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Abstract: Let T be a nonnegative weakly irreducible tensor, and Q (G) be the signless Laplacian

tensor of a connected uniform hypergraph G . Some lower bounds of the principal ratio and some

bounds on the entries for the principal eigenvector of Tand Q (G) were given, respectively.
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0 Introduction

For a positive integer n , let [n ] ={1,2,-,
n} . An order m dimension n complex tensor T =
€ C ., wherei,
€lnl.j € lm]. If every entry ¢;,..;,, =0, thenT

(t;..;,, ) consists of n” entries: t;..;,
is called nonnegative. Let C "I (R 1) be the set
of order m dimension n complex (real) tensors,

and C" be the set of n -vectors over the complex

field C.
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In 2005, Qi‘Y and Lim"® proposed the concept
of eigenvalues of tensors, independently. For T =
(Liyiger, ) € G0 if there exists a numberd € C
and a nonzero vector x = (x,,*,x,)" &€ C"
such that

Tem ! =zl
then A is called an eigenvalue of T, x is called an

m—1

eigenvector of T corresponding to A ,» where Tx

[m—1]

and x are vectors whose i-th component are
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—1 — , . N
(Te" D= D) lipeiy @i @ioxs,

12413,y im =1
and
(‘T[m*l]) ) :‘Tz_ylfl ,
respectively. Let ¢ (T) denote the set of all
eigenvalues of T, the spectral radius p(T) = m
ax{[A || 2 €a(D}.
For a tensor T= (¢;,;,..., ) € C"",

exists a nonempty proper index subset I C {1,--,

if there

n} such that

Lo, =0y Yiy €103 0, € 1, j =2, vm,
then T
weakly reducible, thenT is weakly irreducible™ ",

is called weakly reducible; if T is not

For a nonnegative weakly irreducible tensor T
6 R[m.u] R [4-5] ,
know that o (T) is an eigenvalue of T and there

by Perron-Frobenius theorem we

exists a unique positive eigenvector y =

T

m

(y1s°°+sy,) ' corresponding to p (T) with 2 Yy =
i=1

1. Such y is called the principal eigenvector of T,
the maximum and minimum entries of y are

max

Y min

1s

denoted by y..x and y.. » respectively. y =

called the principal ratio of T.

Let G = (V(G),E(G)) be a hypergraph with
vertex set V(G)=[n ] and edge set E(G) ={e; se,,
«s,e,). If each edge of G contains exactly r
distinct vertices, then G is called r-uniform. In
particular, 2-uniform hypergraphs are ordinary
graphs. For i € [n], E,;(G) denotes the set of
edges of G containing i , and the degree of a vertex
iisd;=| E,(G) | . We denote by A=max{d;} and
8 = min{d;} the maximum and minimum degrees
of the vertices of G , respectively. If A=¢§ , thenG
is called a regular hypergraph. The adjacency
tensor'™ A; of an r-uniform hypergraph G is an
order r dimension n nonnegative tensor with entries

o = {ﬁ, if {i14i050i,) € E(G);
10, otherwise.

The degree tensor D; of G is an order » dimension n

diagonal tensor, with diagonal entry d,..; =d, , for

alli € [n] . Q; =D; + Ag is the signless Laplacian

tensor of G, The spectral radius of Q; is called

radius of G,

the signless Laplacian spectral

denoted by x (G) .

In recent years, the study of the principal
eigenvectors of tensors and hypergraphs has
attracted extensive attention. Some bounds for the
principal ratio of nonnegative tensors were given in
Refs.[8-10]. For a connected uniform hypergraph
G , some bounds on entries for the principal
eigenvector of G were presented in Refs.[11-13].

This paper mainly studies the principal
eigenvectors of nonnegative and hypergraphs. It is
organized as follows. In Section 1, we give some
bounds for the principal ratio, the maximum and
minimum entries in the principal eigenvector of
nonnegative weakly irreducible tensors. In Section
2, we obtain some bounds for the principal ratio,
the entries in the principal eigenvector of the
signless Laplacian tensors for connected uniform

hypergraphs.
1 Principal eigenvectors of nonnegative
weakly irreducible tensors

For a nonnegative tensor T= (¢;,..;, ) € R™" | let
(D= >ty s
P25 eim =1
rl(T) = D0 i

Cig oo vim) A (i)

R’ (D :maxr/,z(T) , :/(T) =min 7 (D).

In the following, the lower bound for the
principal ratio of a nonnegative weakly irreducible
tensor is presented.

