirclecenteredatx=0andliesin
aneighborhoodofx=0,inwhichP(x)hasan
inversefunction.

Iflety=1inEq.(3),then
P(x)(1-P(x))=x.

DifferentiatingwithrespecttoP,wehave
dx
dP=1-2P.

Then

E[Xn,d]=
1
Cn

1
2πi∮C

Pd-1(x)(1-P(x))
1-2P(x)

dx
xn =

1
Cn

1
2πi∮􀭾Cp

d-1(1-p)
1-2p

1
(p-p2)n

(1-2p)dp=

1
Cn

1
2πi∮􀭾Cp

d-1(1-p)
(p-p2)n

dp,

where􀭾Cisasmallcirclecenteredatp =0.If
wedenote

h(p):=-ln(p-p2),
thentheexpectationofXn,dcanbeexpressedas

E[Xn,d]=
1
Cn

1
2πi∮􀭾Cpd-1(1-p)enh(p)dp (5)

Eq.(5)canbetreatedwiththeclassicalsaddle
pointmethod(see,forexample,Ref.[12]orRef.
[13]).Hereweshallbrieflysketchtheprocess
andomitthedetails.

Thesaddlepointistherootofequation
d
dph

(p)=0.Thatis,

-
1-2p
p-p2=

0.

Thus,onecaneasilygetthatthesaddlepointis

p=
1
2.Moreover

,onecangeth″(
1
2
)=8.Then,

bythesaddlepointformula,wehave
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1
2πi∮􀭾Cpd-1(1-p)exp{nh(p)}dp=

1
2πi

1
2d-11-

1
2  expnh 1

2    
-2π

nh″(12
)  

1
2

·

1+O 1
n    = 4n

2d+2 πn
1+O 1

n    (6)

  ByStirling’sformula

n! =nn+1/2e-n 2π 1+O 1
n    ,

andEq.(1),Cncanbeexpressedas

Cn=
4n-1

n πn
1+O 1

n    (7)

  SubstitutingEq.(6)andEq.(5)intoEq.(5),
wegetthefollowingresult.

Proposition2.2 LetXn,dbethenumberof
verticesofdegreedinarandomplantedplanetree
withnedges.Then

E[Xn,d]=
n
2d 1+O 1

n    .

3 Asymptoticdistribution
Inprinciple,onecancontinueworkingoutthe

varianceofXn,d byfollowingasimilarmethod.
However,itbecomesmorecomplicated.Toavoid
thedifficulty,weintroducetherandomvariable

Yn,d:=
Xn,d -

n
2d

an
,

witha beingapositiveconstant,whichonly
dependsond.IfYn,dconvergestothestandard
normalrandomvariableindistributionasn→∞,
thenthevarianceofXn,disasymptotictoa2n.It
willbeshowninthefollowingthat

a=
2d+1-(d-2)2-2

22d+1
(8)

  Inthesequelweshallprovetheasymptotic
normalityofYn,dunderEq.(8).
3.1 Expressionofthecharacteristicfunction

ThecharacteristicfunctionofYn,d canbe
expressedas

E expitYn,d    =E expit
Xn,d -n/2d

an  􀭠
􀭡

􀪁
􀪁 􀭤

􀭥

􀪁
􀪁 =

exp-it
n/2d

an  E exp(itXn,d

an
)􀭠

􀭡

􀪁
􀪁 􀭤

􀭥
􀪁
􀪁 .

  Bythedefinitionofexpectation,wehave

E expit
Xn,d

an  􀭠
􀭡

􀪁
􀪁 􀭤

􀭥

􀪁
􀪁 =

1
Cn
∑
n-1

k=1
exp

it
an    

k

C(n,k).

  Let

Bn(x):=B x,exp
it

an    .

Notethat

∑
n-1

k=1
exp

it
an    

k

C(n,k)=[xn]Bn(x) (9)

Insertingy=exp
it

an  toEq.(3),weseethat
Bn(x)satisfiesthefollowingfunctionalequation:

Bn(x)=x 1
1-Bn(x)+ exp

it
an  -1  Bd-1

n (x)  .

