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对于在次指数组下一种离散风险模型破产概率的一致渐近估计

申林川,陈　昱

(中国科学技术大学管理学院统计与金融系,安徽合肥２３００２６)

摘要:考虑递归等式Tn＝Xn＋Tn－１Yn,其中 Xn 和Yn 相互独立,等式右边的Tn－１独立于(Xn,Yn)．假设

Xn 的分布函数属于次指数族,并且具有非零的下 Karamate指数,同时(Xn,Yn)满足一定的相依结构,对等

式中Tn 的尾部概率进行了估计．
关键词:渐近性;下 Karamata指数;次指数族;一致性

０　Introduction
Inthispaper,foreveryi∈NN ＝{１,２,􀆺},

wedenotearealＧvaluedrandom variableXi the
insurancecompany’snetloss(thetotalamountof
claimsless premiums)within periodi and a

positive random variable Yi the stochastic
compoundinterestfactor over the same time
period．Thenthestochasticvaluesbytimen of
aggregatenetlossesoftheinsurancecompanyare
definedtobe
　　　　Tn ＝Xn ＋Tn－１Yn,n ∈ NN (１)



withT０ beinganarbitrarilyrandom variable．In
theexistingliterature,{Xi,i∈NN}and{Yi,i∈
NN}areactuallycalledtheinsuranceriskandthe
financialrisk,respectively．Atthesametime,T
hadbeenstudiedininsurancemathematicsunder
thenameperpetuity．Sinceschemeslikerelation
(１)are ubiquitousin many areas of applied
mathematics,thepropertiesofT haveattracteda
considerableinterest．Fromtheapplicationpointof
view,thekeyinformationisthebehaviorofthe
tailofTn,thatisP (T ＞x),asx→ ∞．This
problem wasinvestigatedbyvariousauthors,for
example,by Goldieetal．[１３],andinasimilar
settingbyHitczenkoandWesolowski[１４]．Thefirst
resultindicatesthatifXisbounded,P(Y∈[０,１])＝
１ and the distribution ofY behaveslike the
uniform distributionintheneighborhood of１,

thenThasthintail．
RuinprobabilitiesofsuchadiscreteＧtimerisk

modelhave been extensively studied by many
authors．However,mostoftheresearchesassumed
thatthesequences{Xi,i∈NN}and{Yi,i∈NN}

are mutuallyindependent．Suchanindependence
assumption was proposed mainly for the
mathematicaltractabilityratherthanthepractical
relevance．Therefore,inrecentyears,moreand
moreresearchers have started toimprove the
modelthrough introducing suitable dependence
structures between theinsurance risk and the
financialrisk．Yangand Wang[１５]studiedamodel
with (X,Y )following a bivariate Sarmonov
distribution,and Qu and Chen[１６] considered
anothertype ofdependencestructureassuming
that(X１,􀆺,Xn,Y１,􀆺,Yn)followsamultivariate
Samanowdistribution．

MotivatedbyChen[１７]andYangandWang[１５],

inthispaper,weshallassumethat(Xn,Yn),n∈
NNisapositiverandompairwiththegenericvector
(X,Y)followingacertaindependencestructure,

and,Xfollowsasubexponentialdistributionwith
anonzerolowerKaramataindex．Besides,wealso
assumethatEYβ＜１with０＜β＜J∗

F ．Inorderto
make Y not necessarily bounded, we should

considertheproduct
Z＝XY (２)

in which X and Y are independent random
variablesanddistributedbyFandGrespectively．
Denote H the distribution of Z． The
subexponentialityof(２)wasfirststudiedbyCline
andSamorodnitsky[１０],andthenwasextendedby
Tang[４]．

Therestofthispaperisorganizedasfollows．
InSection１wewillbrieflyrecallbasicnotations
andpropertiesofsubexponentialdistributions,and
introducethedependencestructurethatwewilluse
inthispaper．In Section２,we willpresenta
precisestatementofourmainresults．Finally,we
willgivethefullproofofthethreeresultsin
Section３,Section４andSection５,respectively．