Theorem 1. 1
irreducible tensor T=(¢,,..;, ) € R"", let y and y

For a nonnegative weakly

=(y1,**»vy,) | be the principal ratio and principal
eigenvector of T , respectively. Let ;" (T)= R’ (D) , »’
(D =+"(D, fori,j € [n]. Then
(0(T) —t,., ) R' (D) T
7= (i)m — ) (D )
Proof ByT y" ' =p(Dy" "

n

§ Liigoig Yiz iz """ Yim

12400 sim =1

@y

, we have

‘O (T)y:u*l —

then
(D —ti.Hyl ' =
2 Litgorig Yiz Vig * Vin =
G2 e nim ) Ay yi)

o Y .
Liiyeriy Ymim =R (D yii s

G2y yim ) FA e yi)
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(D — 1))y !
Similarly, we can obtain

(D =)yt <7 (D! (3)
Combining (2) and (3) together gives

(D =ty e r Dyl =

> R (D ym (2)

(D —t,.)y " « Ryt
max | " A (D =t ) R(D
(%) ’ (jj) = (K;(T) —tt,,...,)r’(T)’
2Gm—1)
o (L) >
Y max "'*1ymmy, e
5= () =
(D —t;.; )R'(D

7 4
(D —t;.)r (D 0

which implies that

(D —1,. ,)R (D T
= (¢ )
(p D — Liwi )T (T)
Remark 1.1 If we takeT= A, in Theorem 1.1,

the result is given by Ref.[4, Theorem 2.1].
Applying the lower bound for the principal

ratio y of T, we can obtain the following result.
Theorem 1. 2

irreducible tensor T =

For a nonnegative weakly
(tiywi,) € R with the

principal eigenvector y = (y;.***,y,) * , let

r/ (D =R (D, r' (D =r"(D,
fori.j € [n]. Then
(oM —1,.) D\ = L
> — .
Do = (<(p<r)—tj...])R/<r)> " 1) ;
(oM — .

o= ((En=50m) Y

Proof (O Lety be the principal ratio of T. By

Theorem 1.1, it easy to see

1 — Zy
Yo (n —1+7") <

(D —t)r’ <T>>z< )
(o(D — ;.. )R (D |

n—1) Yo T+ Vi =

(=14 (

then we have

1

(D —t)r’ (D7D =y
> —1
e = <<< D —t,. )R’ (T)> " )
@ Similar to the proof in @, we obtain that
@ holds.

Remark 1.2 If we takeT= A in Theorem 1.2,

the result was given by Ref.[4,Theorem 2.2].
Next, we present another lower bound for
Ymax i1 terms of p (T) and r; (T) of T'.
Theorem 1.3
weakly irreducible tensor, and y = (y,,***svy,) " be

Let T € R be a nonnegative

the principal eigenvector of T. Then

p(Di

(Zr(T) —1)*

Equality holds if and only ifr, (D =-=r,(D.
Proof By Ty" ' = ‘o(T)y*’”*‘J , for all i €

[n] , we have

Y max ==

n

Z tiiz»--i,,, NizYis " YVin <

1240 sim =1

(O(T)ym | R—

n

§ m—1
11) vim Y max

0250 sim =1

So we obtain

=r (Dyh.

Mﬂﬁwxuwﬂﬂwm
p (D *IZM” Zr (D Y.

Since Zy’” =1, we have

W~ oD

max — “7’
Diri (D
i=1

ie.
1
(T
ymax 2 (0—

(ir,m%)
i=1

Equality holds if and only if

n

m—1
§ Liiyeving Y max »

1200 sim =1

p(T)ym | R—

:yi3 _.'.:yim
all i € [n]l, if ty5i, # 0. Since T is weakly
irreducible, we have y, =y, =+ =y,

ri (D) =< =r,(D.

which implies that y,, =Y. s fOr

= Vmax » L.€.

2 Principal eigenvectors of the signless
Laplacian tensors

Let G be an r—uniform hypergraph, foru.v €
V(G) , a walk from u to v in G is defined to be a
sequence of vertices and edges vy.e) v+ sV, »
e, v, with v, = u and v, = v such that edge e,
contains vertices v; , and v; » v, FZv; fori €[ p].

A hypergraph is connected if there is a walk
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connecting every pair of different vertices. If G is
then Q; is

irreducible tensor'™ . In this section, we use yq and

connected, a nonnegative weakly

x=(x,,**,x,) " to denote the principal ratio and
principal eigenvector of Q; , respectively.

If we take T =Q; in Theorem 1.1, we obtain
the following result.

