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A class of projectively flat and dually flat Finsler metrics
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Abstract: Finsler geometry is just Riemannian geometry without quadratic restriction, and the

projectively flat and dually flat Finsler metrics are very important in Finsler geometry. Here a

class of 3-parameter of Finsler metrics were studied, and the necessary and sufficient conditions

for the Finsler metrics to be projectively flat and dually flat were obtained.
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0 Introduction

Finsler metric defined on an open domain in
R " is said to be projectively flat if its geodesics are
straight lines''"??. The regular case of Hilbert’s 4th
problem™ is to study and characterize the
projectively {lat metrics on an open domain U C
R*. As an important case, projectively flat

Riemannian metrics are with constant sectional
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curvature and vice versa by Beltrami’s theorem /.

Beltrami’ s theorem tells us that a Riemannian
metric is locally projectively flat if and only if it is
of constant sectional curvature. It is known that
the Beltrami theorem is no longer true in Finsler
geometry. So, it is important to construct non-
Riemannnian projectively flat Finsler metric with
constant flag curvature and some famous metrics

are found in the history. For example, the well-

Foundation item: Supported by the National Natural Science Foundation of China (11371032).

Biography: HE Chao, male, born in 1992, master. Research field: Differential geometry. E-mail: begondjames@163.com

Corresponding author: SONG Weidong, Prof. E-mail: swd56@ sina.com



460 PR AR AR K F R

47 &

Berwald’s

strongly convex domain in R”

metric

F=F(x,y) on a

is projectively flat

known

with the constant flag curvature K =0. When the
domain is the unit ball B”(1)C R", the Berwald
metric is given by
_( A=z Dy [P+, +{x, y))7
A=z [D*/A =] x| |y [*+L{x, y)°F
@b
| and (,) are the standard Euclidean

where |
norm and inner product in R", respectively.
Recently, Huang and Mo discussed a class of
interesting Finsler metrics % satisfying
F(Ax.Ay) =F(x.y) (2)
for all A€ O (n). A Finsler metric F is said to be
spherically symmetric if F satisfies (2) for all A €

O(n). Besides, it was pointed out in Ref.[ 7] that a

Finsler metric F' on B " (r) is spherically symmetrical
if and only if there is a function ¢:[0,7r) X R >R

such that

F(x,y>:|y|¢[|x|,<‘r’yy|>j (3)

. Moreover, the spherically

where (x,y)E€TR" ()\{0}

symmetric Finsler metric of the form (3) can be

rewritten as the following form ",

2<,y>
*IleﬂlT = T

In this paper, we construct a new class of

three-parameter Finsler metrics. lLet ¢ be an

arbitrary constant and Q=B "(r)C R" where r=

1
if £<<0 and r = +oo if {=0. Define F =
V=
F(x,y): TQ—>[0,+oo] by

:( e(Q+¢|x Dy |"+e(xs 30" +rla, y))°

Flx,y)

and define F=F (x wy): TQ—>[0,+co] by

F

where e is an arbitrary positive constant, x is an

(4)
A4¢]x D*V/eQ+C a1 |y P +ea, yF
NZJ,A cA+C x Dy Falxs )2+l y))F -
A4+¢ 1 x [DVed+Clx |D |y [P+ {a, y)°
_ (. _ LB
a=|y |, f=Cz.y). b= 1Bll.=lx|s5 o

arbitrary constant.

Remark 0.1 When ¢ =1, {=—1, e=1,
(4) is due to Berwald metric.
Through a simple deformation, F in (4) can

be expressed as the following form:

F =
2 2 ‘
(\/8(1+§|I |2)+K <x,31> +K<1,y>)2
|y | |y I? [y |
2 2
(1+§|1|2)2J€(1+§|1f|2)+w
—|y|¢(|r|,| | (6)
where
¢:¢(b$\):
Js(1+§ | x |? )_|_/c (x,y)° +Ic<1‘,y>)2
|y I® [y |

A4+¢ | x |2)2Js(1+§|x %) +

|y I?