１　Preliminaries
１．１　Notationalconventions

Throughout this paper, all limiting
relationshipsholdforx → ∞ unless otherwise
stated．Fortwo positivefunctionsf (x)and
g(x)satisfying

a ≤liminff
(x)

g(x)≤limsup
f(x)
g(x)≤b,

wewritef(x)＝O(g(x))ifb＜∞,writef(x)＝
o(g(x))ifa＝b＝０,writef(x)＜

􀬈g(x)ifb＝１,

writef(x)＞
􀬈g(x)ifa＝１,andwritef(x)~

g(x)ifa＝b＝１．
１．２　Subexponentialdistributions

DuetoimportantapplicationstorealＧworld
problems,werestrictourinteresttothecaseof
heavyＧtaileddistributions,as hasrecently been
doneby manyresearchersinappliedprobability
andrelatedfields．Specifically,weshallassume
thattheinnovation Xn in Eq．(１)follows a
subexponential distribution． By definition, a
distributionfunctionF on (０,∞)issaidtobe
subexponential(hence,heavyＧtailed),denotedby
F∈S,iftherighttailofF isinfinite (thatis
F(x)＞０),andtherelation

F２∗ (x)~２F(x) (３)

holds, where F２∗ (x) denotes the ２Ｇfold
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convolution of F．The authoritative narration
aboutsubexponentialdistributionscanbefoundin
themonographsbyEmbrechtsetal．[１]andFoss
etal．[２]．

ItiswellＧknownthat,ifF ∈S,thenitis
longＧtailed,denoted by F ∈ L, which means
therelation

lim
x→∞

F(x－t)

F(x)
＝１ (４)

holdsuniformlyoncompacttＧsetsof(０,∞);see
Ref．[１,Lemma１．３．５]formoredetails．

FortwodistributionfunctionsF１ andF２ on
(０,∞),denoteF ＝F１ ∗F２,thatisF isthe
convolutionofF１andF２．IfF１∈S,F２∈ L,and

F２(x)＝OF１(x),thenF∈Sand

F(x)~F１(x)＋F２(x) (５)

　　Fordetails,seeRefs．[５,６,１１]．
Inthispaper,adistributionFon(－∞,＋∞)

isstillsaidtobesubexponentialifthedistribution
F＋(x)＝F(x)I(x≥０)issubexponential．In this
moregeneralsense,thesubexponentiality still
impliesrelation(３),fordetails,see Ref．[１８,

Lemma２．２]．
１．３　TheKaramataindex

Toestablishexactasymptoticformulasforthe
tailsofTnin (１),weneedtoimposeatechnical
assumption on thetailof Xn．For a positive
functionf(x),itslowerKaramataindexJ∗

Fisthe
supremumofthoseαforwhich,foreveryΛ＞１,

f(λx)
f(x)≥ [１＋o(１)]λα (６)

holdsuniformlyinλ∈[１,Λ],forx→∞．Fora
distributionfunctionF withaninfiniterighttail,

thatisF(x)＞０,writef＝１/F,wesimplycall
J∗

F thelowerKaramataindexofF．Fordetails,

seeRef．[３,Subsection２．１]．
AccordingtoRef．[３,Subsection２．１],thereis

a closely related index Matuszewska index,

denotedby M ∗
F ,thedefinition of whichisas

follows:Forapositivefunctionf(x)(f＝１/Ffor
F＞０asstatedabove),theM ∗

F isthesupremum
ofthoseβ,forwhichforsomeD＝D(β)＞０and
allΛ＞１,therelation

f(λx)
f(x)≥D{１＋o(１)}λβ (７)

holdsuniformlyinλ∈[１,Λ],forx→∞．
There are some properties for these two

indexes．First,foranydistributionfunctionF with
aninfinitetail,wehave０≤J∗

F ≤ ∞ duetothe
monotonicityoff．Second,iftwo distribution
functionsF１andF２ haveequivalenttail,thatis,

F１(x)~cF２(x)forsomec＞０,thentheirlower
Karamataindexsareequal．Third,accordingtothe
definitions,itisclearthatJ∗

F ≤M ∗
F ．Fortheclass

ofallsubexponentialdistributionswithanonzero
lower Matuszewskaindex,which Tang[４] named
the class A．Similarly,for the class of all
subexponentialdistributionswithanonzerolower
Karamataindex,wecanusetheclassA∗ toname
it,thenclassA∗ is marginallysmallerthanthe
classA．

