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Abstract: An n-color 1-2-3 composition of positive integers is defined as an n-color composition
with only parts of size 1, 2 or 3. An n-color 1-2-3 palindromic composition is an n-color 1-2-3
composition that reads the same forward as backward. Here the generating function, explicit
formulas and recurrence relations for the number of n-color 1-2-3 compositions and the n-color 1-
2-3 palindromic compositions of positive integers were obtained. In addition, a relation between
the number of 1-2-3 compositions of a positive integer and the number of compositions of a
positive integer with parts omitting all multiples of size 3 was given. Furthermore, the
generalized relation was obtained.
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0 Introduction

In the

restricted parts of compositions has always been an

theory of compositions studying
interesting topic. In recent years, there has been a
large number of researchers and many results in n-

color compositionst .

An n-color composition
defined as a composition of a positive integer in
which a part of size n may be assigned one of =
colors'™. As a brief example, there are 8 n-color
compositions of 3. Viz., 3,, 3;, 33, 2, 1, 2, +
1,,.1,+2,, 1,+2,, 1, +1, +1,. A palindromic

[10]

composition or palindrome''” also referred to as a

composition™® ™ is a

self-inverse composition
whose part sequence is the same whether it is read
from left to right or right to left. For example,
there are four palindromic compositions of 4. Viz.,
4,2+2,1+2+1, 1+1+1-+1. And there are nine
n-color palindromic compositions of 4. Viz., 4,,
by slgsdys 2, +2,, 2,+2,, 1, +2,+1,, 1, +2,+
1, 1,+1,+1,+1,.

Ref.[10] gave the compositions having parts
of size 1, 2 and 3 of positive integers, we refer to
here as 1-2-3 compositions. Thus, for example,
there are seven 1-2-3 compositions of 4. Viz., 1+
3,3+1,2+2,1+2+1, 2+1+1, 1+1+2, 1+
1+1+1. Let Cy.,5 (v) denote the number of 1-2-3

compositions of v. Ref.[10] gave the generating

function of the number of 1-2-3 compositions as

1 .
= ZT”A]I” , where T, is the

1l—ax—2" — o

n-th Tribonacci number; T, =1, T,=1, T,=2,
T,, :T,,fl +T7,72+T”73 when 71>2. ie. ’ Cl,g,g (V)
:Tvvl.

In this paper, we will study n-color 1-2-3

compositions, n-color 1-2-3 palindromic
compositions. The generating function, explicit
formulas and recurrence relations for the number
of n-color 1-2-3 compositions are presented in
Section 1. In Section 2, we obtain the generating
function and recurrence relations for the number of
n-color 1-2-3 palindromic compositions. In Section

3, a relation between the number of 1-2-3

compositions of a positive v and the number of
compositions of v with parts omitting all multiples
of size 3 is given. Furthermore, the generalized
relation is given.

In this paper, we denote the set of
nonnegative integers by Z=°, the set of positive

integers by Z7°.
1 n-color 1-2-3 compositions

In this section, we first give the following
definition.
Definition 1.1 An n-color 1-2-3 composition
is an n-color composition with only parts of size 1,
2 and 3.
For example, the n-color 1-2-3 compositions
of 3 are as follows.
315 355 335 20+ 115 2.+ 14,
1, +2,,1, 4+2,, 1, +1, +1,.
We denote the number of n-color 1-2-3
compositions of v by A, ,;(v), and the number of
n-color 1-2-3 compositions of v into m parts by
A, 3Gn,v), respectively. We prove the following
theorem.
Theorem 1.1 Let A, ,5(m,q) and A, ,;(qg)

denote the generating functions for A, ;4 (m,v)

and A, 3;(v), respectively. Then

AvasOmag) =(g+2¢° +3¢H" (D)
g+ 2q* +3¢°

A () = F3q° ,

() =TT e (2)

A, (m,y) = E

m) (1 ) )
[. M]jz K3 ()
2i—j=v—m \l

where j < <m; i, jEZ°.
Proof
[1], we have

Following Agarwal’ s proof in Ref.

