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Abstract:Letα≥２beaninteger,p１ andp２ beoddprimenumberswithp１ ＜p２．Byusing
elementarymethodsandtechniques,itwasprovedthattherearenonearＧperfectnumbersofthe
form２α－１p２

１p２
２ withtheredundantdivisord∈ {１,p２

１,p２
２,p１p２,p１p２

２,p２
１p２},andthenan

equivalentconditionfornearＧperfectnumbersoftheform２α－１p２
１p２

２ withtheredundantdivisor
d∈{p１,p２}wasobtained．Furthermore,forafixedpositiveintegerk≥２,bygeneralizingthe
definitionofnearＧperfectnumberstobekＧweaklyＧnearＧperfectnumbers,itwasprovedthatthere
arenokＧweaklyＧnearＧperfectnumbersoftheformn＝２α－１p２

１p２
２ whenk≥３．
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一类特殊的nearＧperfect数

李　建,廖群英

(四川师范大学数学与软件科学学院,四川成都６１０６６)

摘要:设正整数α≥２,p１,p２ 为奇质数且p１ ＜p２．利用初等的方法和技巧,证明了不存在形如２α－１p２
１p２

２ 的

以d ∈ {１,p２
１,p２

２,p１p２,p１p２
２,p２

１p２}为冗余因子的nearＧperfect数,并给出存在形如２α－１p２
１p２

２ 的以d ∈
{p１,p２}为冗余因子的nearＧperfect数的一个等价刻画．进而,给定正整数k≥２,通过推广nearＧperfect数的

定义至k 弱nearＧperfect数,证明了当k≥３时,不存在形如２α－１p２
１p２

２ 的以d∈ {p２
１,p２

２}为冗余因子的k弱

nearＧperfect数．
关键词:perfect数;nearＧperfect数;冗余因子;k 弱nearＧperfect数

０　Introduction
Definition０．１[１]　Letnbeapositiveinteger,

D＝{d:d|n,１≤d≤n}andσ(n)＝∑d∈Dd．
①Ifσ(n)＝２n,thenniscalledaperfect

number．



②IfthereexistssomeS⊆D－{n}suchthat
n＝ ∑d∈Sd,thenn iscalled a pseudoperfect
number．

③Ifthereexistssomed∈D－{n}suchthat
σ(n)＝２n＋d,thenniscalledanearＧperfect
numberwiththeredundantdivisord．

Asearlyas３００BC,Euclidgaveasufficient
conditionforperfectnumbersinhisgreatwork
Euclid’sElementsasfollows．

Proposition０．１　Ifp and２p －１areboth
primes,then２p－１(２p－１)isaperfectnumber．

In１７４７,Eulerprovedthattheabovecondition
isalso necessaryforanyeven perfectnumber．
Sincetheprimeoftheform ２p －１isthewellＧ
known Mersenne prime, so the number of
Mersenneprimesdependsonthenumberofeven
perfect numbers．Itis still an open problem
whetherthereareinfinite Mersenneprimes．So
far,allknownperfectnumbersareevennumbers,

whichnaturallyleadtothefollowing．
Question　 Whetherthereisanoddperfect

number?

Euler gave a necessary condition for odd
perfectnumbersasfollows．

Proposition０．２　Ifn is an odd perfect

number,thenn ＝pα∏
s

iq
２βi
i ,wherep≡α≡１

(mod４),p,qiaredistinctoddprimes,andβiare
positiveintegers(i＝１,２,,s)．

Inthelastfew decades,manyproblemson
odd perfectnumbers,such as determiningthe
numberofdistinctprimefactors[７] orthelower
boundofan odd perfectnumber[６],havebeen
studied．Buttheexistenceofanoddperfectnumber
isstillopen,which makespeoplediscussnearＧ
perfectnumberscloselyrelatedtoperfectnumbers．
Inrecentyears,some good results have been
obtained．For example,in ２０１２,Pollack and
Shevelev gave ３ classes of even nearＧperfect
numberswhichareallintheform２αpβ,whereα,

