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0 Introduction

After just several decades of development,
coding theory has become a thriving research area.
It has found its widespread application in areas
ranging from communication systems to storage
technology. Especially, the MacWilliams identity
is an important tool in error-correcting coding
theory. More than a decade ago, Rosenbloom and
Tsfasman proposed a non-Hamming distance over
linear space F'} in Ref.[1]. This distance is now
called the RT metric. Since then, many scholars
have been interested in MacWilliams identity with
respect to RT metric over various rings™ "', A lot
of contributions about RT metric over rings and
fields can be found in Refs.[ 5,6, 7]. Ref.[ 9]
studied cyclic codes and the weight enumerators of
linear codes over F,+ vF,+ v’F, . Later, Ref.[ 8]
determined MacWilliams identities of linear codes
with respect to RT metric over that ring.

This paper is devoted to generalizing the
results in Ref.[ 8] to the most general case. In
Section 1, we first introduce the concept of RT
metric, next we give the definition of the complete
e weight enumerator over M, (R). In Section 2,
we start with the new Gray map. and then the
definition of the Lee complete p weight enumerator
over M, (R) is given. Furthermore, we prove a
MacWilliams identity with respect to Lee complete
o weight enumerator over M, (R), and finally we
give an example to illustrate the obtained result. In
Section 3, we first define the exact weight
enumerators and the exact complete p weight
enumerators over M,..,(R), then we prove a
MacWilliams identity with respect to exact
complete p weight enumerators over M, (R).

Numerical examples are presented to illustrate the

obtained results.

1 Preliminary

Let R denote the commutative ring F,+ oF, -+
A +“Uk71 E:{do +a1U+"'+ak—1ﬂk71 | Aol "y

ar € F ,}, wherel is a prime and k is a positive

integer, and we denote the set of all n» X s matrices
over R by M,..,(R). Now we define the RT weight
of p as follows:

maxi{i:p; =0} +1, p 7 0;

wy(p) =

0. p=0;
where p =(po,p1ssp1) € M (R). Let p, g
€ M,.,(R). The RT distance between p and ¢ is
defined as p(p,q) =wn(p —¢). The RT weight is
then extended to P =(P,,P,,*,P,)" € M,..(R)
aswy(P) = z":w;\:(P,), where P, = (p,ospins

i=1
api) €EML (R),1<<i <n.TheRT distance
between P and Q is p(P,Q) =wy (P — Q) where
P,Qé&€e M,..(R). Itis obvious that the RT distance
is a metric on M,., (R). In addition, when s =1,
there is no difference between RT metric and
Hamming metric.

A linear code C over M,,,(R) is an R-
submodule of M, ,(R). Let w,(C) denote the
weight spectrum of C, i.e., . (C) =] {P € C |
w (P)=r} |, where 0 <7 <ns, and the p weight
enumerator of C is defined as W (2) = 2 w,(C)z’

r=0

= Zz‘“"(P). Let p :(Po shrsc

rPeC

q1s***+q,—) s where p,g € M, (R). Then the
inner product of p and ¢ is defined as (p, ¢> =

'7p_\~71) andq :(qo .

s—1

EPIQX717, , and this concept can be extended to

i=0
the inner product of P and Q as (P,Q) =

n

2<P,5Q;>7 where P - (P1,P2 7"'7P7,)T?

i=1

Q:(Qlszs'"»Q”)T € M,..(R), P, = (P;.os
piasspi)s and Q; = (qiosqin st sqi1) €
M (R), 1 < i < n. For s =1, by properly
interchanging the subscripts, we have (P,Q) =

Zqui , i.e., the usual Euclidean inner product.

i=1

The dual of C is defined as C+t= {Q €
M, ..(R)|(P.Q>=0, YP € C}. Then C* is also
a linear code over M,.,(R). The ring of n X s
matrices over R can be identified with the ring of
entries. We

n X 1 matrices with polynomial

identily the set of all polynomials of degree at most
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s —1over R with R[x]/(x*). Define a map
V. M,..(R) > M, (R[x]/(x*)),
P=(P,,,P)" = (P, (x),,P, (N7,
where P, = (piospins"spPiv) € M, (R),
P (x) = piv + piax + = 4+ piaaxT €
R[x]/(x*), 1<<i <<nand P" is the transpose of
P.