Thatis,

x=
Bn(x)

1
1-Bn(x)+ exp

it
an  -1  Bd-1

n (x)
.

  ByLagrangeinversionformula (see,for
example,Ref.[11,AppendixA.6]),wehave

[xn]Bn(x)=
1
n
[λn-1]ϕn(λ) (10)

where

ϕ(λ):=
1
1-λ+ exp

it
an  -1  λd-1.

  UsingCauchyintegralformulainEq.(9),
weget

∑
n-1

k=1
exp

it
an    

k

C(n,k)=          

1
n
1
2πi∮C

1
1-z+ exp

it
an  -1  zd-1  

n

zn dz=

1
n
1
2πi∮C 

1+ exp
it

an  -1  zd-1(1-z)

z(1-z)  
n

dz,

whereCcanbetakenasasmallcirclecenteredat
z=0.Dividebothsidesoftheaboveequationby
Cntoget

E exp{itYn,d}  =
exp-

itn
2da  

nCn
·
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1
2πi∮C 

1+ exp
it

an  -1  zd-1(1-z)

z(1-z)  
n

dz

(11)
  Nowonecanseethatthekeytoourproblem
istofindtheasymptoticexpressionoftheintegral
inEq.(11).
3.2 Asymptoticformulaforthesaddlepoint
Ifwedenote

hn(z):=ln 
1+ exp

it
an  -1  zd-1(1-z)

z(1-z)  ,
thentheintegralinEq.(11)canbesimplifiedas

1
2πi∮C 

1+ exp
it

an  -1  zd-1(1-z)

z(1-z)  
n

dz=

1
2πi∮C

exp{nhn(z)}dz.

  Solvetheequation
􀆟
􀆟zhn(z)=0tofindthe

saddlepoint.
􀆟
􀆟zhn(z)=               

exp
it

an  -1  (d-1)zd-2-dzd-1  

1+ exp
it

an  -1  zd-1(1-z)
-

1-2z
z(1-z)=0

,

whichimpliesthat

(d-2)exp
it

an  -1  zd-1(1-z)2-(1-2z)=0

(12)
  Foranycomplexnumberαandrealnumber
r>0,let

D(α,r):={z:|z-α|<r}.
  Forsomebasicpropertiesofthesaddlepoint,
weshallapply Hurwitztheorem[14],whichis
statedasfollows.

Let {fn}be a sequence of holomorphic
functionsonaconnectedopensetGthatconverges
uniformly on compact subsets of G to a
holomorphicfunctionf whichisnotconstantly

zeroonG.Iffhasazeroofordermatz0thenfor
everysmallenoughρ>0andforsufficientlylarge
integern (dependingonρ),fnhaspreciselym
zeroesinthediskdefinedby|z -z0|<ρ,
includingmultiplicity.Furthermore,thesezeroes
convergetoz0asn→∞.

Lemma3.1 Forallsufficientlylargeinteger
n,thepolynomialequation

(d-2)exp
it

an  -1  zd-1(1-z)2-(1-2z)=0

hasauniquerootrn inthediscD(0, 23
).

Furthermore,

rn=
1
2-

d1it
an

+O 1
n  ,

asn→∞,with

d1=
d-2
2d+2 .

  Proof Considerthefunction
fn(z):=                  

(d-2)exp
it

an  -1  zd-1(1-z)2-(1-2z),

andthefunction
f(z):=-1+2z.

  Sinceexp
it

an  -1→0,fn(z)converges

uniformlytof(z)inthediscD(0,
2
3
)asn→∞.

Itisobviousthat12istheuniquerootoff
(z).By

Hurwitztheorem,forallsufficientlylargepositive

integern,fn(z)hasauniquerootrninD(0,
2
3
)

andrnconvergesto
1
2.Thatis

,rn=
1
2+o(1).

Fortheasymptoticformulaforrn ,herewe
usethebootstrapmethod.Let

rn=
1
2+εn (13)

whereεn =o(1).PlugEq.(13)intoEq.(12)
toget

(d-2)
it

an
+O 1

n    1+O(εn)
2d+1 =-2εn.

