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摘要:正整数的nＧcolor１Ｇ２Ｇ３有序分拆是指正整数的只含分部量是１,２或者３的nＧcolor有序分拆,而正整

数的回文的nＧcolor１Ｇ２Ｇ３有序分拆是指只含有分部量是１,２或者３的nＧcolor有序分拆且分部量从左往右

读与从右往左读是相等的．给出了正整数的nＧcolor１Ｇ２Ｇ３有序分拆数和回文的nＧcolor１Ｇ２Ｇ３有序分拆数的

生成函数、显式公式以及递推公式．还给出了正整数的１Ｇ２Ｇ３有序分拆数和正整数不含分部量是３的倍数的

有序分拆数之间的一个关系式以及推广形式．
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０　Introduction
In the theory of compositions studying

restrictedpartsofcompositionshasalwaysbeenan
interestingtopic．Inrecentyears,therehasbeena
largenumberofresearchersandmanyresultsinnＧ
color compositions[１Ｇ９]．An nＧcolor composition
definedasacompositionofapositiveintegerin
whichapartofsizen maybeassignedoneofn
colors[１]．Asabriefexample,thereare８nＧcolor
compositionsof３．Viz．,３１,３２,３３,２１＋１１,２２＋
１１,１１＋２１,１１＋２２,１１＋１１＋１１．Apalindromic
compositionorpalindrome[１０]alsoreferredtoasa
selfＧinverse composition[５,７] is a composition
whosepartsequenceisthesamewhetheritisread
fromlefttorightorrighttoleft．Forexample,

therearefourpalindromiccompositionsof４．Viz．,

４,２＋２,１＋２＋１,１＋１＋１＋１．Andtherearenine
nＧcolorpalindromiccompositionsof４．Viz．,４１,

４２,４３,４４,２１＋２１,２２＋２２,１１＋２１＋１１,１１＋２２＋
１１,１１＋１１＋１１＋１１．

Ref．[１０]gavethecompositionshavingparts
ofsize１,２and３ofpositiveintegers,wereferto
hereas１Ｇ２Ｇ３compositions．Thus,forexample,

thereareseven１Ｇ２Ｇ３compositionsof４．Viz．,１＋
３,３＋１,２＋２,１＋２＋１,２＋１＋１,１＋１＋２,１＋
１＋１＋１．LetC１Ｇ２Ｇ３(ν)denotethenumberof１Ｇ２Ｇ３
compositionsofν．Ref．[１０]gavethegenerating
functionofthenumberof１Ｇ２Ｇ３compositionsas

１
１－x－x２－x３ ＝ ∑

∞

n＝０
Tn＋１xn ,whereTn isthe

nＧthTribonaccinumber:T１＝１,T２＝１,T３＝２,

Tn＝Tn－１＋Tn－２＋Tn－３whenn＞２．i．e．,C１Ｇ２Ｇ３(ν)

＝Tν＋１．
Inthispaper,we willstudynＧcolor１Ｇ２Ｇ３

compositions, nＧcolor １Ｇ２Ｇ３ palindromic
compositions．The generatingfunction,explicit
formulasandrecurrencerelationsforthenumber
ofnＧcolor１Ｇ２Ｇ３ compositions are presentedin
Section１．InSection２,weobtainthegenerating
functionandrecurrencerelationsforthenumberof
nＧcolor１Ｇ２Ｇ３palindromiccompositions．InSection
３,a relation between the number of １Ｇ２Ｇ３

compositionsofapositiveνandthenumberof
compositionsofνwithpartsomittingallmultiples
ofsize３isgiven．Furthermore,thegeneralized
relationisgiven．

In this paper, we denote the set of
nonnegativeintegersbyZ≥０,thesetofpositive
integersbyZ＞０．

１　nＧcolor１Ｇ２Ｇ３compositions
Inthissection,wefirstgivethefollowing

definition．
Definition１．１　AnnＧcolor１Ｇ２Ｇ３composition

isannＧcolorcompositionwithonlypartsofsize１,

２and３．
Forexample,thenＧcolor１Ｇ２Ｇ３compositions

of３areasfollows．
３１,３２,３３,２１＋１１,２２＋１１,

１１＋２１,１１＋２２,１１＋１１＋１１．
We denote the number of nＧcolor １Ｇ２Ｇ３
compositionsofνbyA１Ｇ２Ｇ３(ν),andthenumberof
nＧcolor１Ｇ２Ｇ３compositionsofνintom partsby
A１Ｇ２Ｇ３(m,ν),respectively．Weprovethefollowing
theorem．