βarebothintegers,andpisanoddprime[９]．And
thenRenandChencompletelydeterminedallnearＧ
perfectnumbers withtwo primefactors[１０]．In
２０１５,LiandLiaogaveanequivalentconditionfor

nearＧperfectnumbersoftheform２αpβor２αp１p２,

whereαandβarebothpositiveintegers,p,p１,

p２areoddprimesandp１≠p２
[１]．Recently,Li,et

al．discussednearＧperfectnumbersoftheformn＝
２α－１p２k１

１ p２k２
２ and provedthatthereisno nearＧ

perfectnumbersoftheform ２α－１p２
１p２

２ withthe
redundantdivisorp２

１p２
２,wherek１andk２areboth

positiveintegers[４]．
Ontheotherhand,itiseasytoseethatall

distinctpositivefactorsof２α－１p２
１p２

２formtheset
A＝ {１,p１,p２,p１p２,p２

１,p２
２,p２

１p２,p１p２
２,p２

１p２
２},

whichalsoincludesthepossibleredundantfactors
when２αp１p２isnearＧperfect．Basedonthisfact,

thepresentpapercontinuestostudytheissue．

１　Mainresults
Foranyfixedpositiveintegerk,by using

elementarytechniquesand methods,thepresent
papergeneralizesthedefinitionofthenearＧperfect
numbertobethekＧweaklyＧnearＧperfectnumber
andprovesthattherearenok(≥３)ＧweaklyＧnearＧ
perfectnumbersoftheformn＝２α－１p２

１p２
２．We

improvethecorrespondingresultsgivenbyRefs．
[１,４]andprovethefollowingmainresults．

Definition１．１　 Letn andk ≥２ betwo
positiveintegers,D ＝{d:d|n,１≤d≤n}and
σ(n)＝∑d∈Dd．Ifσ(n)＝kn＋d,thenniscalleda
kＧweaklyＧnearＧperfectnumberwiththeredundant
divisord．Obviously,any２ＧweaklyＧnearＧperfect
numberisnearＧperfect．

Theorem１．１　Letα≥２beaninteger,p１,p２

bebothoddprimeswithp１＜p２．Thenthereisno
nearＧperfectnumbersoftheformn＝２α－１p２

１p２
２

withtheredundantdivisord∈{p１p２,p１p２
２,１,p２

１,

p２
２,p２

１p２}．
Theorem１．２　Letα≥２beaninteger,p１,p２

betwo odd primes with p１ ＜p２．Thenn ＝
２α－１p２

１p２
２ is a nearＧperfect number with the

redundantdivisord∈{p１,p２}ifandonlyif
p２

１p２
２

d ＝

k１k２－k３,where
①ifd＝p１,then
k１p１＝p２

２ ＋p２＋１,k２＝p２
１ ＋p１＋１,
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k３(２α －１)＝p１p２
２ ＋１ (１)

　　②ifd＝p２,then
k１＝p２

２ ＋p２＋１,k２p２＝p２
１ ＋p１＋１,

k３(２α －１)＝p２
１p２＋１ (２)

　　Theorem １．３　Letα≥２,k ≥ ３ betwo
integers,p１,p２bebothoddprimeswithp１＜p２．
ThentherearenokＧweaklyＧnearＧperfectnumbers
oftheformn＝２α－１p２

１p２
２．

２　Proofsofthemainresults
Forconvenience,throughoutthissection,α≥

２isaninteger,p１andp２arebothoddprimeswith
p１ ＜p２．Beforeprovingour mainresults,the
followingthreelemmasareneeded．