In this paper,if we want to prove a
distributionfunctionbelongstoclassS,wejust
havetoprovetherelationF∗F (x)~２F (x)

holds．Ifwewanttoprovethedistributionalso
belongsto class A∗ , wejust have to prove
therelation

liminf
x→∞

F(x)

F(λx)
＞１forλ＞１ (８)

holds,whichistheresultofthedefinitionofthe
lowerKaramataindexandclassA∗ ．
１．４　Adependencestructure

Definition１．１　Arandompair(X,Y)withX
unbounded is said to satisfy the dependence
structureHifthereissomepositiveandeventually
boundedmeasurablefunctionh(x):(０,∞)→(０,

∞),suchthattheasymptoticrelation
P(X ＞x|Y＝y)~h(y)P(X ＞x) (９)

holdsuniformlyforally∈R(Y),whereR(Y)is
therangeofY,consistingofallpossiblevalues
ofY．

WhenyisnotapossiblevalueofY,thatis
y∉R(Y),theconditionalprobabilitycansimply
beunderstoodasunconditional,thereforeh(y)＝
１．Thisdependencestructurewasfirstproposedby
Asimitand Badescu[７],and wasfurtherstudied
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andextendedbyLietal．[８]andYuen[９]．

２　Mainresults
Accordingto Ref．[４, Theorem ２．１ and

Corollary２．１],wehave
Theorem２．１　ConsidertherelationZ＝XY

withFon(－∞,＋∞)andG on (０,＋∞)．We
havethatH∈A∗ifF∈A∗andG(vx)＝o(H(x))

for each v ＞ ０, where X and Y fulfillthe
dependencestructureH．

TheresultofTheorem２．１isthefoundationof
thefollowingtworesults,andthecoreofthe
followingresultisthetailbehaviorofTn．

Theorem２．２　Considertherecursiveequation(１)

startingwithT０＝０,inwhichtheinnovationpairs
(X１,Y１),􀆺,(Xn,Yn)areindependent,butnot
necessarilyidenticallydistributed．Assumethat,

foreachi＝１,２,􀆺,n,thereis
①P(Xi＞x)~ciF(x)forsomedistribution

functionF∈ A∗ withaKaramataindex０＜J∗
F ≤

∞,andsomeci＞０;

②Yi＞０andisnotnecessarilybounded,and

thereisGi (vx)＝o(Hi (x))andGi (vx)＝

o(Fi(x))foreachv＞o;

③ (Xi,Yi)fulfillsthedependencestructureH
withauxiliaryfunctionhi．

Then

P(Tn ＞x)~ ∑
n

i＝１
P(Xi∏

n

j＝i＋１
Yj ＞x) (１０)

　　TheproofofTheorem２．２willbebuiltonthe
recursive equation (１)．Thefollowing result,

interestinginitsownright,describesthetail
behaviorofTn givenby (１)andwillbeusedto
establishthefiniteＧtermversionofTheorem２．２．

Theorem２．３　Considertherecursiveequation
(１)startingwithT０＝０,inwhichtheinnovation
pairs(Xn,Yn),n∈NNarei．i．d．copiesofapositive
pair(X,Y)．Assumethefollowing:

① X isdistributedbyF∈A∗ withalower
Karamataindex０＜J∗

F ≤∞;

②EYβ＜１for０＜β＜J∗
F anditsdistribution

functionsatisfiesG(vx)＝o(H(x))andG(vx)＝

o(F(x))foreachv＞０;

③ (X,Y)fulfillsthedependencestructureH．
Thentherelation

P(Tn ＞x)~ ∑
n

i＝１
P(Xi∏

i－１

j＝１
Yj ＞x)

holdsuniformlyforn∈NN．Particularly,whenn＝
∞,therelation

P(T∞ ＞x)~ ∑
∞

i＝１
P(Xi∏

i－１

j＝１
Yj ＞x) (１１)

holds．

３　ProofofTheorem２．１
３．１　Lemmas

SimilarlywithRef．[４,Lemmas３．１,３．２],we
canprovethefollowinglemma:

Lemma３．１　LetX１andX２ bei．i．drandom
variableswithcommondistributionF∈A∗ ,then
wehave

　lim
x→∞

sup
０≤r≤１

P(X１＋rX２ ＞x)
P(X１ ＞x)＋P(rX２ ＞x)＝１ (１２)

　　Thefollowinglemmawillplaycrucialrolesin
theproofofTheorem２．２．

Lemma ３．２ 　 Consider two distribution
functionsF andG mentionedabove,andassume
X andYsatisfythedependencestructureH．Ifwe
haveG(vx)＝o(H (x))foreachv＞０,thenwe
canhavetherelation

P(XY ＞x)~∫
∞

０
h(y)P(X ＞

x
y

)P(Y ∈dy)

(１３)

　　Proof　SinceYisnonnegative,wehavethat
P(XY ＞x)＝P(X＋Y ＞x) (１４)

holdsforallx＞０,whereX＋ ＝XI(X＞０)．
AccordingtoRef．[４,Lemma３．２],thereisa

functiona(x):[０,∞)→[０,∞)satisfying:

①a(x)↗∞;

②a(x)/x↘０;

③G(a(x))＝o(H(x))．
Hence,wehave

P(XY ＞x)＝　　　　　　　　　　　　　　　

∫
a(x)

０
＋∫

∞

a(x)( )P(X ＞
x
y|Y＝y)G(dy)＝

∫
a(x)

０
P(X ＞

x
y|Y＝y)G(dy)＋O(G(a(x)))~
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∫
a(x)

０
h(y)P(X ＞

x
y

)G(dy)＋o(P(XY ＞x))＝

∫
∞

０
－∫

∞

a(x)( )h(y)P(X ＞
x
y

)G(dy)＋o(H(x))＝

∫
∞

０
h(y)P(X ＞

x
y

)G(dy)．

　 　 Thelaststepis driven bythath(y)is
eventuallyboundedfory∈R(Y),sowehave

∫
∞

a(x)
h(y)F(x

y
)G(dy)＝o(H(x))．

　　Thisendstheproof．
Wecanfindarandom variableY∗ whichis

independentofXanddistributedby
P(Y∗ ∈dy)＝h(y)P(Y ∈dy)

whereY∈(０,∞]．Bytheuniformityrequiredin
thedependencestructureH,integratingbothsides
ofEq．(９)withrespecttoG(dy)overrangeof(０,

∞)leadsto

E(h(y))＝∫
∞

０
h(y)G(dy)＝１,

thenwehave
P(XY ＞x)~P(XY∗ ＞x) (１５)

　　Atthesametime,wecanalsohaveG∗ (vx)

＝o(H ∗ (x))forallv＞０,whereG∗ isthe
distribution function of Y∗ ,and H ∗ is the
distributionfunctionoftheproductofXY．
３．２　ProofofTheorem２．１

Hereafter,wewritex＋ ＝x＋ ＝max{x,０}for
everyrealnumberx．WeprovethatH ∈S．By
definition,itsufficestoprovetherelation

H＋ ∗H＋(x)＜
􀬈

２H＋(x) (１６)

　 　Sincethereverserelationisautomaticfor
everydistributionon[０,∞)．ByRef．[４,Lemma
３．２],thereexistsafunctiona(x)satisfyingthe
threeconditionsmentionedabove．LetXiandYi,

i＝１,２,beindependent copies of X and Y

respectively．Wehave
H＋ ∗H＋(x)＝P(X＋

１Y１＋X＋
２Y２ ＞x,

(Y１ ＞a(x))∪ (Y２ ＞a(x)))＋
P(X＋

１Y１＋X＋
２Y２ ＞x,０＜Y２ ≤Y１ ≤a(x))＋

P(X＋
１Y１＋X＋

２Y２ ＞x,０＜Y１ ＜Y２ ≤a(x))＝
J１(x)＋J２(x)＋J３(x) (１７)

　　ItisclearthatJ１(x)≤２G(a(x)),sowehave
J１(x)＝o(H(x))．

ByLemma３．１,wehave

J２＝ ∬
０≤y２≤y１≤a(x)

P(X＋
１ ＋

y２

y１
X＋

２ ＞
x
y１

|Y１＝y１,

Y２＝y２)G(dy１)G(dy２)≤

∬
０≤y２≤y１≤a(x)