Let p(x) = po + prax + = + px™ €
R[x]/(x*). Let the e™ (0 << e << s — 1) coefficient
of p(x) be denoted by ¢, (p(x)). Then the inner
product {(p(x),q(x)) becomes (p(x),q(x) > =
c1 (p(x)q(x)). Similarly, suppose P, Q &
M, (R[x]/(x*)). We define

(P(2),Q(z2)) = > (P,(2).Q,(2)) =

i=1

Dl CP()Q (x)),

i=1

where P(x) = (P, (x).Py;(x)..P, (2",
Q) =@ (x), Q,(x),,Q,(a)NTand P, (x) =
PiotpiirtetpiarT Qi) =qtqax+
e tgiax T ER ]/ (20, 1<<i<n.Whens=
1, by properly interchanging the subscripts, we

have (P(2).Q(x)) = >, p.q:. For 0 € R, the

i=1

Hamming weight w(0) of the zero element is
defined as 0, otherwise 1.

Definition 1.1  Let Y,, = (y10s sy 115"
Vs oV )s P=(pii) e, € M,.,(R), where
1<i<<n, 0<<j <<s— 1. Define the complete p

weight enumerator of C over M, ., (R) as

— WD) e ny WD) gea WD) e n, WD)
WelY, ) = E :ym V1o—i Yu.o Yous=i s

rec

When n = 1,

subscripts, we get the delinition ol complete p

by properly interchanging the

weight enumerator of C over R’ as

We(Y) = Dy yp eyt

PeC
where

P :(Po s P 7"'ap_\~—1) € R, Y=(y1 9)/2’"’7)/_().

2 Lee complete p weight enumerator

Definition 2.1 Define the Gray map ® : R" —
F!by®(a,+av+-+a,0"") =Cas.a;,
Ap—2 sy +ak—1)? Vao +Cll"l)+"'+ak_1‘vk_l eR”»

s A p—1 S F;‘-
Definition 2.2

wherea,s a; s
According to Definition 2.1,
fora € R, we have the Lee weight of a as

0, if a =0;

1, ifa €U;

WL(Q'): ‘. .
i, ifa€V;

k9 lfO’EW;
WhereU:Uo U U] ’ U():{(lo_‘_(l_a())'vkil |a() 6
F/}, U1:{dﬂ/j |aj cF/, 1<j</€_1}9 V=

Ve Uviuv, uvs, Vo:{za/@vk’ |ak, cF/,
i=1
’ i—2
1<k, <k—1},Vi={las+ Djarv" | ao» as €
j=1

i—2
F;vlgk)gk_z }9 sz{ao—’_za/e"vk'—’_
i=1

a/\’—lvkil |aov Ap—19 Ay, Esza 1<kj<k_2}9

i—1
Vy ={a, + Eak,vk' +U—=a)v" " ay,a, EF/
j=1

k—2
1<k, <k—20, W=W,UW,. W,=1{> a0 |

j=0
k—1
a; € F/ ), Wi={DJa,v' |a, € F{ },anda,+

4,1 %0 (mod ).

Definition 2.3 Let Y, = (yi.os = syi—15°"s
Vs s Vusm1)s P =(pi;i), € M, (R), where
1< << nand 0 << j << 5 — 1. Define the Lee

complete p weight enumerator of C over
M, .. (R) as
_ Wo (00 aae Wo(Be) e W) s W)
Lee(Y,) = >y V1A Yl ? RRSAL
rPecC

In particular, when n = 1, by properly

interchanging the subscripts, we have the Lee

complete p weight enumerator of C over R’ as

Lee(Y) = Ey‘l)v (/)J)ygv,(/).) “'yf”’”’(").

rec

Definition 2.4 Define a map X:R — C",
Xlao farv+ = +a v =, Ya,+ta,v+-

“+ a0 € R, where 5=e¥. Then X is a character
of the ring R. The character X plays a crucial role in
the following lemmas.

Similar to the proof of Lemma 2 in Ref.[11],

we have the following lemma.
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Lemma 2.1 Let C be a linear code over

M,..(R) and P(2), Q(z) € M. (R[x]/(x")).
Then we have

0.ifQ & C';
[Cl.ifQeC .