Thus,
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(d-2)it
2d+1an

+O 1
n  +O

εn

n  +Oεn

n  =-2εn.

  Comparingtheorderofbothsidesofthe
aboveequation,wehave

εn=-
(d-2)it
2d+2an

+O 1
n  .

  ThisfinishestheproofforLemma3.1.
Ifrnisexpressedas

rn=|rn|exp{iϕn},
then,fromLemma3.1,wehave

|rn|=
1
2+O 1

n  ,ϕn=O
1
n  (14)

  Weremarkthatthesetwoestimationsoccur
frequentlyinthesubsequentsubsections.
3.3 Estimationsandconvergence

Chooseaconstantεintheinterval(13
,1
2
).

NowwecanexpandcontourCoftheintegralin
Eq.(11)tothecircle|z|=|rn|.Thatis,forall
sufficientlylargeintegern,
1
2πi∮C

exp{nhn(z)}dz=           

1
2πi∮|z|=|rn|

exp{nhn(z)}dz:=J1+J2+J3,

where

Jk=
1
2πi∫Ck

exp{nhn(z)}dz,k=1,2,3,

andwhere
C1={z:|z|=|rn|,|argz-ϕn|≤n-ε},

C2={z:|z|=|rn|,n-ε<|argz-ϕn|≤δ},
C3={z:|z|=|rn|,δ<|argz-ϕn|≤π}.

Hereδ >0beingasufficientlysmallconstant
dependingonlyond.NotethatC1isacirculararc
symmetricalaboutthesaddlepointrn andit
subtendsanangleofsize2n-ε.

WeestimateJ1,J2andJ3inthefollowing.It
willbeshown below thatJ1 givesthe main
contribution.WestartwithJ3.

Lemma3.2 Thereexistsaconstantcδ∈(0,
1),suchthat

J3=O (4-cδ)n  .
  Proof Similartotheconvergenceoffn(z)to
f(z),|exp{hn(z)}|convergesuniformlyto

|
1

z(1-z)|inD
(0,23

)\D(0,13
)asn→∞.Let

z=
1
2exp

{iθ},θ∈(δ,π).Itisnothardtosee

thatthefunction
g(θ):=                 

|
1

1
2exp

{iθ}(1-
1
2exp

{iθ})
|=

2
5
4-cosθ

isstrictlydecreasingand max
0≤θ≤π

g(θ)=g(0)=4.

Thus,byHurwitztheorem,theproofofLemma
3.2iscomplete.

Lemma3.3 Thereexistsaconstantc>0,
suchthat

J2=O
4n

n
exp-cn1-2ε    .

  Proof Throughthetransformz=rnexp{iθ},
onecanget

J2=
rn

2π∫n-ε≤|θ|≤δ 
1+ exp

it
an  -1  rd-1

n exp{(d-1)iθ}(1-rnexp{iθ})

rnexp{iθ}(1-rnexp{iθ})  
n

exp{iθ}dθ.

Thus,

|J2|≤
rn

-n+1

2π∫n-ε≤|θ|≤δ

1+ exp
it

an  -1  rd-1
n exp{(d-1)iθ}(1-rnexp{iθ})

1-rnexp{iθ}

n

dθ (15)

  Weconsiderthecasen-ε ≤θ ≤δinthe
following.Onecantreattheothercase-δ≤θ
≤-n-εinasimilarway.ByEq.(14),

1-rnexp{iθ}n=|1-|rn|exp{i(ϕn+θ)}|n=

1+|rn|2-2|rn|cos(ϕn+θ)  
n
2 =
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5
4-cos(ϕn+θ)+O 1

n    
n
2

≥

1
4+

1
3
(ϕn+θ)2+O 1

n    
n
2
,

sinceδissufficientlysmall.Ifnissufficiently
large,then|ϕn|<θ/2.Itfollowsthat

1
1-rnexp{iθ}

n

≤          

1
4+

1
3 -

θ
2+θ  2+O 1

n    -
n
2

=

2n 1+
θ2
3+O 1

n    -
n
2

=

2nexp-
n
2ln1+

θ2
3+O 1

n      .