(P(X１ ＞
x
y１

|Y１＝y１)＋

P(X２ ＞
x
y２

|Y２＝y２))G(dy１)G(dy２)~

∬
０≤y２≤y１≤a(x)

(h(y１)P(X１ ＞
x
y１

)＋

h(y２)P(X２ ＞
x
y２

))G(dy１)G(dy２)＝

P(X１Y∗
１ ＞x,０＜Y２ ≤Y∗

１ ≤a(x))＋
P(X２Y∗

２ ＞x,０＜Y∗
２ ≤Y１ ≤a(x))．

　　Similarlywehave
J３(x)＜

􀬈
P(X１Y∗

１ ＞x,０＜Y∗
１ ＜Y２ ≤a(x))＋

P(X２Y∗
２ ＞x,０＜Y１ ＜Y∗

２ ≤a(x))．
　　Thenwehave

H＋ ∗H＋(x)＝J１(x)＋J２(x)＋J３(x)＜
􀬈

o(H(x))＋２H ∗ (x)~２H＋ (x)．
　　Thisprovesrelation(１６)．

Thensimilarly withrelation (１４),wehave
H∗H (x)~２H (x)．NextweproveH ∈A∗ ．
Thereissomeconstantλ＞１suchthatrelation(８)

holdswithF belongingtoclassA∗ ．Then,with
thisconstantΛ andthefunctiona(x)definedin
Ref．[４,Lemma３．２],wehave

liminf
x→∞

H(x)

H(λx)
＝liminf

x→∞

∫
a(x)

０
＋∫

∞

a(x)( )P(X ＞x/y|Y＝y)G(dy)

H(λx)
≥

liminf
x→∞

∫
a(x)

０
F(x/y)G∗ (dy)

∫
a(x)

０
F(λx/y)G∗ (dy)＋∫

∞

a(x)
P(X ＞λx/y|Y＝y)G(dy)

~
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liminf
x→∞

∫
a(x)

０
F(x/y)G∗ (dy)

∫
a(x)

０
F(λx/y)G∗ (dy)＋o(H ∗ (λx))

＝liminf
x→∞

∫
a(x)

０
F(x/y)G∗ (dy)

(１＋o(１))∫
a(x)

０
F(λx/y)G∗ (dy)

≥

liminf
x→∞

inf
０＜y≤a(x)

F(x/y)

F(λx/y)
＞１．

　　SowehaveH∈A∗ ．Thisendstheproofof
Theorem２．１．

４　ProofofTheorem２．２
Weusethemathematicalinductiondevice．
Proof　Forn＝１,T１＝X１,therelation(１０)

holdstriviallyandthedistributionfunctionofT１

belongstoclassA∗ ．
Forn＝２,T２＝X２＋T１Y１＝X２＋X１Y２．
According to Theorem ２．１,we havethe

distributionfunctionofX２Y２belongingtoclassA∗

undertheconditionsabove,and wecanfinda
functiona(x),sothat

P(X１Y２ ＞x)＝∫
a(x)

０
＋∫

∞

a(x)( )F１(
x
y２

)G２(dy２)＝

∫
a(x)

０

c１

c２
F２(

x
y２

)G２(dy２)＋O(G２(a(x)))~

c１

c２h２(y２)
P(X２Y２ ＞x,０≤Y２ ≤a(x)＋o(H２(x))＝

(O(１)＋o(１))H２(x)．
　 　 Accordingto Lemma A３．１５ (closureofS
undertailequivalence)ofEmbrechtsetal．[１],the
distributionfunctionofX１Y２ belongstoclassS,

thatis,thedistributionfunctionofT１Y２ belongs
toclassS．Atthesametime,wecanalsofindthat
ifY２≤１,thenP(X１Y２＞x)＝O(１)P(X２＞x);

andifY２＞１,thenP(X２＞x)＝O(１)P(X１Y２＞
x)．According to relation (５),we havethe
distributionofT２ belongingtoclassSandthe
relation(１０)holds．