Let X be a nontrivial character

DIAUP () .Qa))) =

P(x)eC
Lemma 2.2

of G, where G is a finite Abelian group. Then

D) =0.

beG
The following lemma plays an important role

in obtaining our main results.

Lemma 2.3 Let 8 be a fixed element of

R. Then
ZX(Ba)yWL(u) :[1 + (l _ 1)y:|}z—Wl,(,';’) (1 _y)W[,(ﬂ).
a€ER

Proof leta=a,+a, v+ ++a,v" " andf=

,80 +Blv+"'+ﬁk71"0k_] 6 R ’ Wherea; ’ B;‘ 6 F[ and
0 < k — 1. Moreover, let W (a) be the
Hamming weight of the elementa of F,, and (fa);

denote the coefficient of v’ of the product fa. Then

we have
£—1
EX(Ba)yWL(u) _ 2 I | X((ﬁd),"vl)yWL(H) —
4ER WER i=0
r—2
2 Hyw”(“')x((,&lhﬂvk_l Yy Wilatue —
a€R i=0
E—2 £—1
2 | | yW”(“" I | 5/3&717‘0‘4*(1;,,/3(,‘y‘VH(uﬁ‘Fa,,,) _
ai €F, i=0 i=0
£—2
2 | | ywﬂm,)g,@,ﬁ,‘a ZEuk.(/f‘,+/}.,,)+u‘,¥ﬂyWN(a‘,+a‘,,>yWH(a‘,>
w €PR, i=1 a,€F
E—2
/
D Denote A = Z Il gl y W and B =
ai €F, i=1

Biv A A B v TR
When 8-, =0, il a; =0, then & yWte’ =1,

otherwise &% @y V@) =y 5o 2 ghea yWated =1 4

ai €F,

(I —Dy.
When -1 # 0, if a; =0, then &y =
1, otherwise according to Lemma 2.2, we have

2 X(a;) =—1, so ZE*”"""“yW“(“ =1—y.

a, €EF/ a,€F,
From the definition of the Gray map defined

above, we can write A as follows:
A :[1 + (1 — l)y]kfszu,?') [1 . y]WL(/}W'
@ Denote

B — 2 Ea(,‘(ﬁﬁ-ﬁﬂ)#—u‘ﬁ,,‘yW,,(aH+uA,‘>yW”(u‘.) and

a,sa €F,

B =By + vt
When ‘80 :‘81:—1 209 i.e.9 W], (‘8”) 209 we haVe

2 yWH(aHJra,,nyW,,(am :[1_'_(1_1)3}]2.

Whel’lﬁo :Oe Bk*l # 09 Orﬁo # Oe Bo +‘Bk71 -
0.i.e.. W, (8) =1, we only consider the first case

here, then

(agta )Py WH (a,+a) WH(a,) __
E : 3 y hY =

a,a, €F,
E Cagta,)p WH Cata,)
5 =1 Bt y 1

a,sa, €F/
l—y—y'+y[l—1—U—2y]=
[14+ U =Dyl —y).
When By # 0, Bier =0, or By 0, By + i1 #
0, i.e., W, (8) =2, we only consider the first case

l—y—y"+y-

here, then

a fo  WiCa,ta ) Wita,)
E: Y y =

a,a,- €EF
1 _|_ (Z . 1)y2 _y _|_y . E sub,,,&yWH(aﬁra,,‘) —
a,sa; . €F/

(1—3)".
Similarly, we can write B as [ollows:
B :[1 + (Z . l)y:lz—wl_(ﬂ”) (1 . y)Wqu”)‘

From the above discussion. we have

ZX(Ba)yWL(u) :A . B —

«ER
[1 1 — l)y:lk—(WL(,é’/>+W1_<ﬂ/)) (1— y)WU/:’/H»WL(/J') _

[1+ =Dy — )",
Thus we complete the proof.
Remark 2.1
the above lemma, i.e., il P(x) =p,+ p1x + -+
pax” € R[x]/(x"). Then

DIXUP () saz' Ny @ =

a€R

There is an alternative form of

[1+U =Dy WP (1— )",
In connection with the preceding LLemma 2.1,
we mention the following equation which will be
useful for the next theorem.

Lemma 2. 4 Let C be a linear code over

M, (R)s f: M, (R[x]/(x)) > C[Y, ]. Then

ST FQG) = DT PG,
Qo eC! | (’ P(x)eC
where
f(P(x)) =
> X(P(2), Q) f(Qa)).