Theorem１．１　LetA１Ｇ２Ｇ３(m,q)andA１Ｇ２Ｇ３(q)

denotethegeneratingfunctionsforA１Ｇ２Ｇ３ (m,ν)

andA１Ｇ２Ｇ３(ν),respectively．Then
A１Ｇ２Ｇ３(m,q)＝(q＋２q２＋３q３)m (１)

A１Ｇ２Ｇ３(q)＝
q＋２q２＋３q３

１－q－２q２－３q３
(２)

A１Ｇ２Ｇ３(m,ν)＝ ∑
２i－j＝ν－m

m
i
æ

è
ç

ö

ø
÷
i
j
æ

è
ç

ö

ø
÷２j ×３i－j (３)

wherej≤i ≤m;i,j∈Z≥０．
Proof　Following Agarwal’sproofin Ref．

[１],wehave

A１Ｇ２Ｇ３(m,q)＝∑
∞

ν＝１
A１Ｇ２Ｇ３(m,ν)qν ＝

　　　　　　(q＋２q２＋３q３)m,

thisproves(１)．
And

A１Ｇ２Ｇ３(q)＝∑
∞

m＝１
A１Ｇ２Ｇ３(m,q)＝

∑
∞

m＝１

(q＋２q２＋３q３)m ＝
q＋２q２＋３q３

１－q－２q２－３q３
,
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whichproves(２)．
Equatingthecoefficientsofqνin(１),wehave

A１Ｇ２Ｇ３(m,ν)＝ ∑
２i－j＝ν－m

m
i
æ

è
ç

ö

ø
÷
i
j
æ

è
ç

ö

ø
÷２j ×３i－j,

wherej≤i ≤m;i,j∈Z≥０．Thisproves (３)．
Thuswecompletetheproof．

Itisnaturallytoobtaintherecurrenceformula
ofthenumberofnＧcolor１Ｇ２Ｇ３compositionsfrom
thegeneratingfunction．

Theorem １．２ 　 Let A１Ｇ２Ｇ３(ν)denote the
numberofnＧcolor１Ｇ２Ｇ３compositionsofν．Then

A１Ｇ２Ｇ３(１)＝１,A１Ｇ２Ｇ３(２)＝３,A１Ｇ２Ｇ３(３)＝８,

A１Ｇ２Ｇ３(ν)＝A１Ｇ２Ｇ３(ν－１)＋２A１Ｇ２Ｇ３(ν－２)＋
３A１Ｇ２Ｇ３(ν－３)forν＞３．

　　Wenowpresentthecombinatorialproofalthough
thisrecurrencerelationisthestraightresultofEq．
(２)inTheorem１．１．

Proof　(Combinatorial)Toprovethat
A１Ｇ２Ｇ３(ν)＝A１Ｇ２Ｇ３(ν－１)＋　　　　　

２A１Ｇ２Ｇ３(ν－２)＋３A１Ｇ２Ｇ３(ν－３),

wesplitthenＧcolor１Ｇ２Ｇ３compositionsofνinto
threeclasses:

(A)Compositionshaving１１ontherightend;
(B)Compositions having ２１ or２２ onthe

rightend;
(C)Compositionshaving３１,３２or３３onthe

rightend．
WetransformthenＧcolor１Ｇ２Ｇ３compositions

inClass (A)bydeleting１１ ontherightendof
compositions． This produces nＧcolor １Ｇ２Ｇ３
compositions enumerated by A１Ｇ２Ｇ３(ν－１)．
Conversely,foreachnＧcolor１Ｇ２Ｇ３compositionof
ν－１,weadd１１totherightendtoproducean
elementinClass(A)．Inthisway,weprovethat
there are exactly A１Ｇ２Ｇ３(ν－１)compositionsin
Class(A)．

Next, we transform the nＧcolor １Ｇ２Ｇ３
compositionsinClass(B)bydeleting２１or２２on
therightendofcompositions．ThisproducesnＧ
color１Ｇ２Ｇ３compositionsofν－２．Becausewecan
getnＧcolor１Ｇ２Ｇ３compositionsofν－２bydeleting
２１or２２,andviceversa,weseethatthenumberof
nＧcolor１Ｇ２Ｇ３compositionsinClass(B)isequalto

２A１Ｇ２Ｇ３(ν－１)．Similarly,wecanproducenＧcolor
１Ｇ２Ｇ３compositionsenumeratedby３A１Ｇ２Ｇ３(ν－３)in
Class (C)by deleting ３１,３２ and ３３ on the
rightend．