  Therelationln(1+x)≥
x
2holds

,ifx>0is

sufficientlysmall.Thus,ifδissufficientlysmall,
1

1-rnexp{iθ}
n

≤2nexp-
n
12θ

2+O(1)  =
O2nexp-

n
12θ

2    (16)

  Let
Rn(θ):=rd-1

n exp{(d-1)iθ}1-rnexp{iθ}  .
Since|Rn(θ)|isbounded,onecanget

1+ exp
it

an  -1  rd-1
n ·          

exp{(d-1)iθ}(1-rnexp{iθ})
n
=

expnln1+
it

an
+O 1

n    Rn(θ)    =

Oexp-
t
a nIm(Rn(θ))    ,

whereIm(Rn(θ))istheimaginarypartofRn(θ).
ForRn(θ),wehave

Rn(θ)=|rn|d-1exp{(d-1)i(ϕn+θ)}·
(1-|rn|exp{i(ϕn+θ)})=

1
2d-1+O 1

n    (cos[(d-1)(ϕn+θ)]+

isin[(d-1)(ϕn+θ)])·

1-
1
2cos

(ϕn+θ)-
1
2isin

(ϕn+θ)+O 1
n    .

Then,
Im(Rn(θ))=                
1
2d-1 1-

1
2cos

(ϕn+θ)  sin[(d-1)(ϕn+θ)]-

1
2cos

[(d-1)(ϕn+θ)]sin(ϕn+θ) +O 1
n  =

O(θ)+O
1
n  .

Thus,thereexistsaconstantc1>0notdepending
onn,suchthat

1+ exp
it

an  -1  rn
d-1·         

exp{(d-1)iθ}(1-rnexp{iθ})
n
=

Oexp{c1θn}  .
  Hence,byEqs.(15)and(16),

|J2|=O2n∫
δ

n-ε2nexp-
n
12θ

2+c1θn  dθ  =
O
4n

n∫
δn

n1/2-ε
exp-μ2

12+c1μ  dμ  =
O
4n

n∫
δn

n1/2-ε
exp-

1
12
(μ-6c1)2  dμ  .

Recallthatεischosenbetween13and
1
2.Sothe

integralisofO(exp{-cn1-2ε}),whichimplies
Lemma3.3.

Lemma3.4 ForJ1,wehave

J1=
4n-1

πn
expitn

2da -
2d+1-(d-2)2-2

22(d+1) ·t
2

a2  ·
1+O(n1-3ε)  (17)

  Proof Recallthat

J1=
1
2πi∫C1

  1+ exp
it

an  -1  zd-1(1-z) /
(z(1-z)) n

dz=
1
2πi∫C1

exp{nhn(z)}dz.

Thefollowingargumentacquiresitsinspiration

fromRef.[12].Notethatthefunctionln 1
z(1-z)

isanalyticatz=
1
2andtheradiusofconvergenceof

itsTaylorseriesis
1
2.Moreover

,hn(z)converges

uniformlytoln
1

z(1-z)inthediscD
(1
2
,1
6
),as

n → ∞.Sincethesaddlepointrn →
1
2
,by

Hurwitztheorem,thefollowingclaimholds:For
anysufficientlylargeintegern,thereexistsa
constantρ>0notdependentonn,suchthatthe
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radiusofconvergenceofTaylorseriesofhn(z)
aboutthepointz=rnisnotsmallerthanρ.Then,
in|z-rn|ϕρ,wecanexpandhn(z)as

hn(z)=hn(rn)+
1
2!h″n

(rn)(z-rn)2+Fn(z),

where
Fn(z)=a3,n(z-rn)2+a4,n(z-rn)4+…,

witha3,n,a4,n,…beingTaylorcoefficients.
Also note thatC1 ⊂ D(rn,ρ)ifn is

sufficientlylarge.Let
Mn:= max

|z-rn|=ρ
|hn(z)|.