Al,g,g(m ’q) — ZALZ*S (77’1 ’V)qv —
v=1

(g +2¢* +3¢°>",
this proves (1).
And

Al ,5(g) = ZALH (m,q) =

m=1

2 (g +2¢° +3¢")" =

m=1

q+29° +3¢°
1—q—2¢" —3¢""
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which proves (2).

Equating the coefficients of ¢* in (1), we have

m) (1 ) o
Ay slmay) = 2 [ j L]Zf X 37,
2i—j=v—m \L

where j <</ <<m3; i, j € Z~°. This proves (3).
Thus we complete the proof.

It is naturally to obtain the recurrence formula
of the number of n-color 1-2-3 compositions from
the generating function.

Theorem 1. 2 Let A,,:;(v) denote the
number of n-color 1-2-3 compositions of v. Then

A (D) =1, A1,5(2) =3, A1,3(3) =8,
A, ;W) =A,,b—1)4+2A,,:—2)+
3A,,;( —3) forv > 3.

We now present the combinatorial proof although
this recurrence relation is the straight result of Eq.
(2) in Theorem 1.1.

Proof (Combinatorial) To prove that

A W) =A 1,0 —1 +
2A 5, (v—2) +3A1,, (b —3),
we split the n-color 1-2-3 compositions of v into
three classes:

(A) Compositions having 1, on the right end;

(B) Compositions having 2, or 2, on the
right end;

(C) Compositions having 3,, 3, or 3; on the
right end.

We transform the n-color 1-2-3 compositions
in Class (A) by deleting 1, on the right end of
n-color  1-2-3

Al (w—1).

Conversely, for each n-color 1-2-3 composition of

compositions.  This  produces

compositions  enumerated by
v—1, we add 1, to the right end to produce an
element in Class (A). In this way, we prove that
there are exactly A,,;(v—1) compositions in
Class (A).
Next, we transform the #n-color 1-2-3
compositions in Class (B) by deleting 2, or 2, on
the right end of compositions. This produces n-
color 1-2-3 compositions of v — 2. Because we can
get n-color 1-2-3 compositions of v—2 by deleting

2, or 2,, and vice versa, we see that the number of

n-color 1-2-3 compositions in Class (B) is equal to

2A,,;(v—1). Similarly, we can produce n-color
1-2-3 compositions enumerated by 3A,,;(v—3) in
Class (C) by deleting 3,, 3, and 3; on the
right end.

Hence, we have A, (v) =A,,,(v—1)+
2A0 3 (w—2)+3A 1,5 (v—3).

Obviously, the relevant n-color compositions
of 11is (1,), the relevant n-color compositions of 2
are (1,, 1,), (2,0, (2,), and the relevant n-color
compositions of 3 are (1,, 1,, 1,0, (1,, 2,), (1,,
2,),(2y5 1), (2,5 1), (31D, (3,),(33). This

completes the proof.
2 n-color 1-2-3 palindromic compositions

Ref. [ 10 ] also studied the

compositions with parts of size are less than 4, we

palindromic

refer to here as 1-2-3 palindromic compositions. Let
P,,;() denote the number of 1-2-3 palindromic
compositions of v. Ref. [10] gave the generating
1+z+a?+2°

b
| i e o

which

function of P,,;(v) as

generates the interleaved generalized Tribonacci
sequence 1, 1, 2, 2, 3, 3, 6, 6, 11, 11,---.
From the generating function one can easily
get the following recurrence relation.
Theorem 2. 1 Let Pi,5()
number of 1-2-3 palindromic compositions of
v. Then
P ,;(1)=1, P,,,(2)=2, P,,;(3) =2,
P,,3(4)=3, P1,;(5) =3, P,.,;(6) =6, and
P, 0)=P,,;(v—2)+P,,,(v—4)+
P, —6) forv > 6.