And F in Rel. (5) can be expressed as the

following form:

F=
7, B
K<Je<1+§ |z [+ K,
|y | ly |~
|y | S
s(l+§|x|2):ﬂJ€(l+§|I|)+ |“"”’|y
v
X 2 <I9y> <
y | f( 5 |y| ) =1y [ Vf,s) (D
where
S =1 s =
J€(1+§|I| )Lk <1,y)> _’_K<x,y>)3
|y I? | v |
283 9 K«'2<l'9y>z
e(l+¢]a|® 8(1+§|I|)+|y7|2
TSR Ear)
2 LR y .
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Clearly. F and F are spherically symmetric
metrics. By using the necessary and sufficient
conditions for the spherically symmetric to be
projectively flat and dually flat, we obtain the
following results.

Theorem 0.1 let F = F(x,y): TQ —
[0,22) be a function given by (4). Then, it has the
following properties:

@ F is Finsler metric.

@ F is projectively flat Finsler metric if and
only if «* +ef=0.

® When «* +ef =0, F is projectively flat
Finsler metric. Its projective factor P is given by

P =
k(Ve(Q+¢ 2 |9 |y | F+e{a, 3" +xla,y))

e(l+¢lx ™
and its flag curvature is
K =o0.

Theorem 0.2 Let = EF(x,y): TQ2—[0,0)

be a function given by (5), then F is a locally dual
Finsler metric if and only if x* +ef=0.

1 Preliminaries

A Minkowski norm ¥ (y) on a vector space V
is a C7 function on V;\ {0} with the following
properties:

O ¥ (y)= 0 and ¥ (y) =0 if and only
if y=0;

@ ¥ (y) is positively homogeneous function
of degree one, i.e., T(y)=tW(y), t=0 ;

@ ¥ (y) is strongly convex, i.e., for any y#

1 )
0, the matrix g; (x.y): :?[sz_x,,-y,- (x,y) is

positively definite.
A Finsler metric F on a manifold M is C™
function on TM\{0} such that F,:=F |7,y is a

Minkowski norm on T.M for any x € M. The
1
fundamental tensor g,; (x,y): ZEEFZ]MW- (x,y)

is positively definite. If g;; (x.y)=g;(x), F is a
Riemannian metric. If g;; (z,y)=g,; (y), F is a
Minkowski metric. If all geodesics are straight

lines, F is projectively flat. This is equivalent to

G'=P (x,y)y' being geodesic coefficients of F,
and G' are given by

Ll
G =g4 (LF*Tpmyy” — [F?210.

For each tangent plane IC T M and y€II,

the flag curvature of (II,y) is defined by

kum

R
KI,y) = Eim it

Figouw —[g;yu' ] ’
where II = span{y,u}, and
R} =2 ale — a:G’ 3
ox oyoy
oG’ 2G 2G/
2 y'o y* _8yj oyt

We need the following lemmas for later use.

2G7

Lemma 1.1  Let M be an n-dimensional

mainfold. I =a¢ (b,ﬁ) is a Finsler metric on M
a

for any Riemannian metric « and 1-form S with
Il 1l .<<b, if and only if $ =¢ (b,s) is a positive
C™ function satisfying

¢ —spo >0, ¢ —sd, + (b2 — 5"y >0 (8)
when n=3 or

¢ —sdy + (b — 5" )¢y >0

when n =2, where s and b6 are arbitrary numbers
with |s|<<b<Th,. ¢, means derivation of ¢ with
respect to the second variable s.

<1'9 y>

Lemma 1.2 Let F=|y|¢(|x|7|y7|)

be a spherically symmetric Finlser metric on an
B " (r). Then F=F (x,y) is projectively flat if
and only if §=¢(b,s) satisfies
spp b, — ¢, =0 9)
{xs ¥)
|yl

means derivation of ¢ with respect to the first

Whereb=||,8||a,s=§»¢>=¢(|I|’ ). by

variable b.
If F is projectively flat, its flag curvature K is
given by Ref.[10];

P — Prky’“
K=——"—" 10
7 10
where the projective factor is
F..y"
P = 11
oF QD)