Q) € My>1 (R[2]/(as))
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Proof We have

S rpa)) =

P(x)eC

XP ) ,Q))) X f( Q) =

> 2

P()€CQ(a) € Myx1 (R 1/ (x5))

D1 D0 XHUP(),QG)) f(Qx)) +

P(x)elCQxreC

D1 D) XUP(),Qe))) f(Qx)) =

P(x)€CQ)¢Ct

Wolan) cae g Wl W, (o) aun o W Ca,
E) V. V1.1 Va0 A
Qrect

lCl D) Q.

Qe
Thus the lemma is proved.

We are now ready to give one of the most
valuable results of this paper.

Theorem 2.1
M, .. (R), then

Let C be a linear code over

n B \ n 3 y,; W, (o)
C IP2 HH[H(Z D] ,HI,H(H(z—m,,) )

(ECi=1 j=0
Proof Suppose f(Q(x)) = (f(Q,(x),-*

Remark 2.1, we have

F(P () = M

Q()EM,, (RLx]/(x"))

H DIACP () gy )yl

=04q,,€ER

[ (L Dy W0 (1 — gy Wt

L QN = H Hyw “’ in Lemma 2.4. According to

i=1 j=0

X(P () Q<x>>>1'[ﬂyww ) =

i=1 j=0

s—1
] D rcp, oy g al Dyl =

j=04q.,€ER

”|:1 + (Z - 1>yn-,x—1]kiwy(p””) (1 — Yaus—1 )W\(P ””” b=

Vi Bt
HH[1+<1—1>yU]HH[1+<z—1>%,) '

i=1 j=0

r=1 t=0

By substituting it into Lemma 2.4, the results follows.

Corollary 2.1
q,\—lxxil
we get

W, (g )

Qx)yecCt (el

Similarly, when s

QreC

The above equalities are called MacWilliams
identities for Lee complete p weight enumerator
and Lee weight enumerator of a linear code C over
R . respectively. We can see that the inner product
of the dual code of a linear code in the second
equation over R is just the ordinary Euclidean inner
product.

Example 2.1 Consider a linear code C over
M,.,(R,), where

R, =F,+ vF.,+ v F.+ v*F, (v* =v),

and the code C is generated by the set S as follows:

Let C be a linear code and p (x) =p, + pra + =+ px™

Yaqlx) =qo +qra + o+

€ R[x]/ (#*). Then in Theorem 2.1, when n =1, by properly interchanging the subscripts,

1 —
Z ytle(qmygVL(q,),,,y.\L - :|T1|PZ H[1+(l—1)y :Ik]_[|: =

W, (pp)
1—5—([—1)3}} )

=1, by properly interchanging the subscripts, we get

3 gy — o 53T+ =003 1 (5=
P

(rrelCi=1

W, (p.—)
1+(Z—1)y) ’

S={04+v+2> 0), 0 v+v)}.
Then we can easily list all the codewords of C, and
according to Definition 2.3, we get
Leec(Y) =14y, +3y5 +3y,yi +
yi+yi+3yiyi+3yiy5.
In light of Theorem 2.1, we have

162 [IEE ]41‘[( ,jwww -

PEC i=1 1+y
Lty +3y8 +3yiy8 + o1 + 31 +3yiyi + 33105,
We can easily check the code C is self-dual,

Lee- (Y) =

and obviously, the conclusion is correct. Next we
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give another example in the case of n =5 =2, and
for which the code C is not self-dual.

Let C be a linear code over
M,.,(R,), where R, is defined as above, and the

code C is generated by the set S as follows:

Example 2. 2

1 0
5= [ j .
0 0
By Definition 2.3, we have Leec-(Y,,) =1+

b4y + 6yi, 4+ 4yl 4+ yio. In light of Theorem

2.1, we have

1 2 1=y YW
Leec- <Yez>=162HH[1+y,-,]]4HH(”) -

PEC i=1 j=0

1+yr.z

r=1 t=0

1 +4y2.1 + 631%.1 —|—4y§,1 —|—y§.1 +4y2.o + .- -O—yi.oy%.oy%,l.