We now show the combinatorial proof in this

denote the

section,
Proof We split the 1-2-3 palindromic
compositions of v into three classes:
(A) Compositions having 1 on both extremes;
(B) Compositions having 2 on both extremes;
(C) Compositions having 3 on both extremes.
We transform the 1-2-3 palindromic compositions
in Class (A) by deleting 1 on both extremes of
compositions. This produces the 1-2-3 palindromic

compositions enumerated by P, , ; (v —2). Conversely,
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given any 1-2-3  palindromic  composition produces  the  n-color 1-2-3 palindromic
enumerated by P, ,3(v—2), we append 1 to both compositions enumerated by Si.5(w—2).

extremes of composition to produce the
composition in Class (A). In this way, we establish
the fact that there are exactly P, , ; (v—2) elements in
Class (A). Similarly, we can produce P, ;; (v —4)
elements in Class (B) by deleting 2 on both
extremes of compositions, and obtain P,_,; (v—6)
elements in Class (C) by deleting 3 on both
extremes of compositions.

Hence, we have P, (v) =P, (v —2) +
P ,,0—4H)+P,,;(v—6).

Clearly the initial conditions are true. So we
complete the proof.

In this section, we further study the n-color 1-
2-3 palindromic compositions.

Definition 2.1 An n-color 1-2-3 composition
whose parts read from left to right are identical
with when read from right to left is called an n-
color 1-2-3 palindromic composition.

For example, there are 4 n-color 1-2-3
palindromic compositions of 3 as follows: 3. 3.,
33, 1, +1, +1;.

We have the following result.

Theorem 2.2
of n-color
v. Then

S (D) =1, S1,53(2) =3, S,,3(3) =4,

Si05(4) =5, S1.,;(5) =6, P,,,(6) =14,

and

Let S;.,.5 (v) denote the number

1-2-3 palindromic compositions of

Sio3(W) =8 1,30 —2)+2S,, (b —4) +
3S,.,5(v—26) for v > 6.

Here we provide a combinatorial proof.

Proof We split the n-color 1-2-3 palindromic
compositions of v into three classes:

(A)Compositions having 1, on both extremes;

(B) Compositions having 2, or 2, on both
extremes;

(C) Compositions having 3,, 3, or 35 on both
extremes.

We transform the n-color 1-2-3 palindromic
compositions in Class (A) by deleting 1, on both
compositions.  This

extremes of palindromic

Conversely, given any n-color 1-2-3 palindromic
composition of v —2, we append part of size 1, to
both extremes of compositions to produce the
compositions in Class (A). In this way, we
establish the fact that there are exactly S,,;(v—2)
elements in Class (A).

Next, we transform the n-color 1-2-3
palindromic compositions in Class (B) by deleting
2, or 2, on both extremes of compositions. This
produces n-color 1-2-3 palindromic compositions of
vy — 4. Since we can get n-color 1-2-3 palindromic
compositions of v—4 by deleting 2, or 2, on both
extremes, and vice versa, we see that the number
of n-color 1-2-3 palindromic compositions in Class
(B) is equal to 2S,,5(v—4).

The operation of Class (C) follows as above,
thus we can produce 3S,,; (v —6) n-color 1-2-3
palindromic compositions in Class (C).

Hence, we have S, (v)=S,,;(v—2) +
2S,,s(w—4)+3S,,,(v—6), for v>6.

Obviously, the relevant n-color palindromic
compositions of 1 is (1,), the relevant n-color
palindromic compositions of 2 are (1,, 1,), (2,),
(2., the
compositions of 3 are (1,, 1,, 1,), (3,),(3,),
(330, the
compositions of 4 are (1,, 2,, 1,), (1,, 2,, 1,),
(2745 25 (254 2,)5 (1,5 1,5, 1,5, 1,), the relevant
n-color palindromic compositions of 5 are (1,, 3,
1,0, (1,4 325 1,0, (1ys 35, 1,0, (20, 1,4 20D,
(25, 1,y 2,0, (1,, 1,, 1,, 1,, 1,), and the
relevant n-color palindromic compositions of 6 are
(315 310, (355 320, (335 3305 (215 2105 20D, (2,5,
215 2905215 225 2005 (255 255 2,0, (115 14y 24,
1, 1), (1, 17, 255 1,5 1), (1yy 204 205 11D,
(115 255 250 1) (204 1y 104 200 (254 14 1y,
20, (11 17y 115 10, 10, 1),

This completes the proof.

relevant n-color palindromic

relevant n-color palindromic

From therecurrence relation of S,.,.; (v), we
easily obtain the generating function of S, ;. ;(v).