FromCauchyinequality(see,forexample,Ref.
[14]),wehave

|am,n|≤
Mn

ρm ,m=3,4,….

Then,foranyz∈C1,

|Fn(z)|≤
Mn

ρ3
|z-rn|3+

Mn

ρ4
|z-rn|4+…=

Mn|z-rn|3

ρ2(ρ-|z-rn|)≤
2Mn

ρ3
|z-rn|3.

Sincehn(z)convergesuniformlytoln
1

z(1-z)
,

thereexistsaconstantM >0,suchthatMn ≤M
foralln.Therefore,ifz∈C1,

|nFn(z)|≤
2M
ρ3

n|rn(exp{iϕn}-1)|≤

2M
ρ3

n1-3ε→0.

Thus,

J1=
1
2πi∫C1

expnhn(rn)+
1
2h″n

(rn)(z-rn)2+Fn(z)    dz=

exp{nhn(rn)}
2πi ∫C1

exp
n
2h″n

(rn)(z-rn)2+nFn(z)  dz=

exp{nhn(rn)}
2πi ∫C1

exp
n
2h″n

(rn)(z-rn)2  dz  1+O(n1-3ε)  .

Replacingz=rnexp{iθ},weproceed,

J1=
exp{nhn(rn)}rn

2π ∫
n-ε

-n-εexp
n
2h″n

(rn)r2n(exp{iθ}-1)2+iθ  dθ  1+O(n1-3ε)  .

  Since
(exp{iθ}-1)2=-θ2+O(n-3ε)andexp{iθ}=1+O(n-ε),

wehave

J1=
exp{nhn(rn)}rn

2π ∫
n-ε

-n-εexp-
n
2h″n

(rn)r2nθ2  dθ  1+O(n1-3ε)  .

  Changingagaintheintegralvariableμ→θn ,togetthat

J1=
exp{nhn(rn)}rn

2πn ∫
n1/2-ε

-n1/2-ε
exp-

h″n(rn)r2n
2 μ2  dμ  1+O(n1-3ε)  =

exp{nhn(rn)}rn

2πn
2π

h″n(rn)r2n +O(n1-3ε)  1+O(n1-3ε)  =
exp{nhn(rn)}

2πnh″n(rn)
1+O(n1-3ε)  .

  Afterroutinecalculations,onecangetthat

h″n(rn)=8+O
1
n  =8+O(n1-3ε).

Then,

J1=
exp{nhn(rn)}

4 πn
1+O(n1-3ε)  (18)

  Nowexp{nhn(rn)}istheonlytermtobeestimated.Recallthat

rn=
1
2-

d1it
an

+O 1
n  ,
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withd1=
d-2
2d+2 .Wehave

exp{nhn(rn)}= 
1+ exp

it
an  -1  rd-1

n (1-rn)

rn(1-rn)  
n

=

1
rn(1-rn)+

exp
it

an  -1  rn
d-2  

n

=

4-
16d21t2

a2n +
it

an
-

t2

2a2n  12-
d1it
an  

d-2

+On
3
2    

n

=

4n 1-
4d21t2

a2n +
1
2d

it
an

-
t2

2a2n  1-
2(d-2)d1it

an  +On
3
2    

n

=

4n 1+
it
2dan

-
2d+1-(d-2)2

22(d+1) ·t2

a2n+On
3
2    

n

=

4nexpitn
2da -

2d+1-(d-2)2-2
22(d+1) ·t

2

a2  1+On-
1
2    ,

whichimplieswithEq.(18)thatEq.(17)holds.
TheproofofLemma3.4iscomplete.
ItfollowsbyLemmas3.2and3.3that,as

n→∞,
J3=o(J1),J2=o(J1).

IfatakesvalueasinEq.(8),then

J1=
4n-1

πn
expitn

2da -
t2
2  1+O(n1-3ε)  .

Hence,byEqs.(7)and(11),wehave

E exp{itYn,d}  ~exp-
t2
2  ,

whichisthecharacteristicfunctionforthestandard
normaldistribution.TheproofofTheorem0.1is
complete.
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