Next,weprovethedistributionfunctionof
T２belongstoclassA∗ :

liminf
x→∞

P(T２ ＞x)
P(T２ ＞λx)~ 　　　　　　　　　　　

liminf
x→∞

P(X２ ＞x)＋P(X１Y２ ＞x)
P(X２ ＞λx)＋P(X１Y２ ＞λx)＞１,

thelaststepisdrivenby

liminf
x→∞

P(X１Y２ ＞x)
P(X１Y２ ＞λx)~liminf

x→∞

P(X２Y２ ＞x)
P(X２Y２ ＞λx)＞１．

　　Weproceedbyinductiononn:Notethat
(１:１)T１Y２∈S;
(１:２)T２∈A∗ ;
(１:３)therelation(１０)holdsforn＝２．
Nowweassumethat:
(m:１)Tm－１Ym∈S;
(m:２)Tm∈A∗ ;
(m:３)therelation(１０)holdsforn＝m．
Weaimtoprovethat:
(m＋１:１)TmYm＋１∈S;
(m＋１:２)Tm＋１∈A∗ ;
(m＋１:３)therelation (１０)holdsforn＝

m＋１．
First,weprove(n＋１:１):

Foreachv＞０,

limsup
x→∞

P(Ym＋１ ＞vx)
P(Tm ＞x) ＝　　　　　　　　　

limsup
x→∞

P(Ym＋１ ＞vx)
P(Xm ＋Tm－１Ym ＞x)~

limsup
x→∞

P(Ym＋１ ＞vx)
P(Xm ＞x)＋P(Tm－１Ym ＞x)≤

limsup
x→∞

P(Ym＋１ ＞vx)
P(Xm ＞x) →０ (１８)

　　AccordingtoTheorem２．１,andleth(x)≡１,

thatisTm andYm＋１areindependent,wehavethe
distribution function of TmYm＋１ belonging to
classA∗ ．

Next,weprove(m＋１:２):

WhenYm＋１＜１,wecanprovethat
P(Tm－１YmYm＋１ ＞x)＝O(１)P(XmYm＋１ ＞x),

thenwehave

limsup
x→∞

P(TmYm＋１ ＞x)
P(Xm＋１ ＞x) ＝　　　　　　　

limsup
x→∞

P(XmYm＋１ ＞x)
P(Xm＋１ ＞x) ＋

P(Tm－１YmYm＋１ ＞x)
P(Xm＋１ ＞x)

é

ë
êê

ù

û
úú ＜ ∞,
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thatis,

P(TmYm＋１ ＞x)＝O(１)P(Xm＋１ ＞x)．
　　WhenYm＋１≥１

limsup
x→∞

P(Xm＋１ ＞x)
P(TmYm＋１ ＞x)＝　　　　　　　　

limsup
x→∞

P(Xm＋１ ＞x)
P(XmYm＋１＋Tm－１YmYm＋１ ＞x)≤

P(Xm＋１ ＞x)
P(XmYm＋１ ＞x)＜ ∞,

thenwehave
P(Xm＋１ ＞x)＝O(１)P(TmYm＋１ ＞x)．

ThusthedistributionfunctionofTm＋１belongsto
classS,anditiseasytocheckthatthedistribution
functionofthesumXm＋１＋TmYm＋１,whichisthe
distributionfunctionofTm＋１belongstoclassA∗ ．

Finally,weprove(m＋１:３):

P(Tm＋１ ＞x)~P(Xm＋１ ＞x)＋　　　　　　　

(∫
a(x)

０
＋∫

∞

a(x)
)P(Tm ＞

x
ym＋１

)Gm＋１(dym＋１)＝

P(Xm＋１ ＞x)＋

(１＋o(１))∫
a(x)

０ ∑
m

i＝１
P(xi∏

m

j＝i＋１
Yj ＞

x
ym＋１

)Gm＋１(dym＋１)＝

(１＋o(１))∑
m＋１

i＝１
P(Xi∏

m＋１

j＝i＋１
Yj ＞x)．

Thesecond stepis duetotherelation (１８)．
Hence,relation(１０)holdsforn＝m＋１．

ThisendstheproofofTheorem２．２．

５　ProofofTheorem２．３
５．１　Lemmas

Thelemma below describes an important
propertyofdistributions with a nonzerolower
Karamataindex．