Lemma２．１[４]　Supposethatn＝２α－１p２
１p２

２isa
nearＧperfectnumberwiththeredundantdivisord．

① If ２α － １ is a prime number,then
gcd(p１p２,２α－１)＝１．

②If２α －１isacompositenumberandd≠
p２

１p２
２,thengcd(p１p２,２α－１)＝１．
Lemma２．２[４]　Supposethatn＝２α－１pn１

１pn２
２

(α≥２,p１＜p２,n１,n２ ∈２NN＋ )isanearＧperfect
numberwiththeredundantdivisord ＝pk１

１pk２
２ ,

wherek１ andk２ arebothpositiveintegersand
(k１,k２)≠(n１,n２)．Thenpki

i |σ(pnj
j )with１≤i≠

j≤２,１≤ki≤ni(i＝１,２)．
Lemma２．３[２]　Letaandbbetwopositive

integerswitha＜b．Ifa|b２＋b＋１andb|a２＋a＋
１,then３a≤b＜５a．

ProofforTheorem１．１
Supposethatn＝２α－１p２

１p２
２isanearＧperfect

numberwiththeredundantdivisord ∈ {p１p２,

p１p２
２,１,p２

１,p２
２,p２

１p２},thenσ(n)＝２n＋d,i．e．,
(２α －１)(p２

１＋p１＋１)(p２
２＋p２＋１)＝

２αp２
１p２

２＋d (３)

　　(Ⅰ)Ford＝p１p２,from (３)wehave
(２α －１)(p２

１＋p１＋１)(p２
２＋p２＋１)＝

２αp２
１p２

２＋p１p２ (４)

　　Notethatp１ andp２ arebothoddprimes,

namely,p１≡p２≡１,３(mod４)．Hencethereare
fourcasesasthefollowing．

Case１　Ifp１≡p２≡１(mod４),thenfrom (４)

wecanget

３≡ (２α －１)(p２
１＋p１＋１)(p２

２＋p２＋１)＝
２αp２

１p２
２＋p１p２ ≡１(mod４),

whichisacontradiction．
Case２　Ifp１≡p２≡３(mod４),thenfrom (４)

wehave
３≡ (２α －１)(p２

１＋p１＋１)(p２
２＋p２＋１)＝

２αp２
１p２

２＋p１p２ ≡１(mod４),

whichisimpossible．
Case３　Ifp１≡１(mod４)andp２≡３(mod４),

thenfrom (４)weknowthat
１≡ (２α －１)(p２

１＋p１＋１)(p２
２＋p２＋１)＝

２αp２
１p２

２＋p１p２ ≡３(mod４),

whichisacontradiction．
Case４　Ifp１≡３(mod４)andp２≡１(mod４),

thenfrom (４)wecanget
１≡ (２α －１)(p２

１＋p１＋１)(p２
２＋p２＋１)＝

２αp２
１p２

２＋p１p２ ≡３(mod４),

whichisalsoacontradiction．
(Ⅱ)Ford＝p１p２

２,from (３)wehave
(２α －１)(p２

１＋p１＋１)(p２
２＋p２＋１)＝

２αp２
１p２

２＋p１p２
２．

　　ThusfromLemma２．２,wecangetp２
２|p２

１＋
p１＋１．Notethatp１andp２arebothoddprimes
andp１＜p２,hence(p１＋１)２＜p２

２,thus
(p１＋１)２ ＜p２

２ ＜p２
１＋p１＋１＜ (p１＋１)２,

whichisimpossible．
(Ⅲ)Ford＝１,from (３)wecanget

(２α －１)(p２
１＋p１＋１)(p２

２＋p２＋１)＝２αp２
１p２

２＋１,

andthen(２α－１)|２αp２
１p２

２＋１,i．e．,(２α－１)|p２
１p２

２

＋１,whichmeansthat
p２

１p２
２ ≡ (p１p２)２ ≡－１(mod２α －１) (５)