Hence,wehaveA１Ｇ２Ｇ３(ν)＝A１Ｇ２Ｇ３(ν－１)＋
２A１Ｇ２Ｇ３(ν－２)＋３A１Ｇ２Ｇ３(ν－３)．

Obviously,therelevantnＧcolorcompositions
of１is(１１),therelevantnＧcolorcompositionsof２
are(１１,１１),(２１),(２２),andtherelevantnＧcolor
compositionsof３are(１１,１１,１１),(１１,２１),(１１,

２２),(２１,１１),(２２,１１),(３１),(３２),(３３)．This
completestheproof．

２　nＧcolor１Ｇ２Ｇ３palindromiccompositions
Ref．[１０] also studied the palindromic

compositionswithpartsofsizearelessthan４,we
refertohereas１Ｇ２Ｇ３palindromiccompositions．Let
P１Ｇ２Ｇ３(ν)denotethenumberof１Ｇ２Ｇ３ palindromic
compositionsofν．Ref．[１０]gavethe generating

function of P１Ｇ２Ｇ３(ν)as
１＋x＋x２＋x３

１－x２－x４－x６, which

generatestheinterleaved generalized Tribonacci
sequence１,１,２,２,３,３,６,６,１１,１１,􀆺．

Fromthegeneratingfunctiononecaneasily
getthefollowingrecurrencerelation．

Theorem ２．１ 　 Let P１Ｇ２Ｇ３(ν)denote the
number of １Ｇ２Ｇ３ palindromic compositions of
ν．Then

P１Ｇ２Ｇ３(１)＝１,P１Ｇ２Ｇ３(２)＝２,P１Ｇ２Ｇ３(３)＝２,

P１Ｇ２Ｇ３(４)＝３,P１Ｇ２Ｇ３(５)＝３,P１Ｇ２Ｇ３(６)＝６,and
P１Ｇ２Ｇ３(ν)＝P１Ｇ２Ｇ３(ν－２)＋P１Ｇ２Ｇ３(ν－４)＋

P１Ｇ２Ｇ３(ν－６)forν＞６．
　　Wenowshowthecombinatorialproofinthis
section．

Proof 　 We split the １Ｇ２Ｇ３ palindromic
compositionsofνintothreeclasses:

(A)Compositionshaving１onbothextremes;
(B)Compositionshaving２onbothextremes;
(C)Compositionshaving３onbothextremes．
Wetransformthe１Ｇ２Ｇ３palindromiccompositions

inClass (A)bydeleting１onbothextremesof
compositions．Thisproducesthe１Ｇ２Ｇ３ palindromic
compositionsenumeratedbyP１Ｇ２Ｇ３(ν－２)．Conversely,
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given any １Ｇ２Ｇ３ palindromic composition
enumeratedbyP１Ｇ２Ｇ３(ν－２),weappend１toboth
extremes of composition to produce the
compositioninClass(A)．Inthisway,weestablish
thefactthatthereareexactlyP１Ｇ２Ｇ３(ν－２)elementsin
Class(A)．Similarly,wecanproduceP１Ｇ２Ｇ３(ν－４)

elementsin Class (B)by deleting ２ on both
extremesofcompositions,andobtainP１Ｇ２Ｇ３(ν－６)

elementsin Class (C)by deleting ３ on both
extremesofcompositions．

Hence,wehaveP１Ｇ２Ｇ３(ν)＝P１Ｇ２Ｇ３(ν－２)＋
P１Ｇ２Ｇ３(ν－４)＋P１Ｇ２Ｇ３(ν－６)．

Clearlytheinitialconditionsaretrue．Sowe
completetheproof．

Inthissection,wefurtherstudythenＧcolor１Ｇ
２Ｇ３palindromiccompositions．

Definition２．１　AnnＧcolor１Ｇ２Ｇ３composition
whosepartsreadfromlefttorightareidentical
withwhenreadfromrighttoleftiscalledannＧ
color１Ｇ２Ｇ３palindromiccomposition．