Lemma５．１　LetF beadistributionfunction
withalowerKaramataindex０＜J∗

F ≤∞,andthe
secondstatementofRef．[３,Proposition２．２３]tells
usthatforeach０＜β＜J∗

F ,andA∈(０,１),there
existsx０＝x０(A,β)suchthattheinequality

f(x/y)
f(x) ≥ Ay－β

holds uniformly for x/y ≥ x ≥ x０, or
equivalently,thattheinequality

F(x/y)

F(x)
≤ayβ (１９)

holdswitha＝１/Auniformlyforx/y≥x≥x０．
Pluggingininequality(１９)x＝x０,y＝x０/t

forlarget,weseethat,forsomeconstantc＞０,

F(t)≤ct－β．
　　AnotherimmediateconsequenceofLemma５．１
isasfollows:

Lemma５．２　LetX bearandom variable
distributedbyF withalowerKaramataindex０＜
J∗

F ≤∞．Thenforevery０＜β＜J∗
F andeverya＞

１,thereissomex０＝x０(a,β)＞０,suchthat,for
allx＞x０andYisindependentofX,

P(XY ＞x)
P(X ＞x) ≤aEYβ．

　　Proof
P(XY ＞x)
P(X ＞x)＝　　　　　　　　　　　　

(∫
a(x)

０
＋∫

∞

a(x)
)P(X ＞

x
y

)P(Y ∈dy)

P(X ＞x) ≤

∫
a(x)

０
ayβP(Y ∈dy)≤aEYβ．

　　FortworandomvariablesX andY,weuse
the notation X ≤dY to denote that X is
stochasticallydominatedbyY,thatis,P(X＞x)≤
P(Y＞x)forallrealx．MotivatedbyRef．[１２],

weestablishthefollowinglemma,whichwillplay
acrucialroleintheproofofTheorem２．３．

Lemma ５．３ 　 Let (X,Y )satisfy the
dependencestructureH,andletF ∈A∗ witha
lowerKaramataindex０＜J∗

F ≤∞．LetEYβ＜１for
０＜β＜J∗

F anditsdistributionfunctionsatisfy

G(vx)＝o(H (x))foreachv＞０．Thenthereis
somepositiverandom variableZ independentof
(X,Y)withP(Z＞x)~αF(x)forsomelargeα＞０,

suchthat
X ＋ZY ≤dZ (２０)

　　Proof　Forsomeb＞０tobespecifiedlater,

wechoosesomerandomvariableZbindependentof
(X,Y)suchthat

P(Zb ＞x)~bF(x) (２１)

ThenthedistributionfunctionofZb alsobelongs
toclassA∗andhasthesamelowerKaramataindex
J∗

F ,then
P(X ＋ZbY ＞x)~
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P(X ＞x)＋P(ZbY ＞x)≤
(１＋abEYβ)F(x)

wherewechooseasmallenoughandb＞０large
enoughsuchthataEYβ＜１and１＋abEYβ＜b．The
firststepisduetoRef．[４]andtherelation(２１),

sowecanconcludethatthereissomex０＞０such
thattheinequality

P(X ＋ZbY ＞x)＜
􀬈

P(Zb ＞x) (２２)

holdsforx＞x０．
Finally,weconstructtherandomvariableZ

asfollows:

P(Z ＞x)＝P(Zb ＞x|Zb ＞x０)＝
１,x ≤x０;

P(Zb ＞x)/P(Zb ＞x０),x ＞x０．{
　　Byinequality (２２),itiseasytocheckthat
inequality(２０)holds．Thisendstheproof．
５．２　ProofofTheorem２．３

KeepinmindthatthelimitT∞isirrespective
to T０．Let Z be a positive random variable
specifiedinLemma５．３andindependentof{(Xi,

Yi),i＝１,２,􀆺}．IfT０isindentifiedasZ,then
applyingLemma５．３totherecursiveequation(１)

wehave
Tn ≤dZforeveryn ∈NN ∪ {∞} (２３)

　　Nowlettherecursiveequation(１)startwith
T０＝０≤dZ,sothat(２３)isstillvalid．Forevery
n∈NN,since{(X１,Y１),􀆺(Xn,Yn)}and{(Xn,

Yn ),􀆺 (X１,Y１ )}are equalin distribution,

wehave

Tn ＝∑
n

i＝１
Xi∏

n

j＝i＋１
Yj ＝∑

n

i＝１
Xi∏

i－１

j＝１
Yj ＝T􀬈n (２４)