　　Notethatα ≥２,thus２α－１≡３(mod４),and

so(－１
２α－１

)＝－１,where(∗)istheJacobisymbol．

Thisisacontradictionwiththeidentity(５)．
(Ⅳ)Ford＝p２

１,from (３)wecanget
(２α －１)(p２

１＋p１＋１)(p２
２＋p２＋１)＝

２αp２
１p２

２＋p２
１．

　　WhilefromLemmas２．１and２．２andd＝p２
１we

knowthatgcd(p１,(２α －１)(p２
１ ＋p１ ＋１))＝１,

andso

(２α －１)(p２
１＋p１＋１)(p

２
２＋p２＋１

p２
１

)＝２αp２
２＋１,
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whichmeansthat(２α－１)|２αp２
２＋１,equivalently,

(２α－１)|p２
２＋１,i．e．,p２

２≡－１(mod２α－１)．By
thesameproofof(Ⅲ),wecangetacontradiction．

(Ⅴ)Ford＝p２
２,bythesameproofof(Ⅳ),

wecanalsogetacontradiction．
(Ⅵ)Ifn＝２α－１p２

１p２
２isanearＧperfectnumber

withtheredundantdivisord＝p２
１p２,thenfrom

(３)weknowthat
(２α －１)(p２

１ ＋p１＋１)(p２
２ ＋p２＋１)＝

２αp２
１p２

２ ＋p２
１p２ (６)

　　ThusbyLemmas２．１and２．２wehavep２
１|

p２
２＋p２＋１andp２|p２

１＋p１＋１．Thismeansthat
therearesomepositiveintegersk１andk２suchthat

k１p２
１ ＝p２

２ ＋p２＋１,k２p２＝p２
１ ＋p１＋１．

　　Nowfrom Lemma２．３wehave３p１ ＜p２ ＜
５p１,andso
k１p２

１ ＝p２
２ ＋p２＋１＜２５p２

１ ＋５p１＋１＜２７p２
１,

k１p２
１ ＝p２

２ ＋p２＋１＞９p２
１,

hence１０≤ k１ ≤２６．Notethatk１k２p２ ＝k１p２
１ ＋

k１p１＋k１＝p２
２＋p２＋１＋k１p１＋k１,thus

(k１k２－p２－１)p２＝１＋k１p１＋k１,

andsok１p１≡－１－k１(modp２)．Therefore
k２

１k２p２＝k２
１p２

１ ＋k２
１p１＋k２

１ ≡ (－１－k１)２＋
k１(－１－k１)＋k２

１ ＝k２
１ ＋k１＋１(modp２),

i．e．,p２|k２
１＋k１＋１．

Case１　Fromk１＝１０wehavek２
１＋k１＋１＝

１１１＝３×３７．Whilep２＞p１≥３,andsop２＝３７．
Thusfromk１p２

１＝p２
２＋p２＋１wecanget１０p２

１＝
３７２＋３７＋１＝１４０７．Thisisimpossible．

Case２　Fromk１＝１１wehavek２
１＋k１＋１＝

１３３＝７×１９．Whilep２＞p１≥３,andsop２＝７or
１９．Formp２＝７andk１p２

１＝p２
２＋p２＋１,weknow

that１１p２
１ ＝７２＋７＋１＝５７,whichisimpossible．

Hencep２ ＝ １９,similarly we can also get a
contradiction．

Forothercases,namely,k＝１２,１３,,２６,in
thesamewayasforcases１and２,wealsohavea
contradiction．

Nowfrom (Ⅰ)~(Ⅵ),wecompletetheproof
ofTheorem１．１．

ProofforTheorem１．２
(Ⅰ)Ifn＝２α－１p２

１p２
２isanearＧperfectnumber

withtheredundantdivisord＝p１,thenfrom (３)

weknowthat
(２α －１)(p２

１ ＋p１＋１)(p２
２ ＋p２＋１)＝

２αp２
１p２

２ ＋p１ (７)