In Ref.[11], Shen proved that a Finsler metric
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F =F(x,y) on an open subset UC R" is dually e /AN T’ — Sertst \T
flat if and only if satisfies the following PDE 1+¢b? -
[F* Jsryt =2LF* ] a2 2ENTT — 2 AT LA —e(1+ ¢ b5)]
Recently, Huang and Mo provided a necessary (+¢bh)? +
and sufficient condition for the spherically N P Ser?[A —e(1+¢ bg)]A_% B
symmetric metric to be dually flat. 1+ ¢ b? -
Lemma 1.3[12] Let F:|y|/\/f(%),<li’ .|’y> SEZ/CL)A_? (18)
Y Using Eqgs.(16) and (17), we have
be a spherically symmetric Finlser metric on 2SR ) AL
‘ . o v/ K s AN
TR"(r). Then F is a solution of the dually flat ¢ — s, Atch) + Atco 1+ch
equaition (12) if and only if ! ,
YANEREE 2k e\ 7Tkl
sfo+ fo—2F, =0 (13) s
Fo f|"|2f s ‘[<1+§52>2+<1+§b2>2+1+§52}
o x x,y .
where ff=f(t,s), t= 5 05T vl :2«/K—|—2/cs_ A
A+ 1+¢b°
2  Proof of Theorem 0.1 { 2V gent T
@ Firstly, we prove that F is a Finsler A+goH" 1406 A+L60°
metric. eiﬁ 2/6_; —QZA_E}ZQZA_; >0 (19
By Eq.(6), we have 1+8o
F— Combing Eqs.(18) and (19) gives
J (g ||+ ey, P T
oy € * |y |? |y | AT 43P AT (B —57) > 0.
y

TR
|y [?
Leta=|yl. B=<x 3. b= 1B l.=zl, so

A+¢|x |2)2J6(1+§|x 1#) +

F can be expressed as
(Ws? +e(14+Cb%) +is)?
a
A4+Cb6)*Ve's*+e(1+C6%)

F =

=a¢ (h,s)

(14
Set
AN =k’s"+e(1+¢b) 15
After substituting (15) into (14), we have
WA +ks)? _
(A4+¢b6H* /A
2 2K's Tz
(14/512)2 MGERTBE _1€+A§52 (16
Differentiating ¢ with respect to s, we have
2T s 2k eA"Tils

B R SR R
an

p=¢b,s) =

b,

it follows that

- 2UEANTT — 2N T ts?
ERTDE

+

Then, according to Lemma 1.1, we know F is a
Finsler metric.

@ In this part, we will prove that F is a
projectively flat Finsler metric if and only
if k* +ef=0.