For example,there are ４ nＧcolor １Ｇ２Ｇ３
palindromiccompositionsof３asfollows:３１,３２,

３３,１１＋１１＋１１．
Wehavethefollowingresult．
Theorem２．２　LetS１Ｇ２Ｇ３(ν)denotethenumber

of nＧcolor １Ｇ２Ｇ３ palindromic compositions of
ν．Then

S１Ｇ２Ｇ３(１)＝１,S１Ｇ２Ｇ３(２)＝３,S１Ｇ２Ｇ３(３)＝４,

S１Ｇ２Ｇ３(４)＝５,S１Ｇ２Ｇ３(５)＝６,P１Ｇ２Ｇ３(６)＝１４,

and
S１Ｇ２Ｇ３(ν)＝S１Ｇ２Ｇ３(ν－２)＋２S１Ｇ２Ｇ３(ν－４)＋

３S１Ｇ２Ｇ３(ν－６)forν＞６．
　　Hereweprovideacombinatorialproof．

Proof　WesplitthenＧcolor１Ｇ２Ｇ３palindromic
compositionsofvintothreeclasses:

(A)Compositionshaving１１onbothextremes;
(B)Compositionshaving２１ or２２ on both

extremes;
(C)Compositionshaving３１,３２or３３onboth

extremes．
Wetransform thenＧcolor１Ｇ２Ｇ３palindromic

compositionsinClass(A)bydeleting１１onboth
extremes of palindromic compositions． This

produces the nＧcolor １Ｇ２Ｇ３ palindromic
compositions enumerated by S１Ｇ２Ｇ３(ν－２)．
Conversely,givenanynＧcolor１Ｇ２Ｇ３palindromic
compositionofν－２,weappendpartofsize１１to
both extremes ofcompositionsto producethe
compositionsin Class (A)．In this way,we
establishthefactthatthereareexactlyS１Ｇ２Ｇ３(ν－２)

elementsinClass(A)．
Next, we transform the nＧcolor １Ｇ２Ｇ３

palindromiccompositionsinClass(B)bydeleting
２１or２２ onbothextremesofcompositions．This
producesnＧcolor１Ｇ２Ｇ３palindromiccompositionsof
ν－４．SincewecangetnＧcolor１Ｇ２Ｇ３palindromic
compositionsofν－４bydeleting２１or２２onboth
extremes,andviceversa,weseethatthenumber
ofnＧcolor１Ｇ２Ｇ３palindromiccompositionsinClass
(B)isequalto２S１Ｇ２Ｇ３(ν－４)．

TheoperationofClass(C)followsasabove,

thuswecanproduce３S１Ｇ２Ｇ３(ν－６)nＧcolor１Ｇ２Ｇ３
palindromiccompositionsinClass(C)．

Hence,wehaveS１Ｇ２Ｇ３ (ν)＝S１Ｇ２Ｇ３ (ν－２)＋
２S１Ｇ２Ｇ３(ν－４)＋３S１Ｇ２Ｇ３(ν－６),forν＞６．

Obviously,therelevantnＧcolorpalindromic
compositionsof１is (１１),therelevantnＧcolor
palindromiccompositionsof２are(１１,１１),(２１),
(２２), the relevant nＧcolor palindromic
compositionsof３are (１１,１１,１１),(３１),(３２),
(３３), the relevant nＧcolor palindromic
compositionsof４are(１１,２１,１１),(１１,２２,１１),
(２１,２１),(２２,２２),(１１,１１,１１,１１),therelevant
nＧcolorpalindromiccompositionsof５are(１１,３１,

１１),(１１,３２,１１),(１１,３３,１１),(２１,１１,２１),
(２２,１１,２２),(１１,１１,１１,１１,１１),andthe
relevantnＧcolorpalindromiccompositionsof６are
(３１,３１),(３２,３２),(３３,３３),(２１,２１,２１),(２２,

２１,２２),(２１,２２,２１),(２２,２２,２２),(１１,１１,２１,

１１,１１),(１１,１１,２２,１１,１１),(１１,２１,２１,１１),
(１１,２２,２２,１１),(２１,１１,１１,２１),(２２,１１,１１,

２２),(１１,１１,１１,１１,１１,１１)．
Thiscompletestheproof．
FromtherecurrencerelationofS１Ｇ２Ｇ３(ν),we

easilyobtainthegeneratingfunctionofS１Ｇ２Ｇ３(ν)．
Corollary ２．１ 　 Let S１Ｇ２Ｇ３(q)denote the

７９８第７期 nＧcolor１Ｇ２Ｇ３compositionsofpositiveintegers



generatingfunctionofS１Ｇ２Ｇ３(ν)．Then

S１Ｇ２Ｇ３(q)＝
q＋３q２＋３q３＋２q４＋３q６

１－q２－２q４－３q６ ．

３　Arelationforthe１Ｇ２Ｇ３compositions
Ref．[１０]studied the compositions of a

positiveintegerνwithpartsomittingallmultiples
ofsize３,andgavethegeneratingfunctionforthe
numberofthesecompositionsas