　　ForarbitrarilyfixedN∈NN,byTheorem２．２
wehave

P(Tn ＞x)~ ∑
N

i＝１
P(Xi∏

N

j＝i＋１
Yj)＝

∑
N

i＝１
P(Xi∏

i－１

j＝１
Yj ＞x)．

　　Foreveryn＞N,firstweaimatauniform
upperboundforthetailprobabilityofTn．Forthis

purpose,splitT􀬈nin(２４)intotwopartsas

T􀬈n ＝∑
N

i＝１
Xi∏

i－１

j＝１
Yj ＋(∑

n

i＝N＋１
Xi ∏

i－１

j＝N＋１
Yj)∏

N

j＝１
Yj

(２５)

　　Notethat

∑
n

i＝N＋１
Xi ∏

i－１

j＝N＋１
Yj ＝dT􀬈n－N ＝dTn－N ≤dZ．

　　Thus,

T􀬈n ≤d∑
N

i＝１
Xi∏

i－１

j＝１
Yj ＋Z∏

N

j＝１
Yj (２６)

　　Itfollows(２６)that

P(Tn ＞x)＝P(T􀬈n ＞x)≤

P(∑
N

i＝１
Xi∏

i－１

j＝１
Yj ＋Z∏

N

j＝１
Yj ＞x)~

∑
n

i＝１
P(Xi∏

i－１

j＝１
Yj ＞x)＋P(Z∏

N

j＝１
Yj ＞x)≤

∑
n

i＝１
P(Xi∏

i－１

j＝１
Yj ＞x)＋P(Z∏

N

j＝１
Yj ＞x)(２７)

　　ByLemma５．２,forevery０＜β＜J∗
F andevery

a＞１,thereissomex０＝x０(a,β)＞０irrespective
toNsuchthat,forallx＞x０,

P(Z∏
N

j＝１
Yj ＞x)≤aE[∏

N

j＝１
Yj]βP(Z ＞x)~

(αa|[EYβ]N )F(x)

wherethelaststepholdsforsomelargeconstant
K＞０．Forarbitrarilygivensmallδ＞０,sinceEYβ

＜１,wecanchoosesomeN＝N１sufficientlylarge

suchthattheprefactorofF(x)isnotgreaterthan
δ．Itfollows(２７)that,foralln＞N１,

P(Tn ＞x)＜
􀬈

(１＋δ)∑
n

i＝１
P(Xi∏

i－１

j＝１
Yj ＞x)(２８)

　　Nextwederiveauniformlowerboundforthe
tailprobabilityofTn．StillstartingformEqs．(２４)

and(２５),wehaveforalln＞N,

Tn ＝dT􀬈n ≤ ∑
N

i＝１
Xi∏

i－１

j＝１
Yj ＝dTn

　　ApplyingTheorem２．２,itfollowsthat

P(Tn ＞x)≥P(TN ＞x)~∑
N

i＝１
P(Xi∏

N

j＝i＋１
Yj ＞x)＝

(∑
n

i＝１
－ ∑

n

i＝N＋１

)P(Xi∏
i－１

j＝１
Yj ＞x) (２９)

　　Similartotheabove,by Lemma５．２,for
every０＜β＜J∗

F andeverya＞１,thereissome
x０＝x０(a,β)＞０,suchthatforallx＞x０andall
n＞N,

∑
n

i＝N＋１
P(Xi∏

i－１

j＝１
Yj ＞x)≤aF(x)∑

n

i＝N＋１

[EYβ]i－１＝
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a
[EYβ]N

１－EYβF(x)

　　Thus,forarbitrarilygivensmallδ＞０,wecan
findsomeN ＝N２sufficientlylargesuchthatthe
prefactorofP(XY＞x)aboveisnotgreaterthan
δ．Itfollows(２９)that,forallN＞N２,

P(Tn ＞x)＞
􀬈

(１－δ)∑
n

i＝１
P(Xi∏

i－１

j＝１
Yj ＞x)

(３０)

　　Since,byTheorem２．２,bothrelation (２８)

and(３０)holdfor１≤n≤N１∨N２,sowecomplete
theproof．
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