On the other hand, we know the dual of C is

generated by the set as follows:

= o6 o6 )

so we can get the Lee complete p weight
enumerator of the dual of C according to Definition

2.3, and it is obvious that the conclusion is correct.

3 Exact complete p weight enumerator

In this section, we first deline exact weight
and exact complete p weight enumerators over
M,..(R), and then we give a MacWilliams identity
with respect to the exact complete p weight
enumerators over M, (R).

Definition 3.1
Ya,+ta vt~ar v ERasw,(agt+a,v+ -
+a,a0"Y) =a, Fail + a7, whereay,
aisrsar € F .

Definition 3.2 Let Y,, = (y1. 0" sV 115"
Vo s V1) P =(p;; ) € M, (R), where
1<i<{nand 0 << j << s — 1. Define the exact

We define the exact weight of

complete p weight enumerator of a code C over

M,,xs (R ) as

. Wepra) vue i Wepii) vun i We(pra) wuu s WelpoD
E.(Y,) = E:yl.o ' Vi Vo Vas=1""

PeC
In particular, when n =1 in this definition. by

properly interchanging the subscripts, we get the
exact complete p weight enumerator of the code C

over R, that is,

E.(Y) = E :y‘lv,,(p»ygvf(p,) “.y‘\\V,,(p_,).

rPecC

To obtain another important theorem in this
paper, we need prove the following lemma.
Lemma 3.1 Lect 8 be a fixed element of R.

Then we have

k=1 =1

DX Bady @ =] DI oHy" T

@ER j=0 i=0

Proof Leta =a, ta;v+ - +a, 0" €R,

according to Definition 3.1, we have

=1
EX(,@a)yW"(“) = 2 HX(,@ajv’)y“’l/ =

a€R aj€F j=0

k—1 k=1 1—1

I (2 a@ony ) =11 Zit@oHy 7.
j=0 ‘aj€Fi j=0 i=0

Thus the lemma is proved.
Remark 3.1 Similar to Remark 2.1, if P(x)
=po+pix+-+pa € RLx]/(x"). Then

DIXCUP () sazx )y @ =
a€R
k—1 (—1

H 2 (X (P vy T

j=0 i=0

We are now able to obtain the main characterization
theorem.

Theorem 3.1
M, .. (R). Then

et C be a linear code over

n  s—1 k—1

DO T —— o § I} I ]

Q(x)eC- C |P(x‘)6Cr:1 t=0 j=0

[—1
2 [X (P r,,\flftvj )yr{j.z :li .

i=0
Proof Suppose f(Q(x)) = ((f(Q,(x),+,

n o s—1

Q. (xnN" = Hnyi.]W"“’“’) in Lemma 2. 4.

i=1 j=0

According to Remark 3.1,
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F(P(x)) = >

Q(a) € Myx1 (R[2]/(xs))

s—1
TI DI x P ) ogy ol ))ylso e

i=0¢:, ER

HE[X(Pl 1 vyl
=0 i=0
1

"‘»:l‘
”H‘

By substituting it into Lemma 2.4, the result
follows.

Corollary 3.1 LetC be a linear code and p (x)
=poF+prat+p T qla)=q,Fqx+ "+
g™ € Rlx]/ (&*). Then in Theorem 3.1,
when n = 1, by properly interchanging the

subscripts, we get

Welq) Welq) .,y Welqg )
2 Y1 Y2 Vs =

Qlax)eC—
SYTTTT D ooyl I

P(x)ECr=1 j=0 i=0

Similarly, when s = 1, by properly interchanging

the subscripts. we have

Welq)  Welg) vus o Welg)
E: Vi R R =

Q(HeCt
ST S G 0wl 7.

P(x)eCr=1 j=0 i=0

The above equalities are called MacWilliams
identities with respect to the exact complete p
weight enumerator and exact weight enumerator of
a linear code C over R, respectively. We can see
that the inner product of dual code of a linear code
in the second equation over R is just the ordinary
Euclidean inner product.