１－x３

１－x－x２－x３ ＝∑
∞

n＝０
Tn＋１xn －∑

∞

n＝０
Tn－２xn,

whereTnisthenＧthTribonaccinumber．Thatis
C≠３k(n)＝Tn＋１－Tn－２．Wedenotethenumberof
compositionswithpartsomittingallmultiplesof
size３ofapositiveintegerνbyC≠３m(ν)．Usingthe
recurrencerelationofTn,therelationbetweenTn

andC１Ｇ２Ｇ３(n),weobtainthefollowingrelation．
Theorem３．１　LetC１Ｇ２Ｇ３ (ν)andC≠３m (ν)

denotethenumberof１Ｇ２Ｇ３compositionsofνand
thenumberofcompositionswithpartsomittingall
multiplesofsize３ofν,respectively．Then

C≠３m(ν)＝C１Ｇ２Ｇ３(ν－１)＋C１Ｇ２Ｇ３(ν－２),

whereν ＞２．
Wenowpresentthecombinatorialbijection．
Proof　Givenanycompositionofν:λ＝a１＋

a２＋􀆺＋al,whereai≠３kforeveryi,i＝１,２,
􀆺,l．Weconsiderthefollowingtwocases:

(a)whenal＝３m＋１,m∈Z＞０;
(b)whenal＝３m＋２,m∈Z＞０．
In Case (a), we first transform the

compositionλ bysubtracting １from al,then
replacing(al －１)by３＋３＋ 􀆺 ＋３．Nextwe
replaceat(１≤t ＜l)with３＋３＋􀆺＋３＋１when
atis３m＋１,m∈Z＞０andreplaceat(１≤t ＜l)by
３＋３＋ 􀆺 ＋３＋２ whenatis３m ＋２,m ∈Z＞０,

respectively．Forexample,４＋２＋１＋７→４＋２＋
１＋６→３＋１＋２＋１＋３＋３．Inthisway,weproduce
the１Ｇ２Ｇ３compositionwithpartsarelessthan４of
ν－１．Conversely,foreach１Ｇ２Ｇ３compositionof
ν－１,wefirstappendpartofsize１totheright
end,thenadjoinall３’swiththepartontheright
of３ toform a new partfrom leftto right．
Consequently,wegetthecompositionofν with

partsomittingallmultiplesof３．Forexample,３＋
２＋１＋３＋３＋１＋１→３＋２＋１＋３＋３＋１＋１＋１→
５＋１＋７＋１＋１．

Hence,weprovedthatthereareC１Ｇ２Ｇ３(ν－１)

compositionsinCase(a)．
InCase(b),wetransformthecompositionλ

bysubtracting２fromalandreplacing(al－２)by
３＋３＋􀆺＋３．TherestoftheprooffollowsasCase
(a)．TheinverseoperationisthesameasCase(a)

excepttoappend２totherightend．Soweyield
C１Ｇ２Ｇ３(ν－２)compositions in Case (b)．For
example,１＋５＋７＋４＋２→１＋５＋７＋４→１＋３＋
２＋３＋３＋１＋３＋１;and２＋３＋３＋１＋３＋１→２＋
３＋３＋１＋３＋１＋２→２＋７＋４＋２．

Thuswehave
C≠３m(ν)＝C１Ｇ２Ｇ３(ν－１)＋C１Ｇ２Ｇ３(ν－２)．

　Wecompletetheproof．
Usingthesameprovingmethod,wegetthe

generalizedrelationasfollows．
Theorem３．２　Fortheintegerk＞１．LetC≤k(ν)

andC≠km(ν)denotethenumberofcompositionsof
νwithpartsarelessthanorequaltokandthe
numberofcompositions withpartsomittingall
multiplesofsizekofν,respectively．Then

C≠km(ν)＝C≤k(ν－１)＋C≤k(ν－２)＋
􀆺＋C≤k(ν－k＋１),

whereν ＞k－１,mispositiveinteger．
Consequently,theTheorem３．１isthespecial

caseofTheorem３．２whenk＝３．Besides,weeasily
getthefollowingwellＧknownrelationwhenk＝２
inTheorem３．２．

Corollary３．１　Thenumberofcompositionsofν
having only odd parts equals the number of
compositionsofν－１havingonlypartsofsize１or２．
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