　　ThusbyLemmas２．１and２．２wehavep１|p２
２＋

p２＋１and (２α －１)|p１p２
２ ＋１．Thismeansthat

therearesomepositiveintegersk１,k２ andk３

suchthat
k１p１＝p２

２ ＋p２＋１,k２＝p２
１ ＋p１＋１,

and
k３(２α －１)＝p１p２

２ ＋１．
Therefore

k１k２－k３＝
p２

２ ＋p２＋１
p１



(p２
１ ＋p１＋１)－

p１p２
２ ＋１

２α －１ ＝

１
(２α －１)p１

(２α －１)p１

p２
２ ＋p２＋１

p１
(p２

１ ＋p１＋１)－
p１p２

２ ＋１
２α －１

æ

è
ç

ö

ø
÷＝

１
(２α －１)p１

[(２α －１)(p２
１ ＋p１＋１)

(p２
２ ＋p２＋１)－p２

１p２
２ －p１],

thusby(７)wecanobtain

k１k２－k３＝
１

(２α －１)p１
(２αp２

１p２
２ －p２

１p２
２)＝

p１p２
２ ＝

p２
１p２

２

d
,

whichmeansthat(１)istrue．
Onthe other hand,if (１)istrue,then

wehave
σ(n)－２n＝(２α －１)(p２

１ ＋p１＋１)
(p２

２ ＋p２＋１)－２αp２
１p２

２ ＝
(２α －１)k１k２p１－２αp２

１p２
２ ＝

p１[(２α －１)k１k２－(２α －１)p１p２
２ －p１p２

２]＝
p１[(２α －１)(k１k２－p１p２

２)－p１p２
２]＝

p１[(２α －１)k３－p１p２
２]＝p１＝d,

thusfrom Definition０．１,n＝２α－１p２
１p２

２isanearＧ
perfectnumberwiththeredundantdivisord＝p１．

Thuswecompletetheproofof(Ⅰ)．
(Ⅱ)Ifn＝２α－１p２

１p２
２isanearＧperfectnumber

withtheredundantdivisord＝p２,bythesame
proofof(Ⅰ),wecanget(Ⅱ)．

From theabove wecompletetheproofof
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Theorem１．２．
ProofforTheorem１．３
Supposethatα≥２,k≥３arebothpositive

integersandn ＝２α－１p２
１p２

２ isakＧweaklyＧnearＧ
perfectnumber with theredundant divisord,

wherep１,p２ arebothoddprimesandp１ ＜p２．
Thenσ(n)＝kn＋d,namely,

σ(n)
n ＝k＋

d
n

(８)

thuswehave

(２－
１

２α－１
)(１＋

p１＋１
p２

１
)(１＋

p２＋１
p２

２
)＝

k＋
d

２α－１p２
１p２

２
(９)

　　Notethattheleftsideof (９)reachesthe
maximumvalueifandonlyifp１＝３andp２＝５．
Equivalently,forα≥２wehave

(２－
１

２α－１
)(１＋

p１＋１
p２

１
)(１＋

p２＋１
p２

２
)＜

２×
１３
９ ×

３１
２５＜４ (１０)

　　Nowfrom０＜
d
n ＜１and(９)~(１０)weknow

thatk＝２or３,andsok＝３fromtheassumption
thatk≥３．Inthiscase,ifp１＞３,thenfrom (１０)

wehave

(２－
１

２α－１
)(１＋

p１＋１
p２

１
)(１＋

p２＋１
p２

２
)＜

２×
３１
２５×

５７
４９＝２．８８ (１１)

whichisacontradictionwith (９)．Hencep１＝３．
Ontheotherhand,ifp２ ≥２９,thenfrom (１０)

wehave

(２－
１

２α－１
)(１＋

p１＋１
p２

１
)(１＋

p２＋１
p２

２
)＜

２×
１３
９ ×

１＋２９＋２９２

２９２ ＝２．９９１９, (１２)