Example 3. 1 Let C be the linear code
introduced in Example 2. 1. Then according to
Definition 3.2, we have
Ec(Y)=1+y} +yi +yi + " + 5 +

yiys it tyiyl Fyiy Fyiyy +
Yived iyt F iy ity ity
In light of Theorem 3.1, we can get

EH(Y)—lGZHHZEX(Mw dyr =

PEC r=1 j=0 i=0

L+ + i+ 31+ + v iy +

XP (), Q<x>>>]'[]'[yww -

i=1 j=0

s—1
II Do xcp, (x) g a7 )y =

i=04q,, €R

k—1 =1
AL 22 e vyl T =

j=0 i=0

E (XCpmmvD vl ]

P yiys F iy iy iy 4

yityt iyt Fyityd ity

Example 3.2 Let C be the linear code

introduced in Example 2. 2. Then according to

15

Definition 3.2, we have E¢(Y,,) = > yi.,. In light

i=0

of Theorem 3.1, we can get

= IGZHHHZEX(AI WDy ) =

PEC r=1 t=0 j=0 i=0
15 15 15

2 2 Zy‘i‘oyé.oyé.l.

i=0 j=0 t=0

E(ji (Y)')

Morcover. the number of codewords of C' in
Examples 2.1 and 3.1 is not large, so we can
calculate Lee complete p weight enumerators and
exact complete p weight enumerators according to
Definitions 2.3 and 3.2. While in Examples 2.2 and
3.2, the code is not self-dual and the number of
codewords of C* is sufficiently large, it is cfficient
to use results above to obtain the Lee complete p
weight enumerators and the exact complete p
weight enumerators of the dual code of the linear

code C over R.

4 Conclusion

MacWilliams type identities have been the
most significant tool available for investigating and
calculating weight distributions of linear codes.
This paper is devoted to generalizing the results in
Ref.[ 8] to the most general case. Note that we
have proved the general cases for LLemmas 2.3 and
3.1, while Ref.[8] only proved the corresponding
lemmas (Lemmas 2.1 and 3.1) for the special case.

Moreover, Ref.[ 8] illustrated the main results by
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considering only the case of n =1 for M., (R) , the
case of n = 1 corresponding to the usual vectors
rather than the matrices. while in this paper, we
considered the nontrivial cases for n =s =2, which

demonstrates the general situation.
References

[ 1] ROSENBLOOM M Y, TSFASMAN M A. Codes for
the m-metric [ J ].
Transmission. 1997, 33(33): 55-63.

[27DU W, XU H Q. MacWilliams identities of linear

codes over ring M,x, (R) with respect to the

Problems of Information

metric [ J ]. Information
Technology Journal, 2012, 11(12). 1770-1775.
[31WANG DD, SHIMJ, LIU Y. MacWilliams identities

of linear codes over a matrix ring with respect to

Rosenbloom-Tsfasman

Rosenbloom-Tsfasman metric[ ] ]. International Journal
of Information and Electronics Engineering, 2015,
5(3): 184-188.

[ 41 AMIT K S, ANURADHA S. MacWilliams identities
for weight enumerators with respect to the RT metric
LJ 1L
Applications, 2014, 6(2): 1450030.

Discrete  Mathematics  Algorithms  and

[51SIAP 1. A MacWilliams type identity [ J]. Turkish
Journal of Mathematics, 2002, 26(4);: 181-194.

[ 6] SIAP 1. The complete weight enumerator for codes
over M, ., (F,) [J]. Lecture Notes on Computer
Sciences, 2001, 2260(1) . 20-26.

[ 7] SIAP I. OZEN M. The complete weight enumerator
for codes over M,,, (R) [J]. Applied Mathematics
Letters, 2004, 17(1): 65-69.

[8]SHIMJ, LIU Y, SOLE P. MacWilliams identities of
linear codes with respect to RT metric over M, , (F, +
v B, + ©*F)[J]. IEICE Transactions on Fundamentals
of Electronics,
Sciences, 2014, E97-A(8) . 1810-1813.

[9]SHIM]J, SOLEP, WU B. Cyeclic codes and the weight

enumerator of linear codes over F, + oF, + v*F,[J].

Communications and Computer

Applied and Computational Mathematics, 2013,
12(2): 247-255.

[10] MACWILLIAMS F J. SLOANE N J A. The Theory of
Error Correcting Codes [ M J]. Amsterdam: North-
Holland Publishing Co, 1997.

[11] ZHU S X, XU H Q. SHI M J. MacWilliams identity
with respect to RT metric over ring Z,[]]. Acta
Electronica Sinica, 2009, 37: 1116-1118.