From Eq.(16) we have

_ANTeLh
P (1+¢b%)?
SVANEh+8kLsh ATl h (20)
(14+¢b6°)° (1+¢6*
| AT be's
A+g65)”
SA_%gbxzs+8x§h_A_%sng/czs 21)
(A+g¢b)° (1+t¢65
Using Eqgs.(18),(20) and (21). we have
—4A7%s§ br’s®
sho Fbg. — ), = —
s¢/,b\+7¢“ b (1+Cb2>2
8A_%§1)K’252+8K S?/J_A_%SZCIJK?SZJF
(I+¢6*° (1+¢b"
N 4A_%e§b
2 Z Z] —_——
SR AT T Ty
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8/ACH 48kt sh | NTTeth K el =0 24
d+¢6>° a+¢o By Eqs.(22),(23) and (24), we get
L -3 2 2 3L
—4A igf) AN §o F.I.kykZM_—Wi(«/F+K<x,y>)‘gF 2
(1+¢6%)° 1+¢6° ¢l €
8VALL | 8N Tefb  Bksth (25)
(1+§b2)3 (1+§b2)% (1+§])2)€ By E(]S.(ll) and (25), we have
3 Fl.mym
2l 5 5 =— =
L N AT T,
1+¢b° )
, K sl
AN"Tel b n 8/ANEb n 8k sC b B —(1+§|I|2)3?(«/F+K<I,y>)3l“z
253 233 233 —
(1+§b“) A+¢b  A+¢oH T ey
7%:&]7 —3A e (L +a0)D. A+gla 9T
h
- bl sor b — g —0 k (VT +klx,y)) (26)
t’ s easy to see that s¢, b — ¢, =0 1s c(l+¢]x D
equivalent to ¥ +e{=0. Then from Lemma 1.3, where =2 (z 19> 4¢ |y |>A+¢ 2|2,
we know that F is projectively flat Finsler metric if Using (26) , we get
and only if «*+ef=0. Pyt =
® From Lemma 1.2, we know that F is 1 ; ]
projectively flat Finsler metric and its projective A+t |2)2{?[F72 Gl +eD ey [y P+
factor and flag curvature are given by ‘ ‘ ,
N ) . kly PJA4+¢ ]« |3)—(«/F+x<qu>)m}
p :F,,.,“y K :P —P..y €
2F F* ’ Nothing that * +e{=0 and
From Eq.(4)v we obtain 5(1+§ | x |2) | y |2:F_K2<f9y>29
Fouyt= we have
1 L, 1 K’
————— I+ |y ["{x,y) + iyt = - , 2
SENARIEE ¢ Py =g e o T Fetaes)
2P7%x2<1‘,y> |y |? —/cz<17y>21“7% . 27
(> +eD{xyy |y P]JA4+C 2 |D + By Eqs.(26) and (27), we have
2k | y |? — 48 y) (VT + 26{xvy) + P p (JT +Frlxy)) & i
1 — Py = € -
K (xsy) T2} (22) 1+¢ x|
As T=«k*Cx,y)  +tely P +Clx|®), 1 E:
we have (1+§7|x BE 67(«/?+x<19y>)'=0a
el ]yl Z%(I'—/cz(x,;ﬁz) which implies K =0.
23y 3 Proof of Theorem 0.2
and we know that F is projectively flat if and By Eq.(7), we have
only if
?_Jx( cA+Ele DIy PGy +aley)’ J k(T +x5)° (28)
e(l+¢]x [DVed+¢Tz D [y [P+ x.y)? e(1+2¢26)° /T
2
where ¢t = |12| ) S:<T;T>’ T=x*s"+e(1+2¢ 1).

If we set
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, k' (e, Kk x.y)
( 1 aE - ¢ \
eJep e e e /T 4 s
/= W) (120 JT
e(1+¢]x |2>3Js<1+c [ 1+
Y
F also can be expressed as the following form:
F/:|y|/\/f(|x| ,<x,y>
2yl
Noting that
_ k(WT 4xs)° :(/cTJrB«/T/cs+3/c2s2+/cgsg'f_%) (29)
e(1+200)° YT e(1+281)°
we have
fr=—— (2L 43T Tele s — el " T ) (L 26 1) — 65(T 4+ 3/Th s + 375 + k75T 77)]
e(1+2¢0)
(30)
S :m[(_ 6T7%€§/c3s2 + STf%sé’/c + 3T7%5§/c5s4)(1 +2¢1) —
68 (8k2s 4 6T Th's? + 3Tk — T T s’s")] (31
i 2 e -3 5.3 -2 7.5 .
fm :m[8x'+loT Tk’s — 10T 2k’s” + 37 ZIC73 :| (32)
Using Eqs.(30)~(32) and T=«"s" +e(1+2Z 1), we have
. . . K 3 _1 e s )
SfLs+fss_2fL:m[(1+2§t)(_6r 2elk’s’ + 3T Zel s + 37T 7eln’s’ + 8x” +
15777k s — 10T 7 45 + 3T 7T’s% — 4ef — 6T7%€§/c s+ 2€§K5353T7%) —
6?(8.‘6’25"—61‘7%&'352+3«/?K5—T7%KSS4)+12C(T+3«/¥/€5+3K252+K352T7%)]:
mw+e§>[8r*%,cs+4r%xse<1+2§t)+3T*%“52<1+2§z>2+8] (33)

From Eq.(33), we can see that sf, + f,. —
2f,=0 if and only if x* +ef=0. So when x* +ef=

0, Fis a locally dually flat Finsler metric.

Remark 3.1 F can also be expressed as the

form: F = /PF. When «* +e{ =0, F is a
projectively flat Finsler metric. At this time, P is

the projective factor of F and it is a Finsler metric.

Thus, F is a dually flat Finsler metric -,
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