Theorem 2.1 Let G be a connected r—uniform
hypergraph with maximum degree A and minimum

degree 8 . Then

1

(p(G) —8)A\ =D
Q/(@(G)—A)a)
Remark 2.1 Since ¢ (G) << 2A, we have
(,x(G)*SM_A(l A—20o )/

(u(G)—AM) 6 pu(G)—A
A A—5\ 24
S+ )="% 1 5
a< +2 ) ; (5)

(1(G) —)A\ T _ (2A  \ToD
@ = <(//j(G) —A>a> = <F_1> )
When equality in (5) holds, we have . (G) =2A .
By the proof in Theorem 1.2 and (6), we can
obtain the bound for the maximum and minimum
entries of the signless Laplacian principal
eigenvector of G .
Theorem 2. 2

hypergraph G on n vertices, letx =(x,,**,a,) " be

For a connected r—uniform

the signless Laplacian principal eigenvector of

G . Then

D & pax = ((2A38>M +n —1>7T;
@ 2 < ((%A— 1) )

If we take T =Q; in Theorem 1.3, we can get
the following result.

Theorem 2.3 Let G be a connected r—uniform

hypergraph with vertex degreesd,, d;s **» d, » x
= (x,,***»x,) " be the signless Laplacian principal
eigenvector of G . Then
1
(G)—1
IH\HX > /l— b

2 (D)7
i=1

i

with equality if and only if G is regular.

Lemma 2.1 For a connected r-uniform

hypergraph G with vertex degreesd,, d;. *=*» d, »
let + = (xy,++s2,) " and x(G) be the signless
Laplacian principal eigenvector and the signless

Laplacian spectral radius of G , respectively. Then
p(G) <2>)dxf,
i=1
with equality if and only if G is regular.

Proof Let Q; = (g,,.,,) be the signless

Laplacian tensor of G . Then

p(G)=x"(Qa" )= D) Gues T, =
il aeraip=1
Ed,»xf—}—r z x°,
i=1 e€ E(G)
where x° = x;, x5 x; s {i1+i5,°5i,) = e (see
Refs.[6-7]).
2> d .t —u(G) =
i=1
2 Vdal — (D) dai+r D) )=
i=1 i=1 e€ E(G)
Saai—r 3 0=
i=1 e€c E(G)
(i, + o+ 2, —ra;x;,) =0.
{ilysir)=e€ E(G)
Equality holds if and only if vy =2, =+ =2, ,

which implies G is regular.
In the following, a simple lower bound on
X max 18 presented.
Theorem 2.4 Let G be a connected r-uniform
hypergraph with n vertices and m edges, * =
(x1s°*sx,) " be the signless Laplacian principal

eigenvector of G . Then

L max > <#(6)> l ’
2rm

with equality if and only if G is regular.

Proof

of G . By Lemma 2.1, we have

Let Q; be the signless Laplacian tensor

p(G) < 2> d ] < 2D d T =27 M.
i=1 i=1
Then

Equality holds if and only if x|, =2, =+ =2x, , it
follows that G is regular.
We give the upper bound for ith entry of the

signless Laplacian principal eigenvector in the
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following theorem.
Theorem 2.5 Let G be a connected r—uniform
’ dn s X

Laplacian

hypergraph with vertex degreesd ., d;, **

= (xy,**»x,) " being the signless
principal eigenvector of G . Then for alli € [n],
we have
(G v
= < (itaie> =)

Equality holds if and only if G is a hypergraph with
one edge.

Proof Since p(G)x" " =Qua" . foralli €

[n], we know that

p (Gl = Q) =dai !+ D) 2

e€ Ei (G)

(7
where 2N =x ,xxi, s {iy 125 si, ) =e. So
we have

p(Gxi =dx] + Z x° (8)
C€ELG)

By Egs.(7) and (8) we have

2p(Gaf — p(G) =2 (Gt — pu(G) D x) =
ji=1

n

2(dxt + 2)1“’)—2(djxj+ S )=

ec Ei (G =1 e€ Ej(G)
n "
2d.x" — E d;x; — ( E E x’—2 E 1“’)2
=1 J=1e€E; (G € Ei (G
"
2d . x7 — E d;x; — ( E E ¢ — E 1‘“) s
=1 7 c€Ej(G) ¢€Ei ()
clearly, Z Z x¢ — Z x> 0. Then we get
j#i e€ Ej(G) e€ Ei (G)

2u(Grxt — pu(G) < 2d.xf — D d,x).

i1
By Lemma 2.1, it follows that
2u(Gxi —p(G) < 2d;x} 7/%’
and hence we have
1
(G) -
(e
s <4<#<G> —d,.>>

Equality holds if and only if

5 5 e 3 e

jFi e€ Ej(G) e€c Ei (G)
and G is regular. E E x¢ — E x° =0,
C€E (G

j#i e€CEj(G)

implies all edges of G contain the vertexi , soG is

a hypergragh with one edge.
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