whichisalsoacontradictionwith(９)．Hencep２≤
２３,namely,p２∈{５,７,１１,１３,１７,１９,２３}．

Notethatn＝２α－１p２
１p２

２ andσ(n)＝kn＋d
withtheoddredundantdivisord．Henced|p２

１p２
２,

thuswehavethefollowing７cases．
Case１　Ifp１＝３andp２＝７,then

(２α －１)(１＋３＋３２)(１＋７＋７２)＝２α－１３３７２＋d,

thus１５９２α－１＝７４１＋d,andsoα≥４．Therefore
７４１＋d＝１５９２α－１ ≥１２７２,namely,d≥５３１＞
３２７２,whichacontradiction．

Case２　Ifp１＝３andp２＝１１,then
(２α －１)(１＋３＋３２)(１＋１１＋１１２)＝２α－１３３１１２＋d,

thus１９１２α－１＝１７２９＋d,andsoα≥５．Therefore
１７２９＋d＝１９１２α－１≥３０５６,namely,d≥１３２７＞
３２１１２,whichacontradiction．

Case３　Ifp１＝３andp２＝１３,then
(２α －１)(１＋３＋３２)(１＋１３＋１３２)＝２α－１３３１３２＋d,

thus１９５２α－１＝２３７９＋d,andsoα≥５．Forα＝５
wehave２３７９＋d＝１９５２α－１＝３１２０,namely,d＝
７４１＝３×１３×１９,thisisacontradiction．Henceα
≥６,inthiscase,２３７９＋d＝１９５２α－１≥６２４０,

namely,d ≥ ３８６１ ＞ ３２１３２, which also a
contradiction．

Case４　Ifp１＝３andp２＝１７,then
(２α －１)(１＋３＋３２)(１＋１７＋１７２)＝２α－１３３１７２＋d,

andso１７９２α－１＝３９９１＋d,henceα≥６．Forα＝６
wehave３９９１＋d＝１７９２α－１＝５７２８,namely,d＝
１７３７＝３２×１９３,whichacontradiction．Henceα≥
７,inthiscase,３９９１＋d＝１７９２α－１≥１１４５６,thus
d≥７４６５＞３２１７２,whichalsoacontradiction．

Case５　Ifp１＝３andp２＝１９,then
(２α －１)(１＋３＋３２)(１＋１９＋１９２)＝２α－１３３１９２＋d,

thus１５９２α－１＝４９５３＋d,andsoα≥６．Forα＝６
wehave４９５３＋d＝１５９２α－１＝５０８８,namely,d＝
１３５＝３３×５,whichacontradiction．Thereforeα≥
７,thuswehave４９５３＋d＝１５９２α－１ ≥１０１７６,

namely,d≥５２２３＞３２１９２,whichisacontradiction．
Case６　Ifp１＝３andp２＝２３,then

(２α －１)(１＋３＋３２)(１＋２３＋２３２)＝２α－１３３２３２＋d,

thus９５２α－１＝７１８９＋d,andsoα≥８．Therefore
７１８９＋d＝９５２α－１≥１２１６０,namely,d≥４９７１＞
３２２３２,whichacontradiction．

Case７　Ifp１＝３andp２＝５,then
(２α －１)(１＋３＋３２)(１＋５＋５２)＝２α－１３３５２＋d,

andso１３１２α－１＝４０３＋d．Notethat１≤d ≤３２５２

＝２２５,hence４０４≤１３１２α－１＝４０３＋d≤６２８,and
soα＝３．Therefored＝１３１２α－１－４０３＝１２１＝
１１２,whichacontradiction．

ThuswecompletetheproofofTheorem１．３．
Remark　Thepresentpapermainlydiscusses
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nearＧperfectnumbersoftheform２α－１p２
１p２

２．The
issueisanextension ofsomeclassicalnumber
theoryproblems,suchasperfectnumbersorodd
perfectnumbers,whicharenoteasy．The main
relatedstudiescanbeseeninRefs．[３,５,８,１１,

１２]．
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