Corollary 2. 1 Let S,,;(¢g) denote the
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generating function of S, , ;(v). Then

- q+3q¢°+3¢° +2q" +3¢°
51,2,3((1)— P 1 5 .
1—q" —2¢" —3q

3 A relation for the 1-2-3 compositions

Ref. [ 10 ] studied the compositions of a
positive integer v with parts omitting all multiples
of size 3, and gave the generating function for the

number of these compositions as

1 3
P E :T71+1~T” - E :TH—NF” ’

_ 2
1 x x x n=0 n=0

where T, is the n-th Tribonacci number. That is
Cro)=T,,

compositions with parts omitting all multiples of

— T, ,. We denote the number of

size 3 of a positive integer v by C_3, (v). Using the
recurrence relation of T, , the relation between T,
and C,,35(n), we obtain the following relation.

Theorem 3.1 Let C,,; (v) and C;, (v)
denote the number of 1-2-3 compositions of v and
the number of compositions with parts omitting all
multiples of size 3 of v, respectively. Then

Crs, (W) =Cr3Gv—1) +Cry3(v—2),
where v >2.

We now present the combinatorial bijection.

Proof Given any composition of v: A =a, +
a,++++a,, where a; %23k for every i, i =1,2,
«=+,l. We consider the following two cases:

(a) whena,=3m+1.m€&€zZ"°;

(b) when a,=3m+2,mez"°,

In Case
composition A by subtracting 1 from a,, then
replacing (a, —1) by 3+ 3 + -+ + 3. Next we
replace a, (1<t <<I) with 3+ 3+ +++4+3+1 when
a,is 3m+1,m € Z"" and replace a, (1<t <<I) by
3+3+-++3+2 whena, is3m+2,me 72",
respectively. For example, 4 +2+1+7—>4+2+
1+6—>3+1+2+1+3+3. In this way, we produce

the 1-2-3 composition with parts are less than 4 of

(a), we first transform the

y — 1. Conversely, for each 1-2-3 composition of
v—1, we first append part of size 1 to the right
end, then adjoin all 3’s with the part on the right
of 3 to form a new part from left to right.

Consequently, we get the composition of v with

parts omitting all multiples of 3. For example, 3+
24+1+3+3+1+1—>3+2+1+3+3+1+1+1—>
5+1+7+1+1.

Hence, we proved that there are C,, 3 (v—1)
compositions in Case (a).

In Case (b), we transform the composition A
by subtracting 2 from a, and replacing (a, —2) by
3+3+-++3. The rest of the proof follows as Case
(a). The inverse operation is the same as Case (a)
except to append 2 to the right end. So we yield
Ci,:b—2) (b). For
example, 1+5+7+4+2—>1+5+7+4—>1+3+
2+3+3+1+3+13and 2+3+3+1+3+1>2+
3+3+1+3+1+2>24+7+4+2.

Thus we have

CrsnW)=C,;(w—1+C,,:(—2).

We complete the proof.

compositions in Case

Using the same proving method, we get the
generalized relation as follows.

Theorem 3.2 For the integer £ >1. Let C—, (v)
and C .., (v) denote the number of compositions of
v with parts are less than or equal to 2 and the
number of compositions with parts omitting all
multiples of size & of v, respectively. Then

Citw (W) =C,(b—D +C (v —2) +
o+ Cob—k+ 1),
where v >k —1, m is positive integer.

Consequently, the Theorem 3.1 is the special
case of Theorem 3.2 when £ =3. Besides, we easily
get the following well-known relation when & =2
in Theorem 3.2.

Corollary 3.1 The number of compositions of v

having only odd parts equals the number of

compositions of v—1 having only parts of size 1 or 2.
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