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Abstract: A class of singular perturbation problem of the reaction diffusion initial value equation
was studied. Under suitable conditions, the generalized outer solution to reduced problems was
considered. Then the interior shock and boundary layer correction solutions to the original
problem were constructed by using the theory of generalized functions. Finally, using the fixed
point theorem. the uniform validity of the generalized asymptotic solution with interior shock and
initial layers was proved.
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0 Introduction
approximate methods have been developed, such as

Nonlinear shock waves are an attractive the methods of multiple scales, the methods of
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matched asymptotic expansion, the method of
averaging and the boundary layer method etc.
Recently, many scholars have done a great deal of
U7l Using the

authors also

[8-22]

work asymptotic method the

studied a class of nonlinear

problems In this paper, using a special
method, we study the shock layer solution to a
class of generalized initial boundary value problems
for the reaction diffusion equation.

Now we consider the following reaction
equation with an initial boundary value problem

Ju_

E)t "L [uj - f([?l‘?ll)?

[6 (OvT{))vl‘E (Ilal'za'",l'n) 6 QC Rn
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iy o
g 0D = &2 }(2)
t€ (0, 7)), x€ IR, j =0,1,,m—1
u(0,2) = h(x), x € Q (3

where € is a small positive parameter and T, is a

large enough positive constant, () signifies a

bounded domain with boundary dQ of class C* and

L= > D(a; () D),

ivj=1

J J
D(J:jt’ D»,': ‘

oz,

]

(] - 0919"'971)9
D= D Dg~Dips | a= 2]
i

with m>1, x*= af' x5 +=+ 2%, and the coefficients
a; (i,j=1,2,++,n) are real value functions of class
C” (), L is uniformly elliptic in Q:

2ifai (0 =N =228,

i1

ijo1

Ve€ R, 2 € Q.1>0,

C . . . .
EP denotes differentiation in the outward normal
n

direction on 9.

Instead of the initial boundary value problem
(1) ~ (3), we consider the generalized reaction
diffusion equation initial boundary value problem
(s Dyw) — EmB"[ ¢ u] = (s ),

(tya) € (0,°) X Q, V¢ €& C{(Q)}

4

Pl
[‘P’ﬁ]:(%gﬂ’ }
€ IQ Ve C(QD,j=0,1,,m—1
(5

(l,byu):((‘l)’h)y 120716 Q’Vsllé C‘()V(Q) (6)

where BL» u] = E (D'dyraz D'w) s G (Q) is the

ij=1
subset of C"(Q) j consisting of functions with
compact support in , and B[ x, y| denotes the
bilinear form associated with L[ ], whose form is
defined for a; bounded in Q, and for z and y belonging
to Sobolev space H' () with the finite norm:

Il = {EJQ | Doy [2dat?,

Voe C(D,j=0.1,
and (u, v) is defined as the scalar product in
Hi (.

It is our task to study the solution u& H{'(Q)
for the generalized reaction diffusion equation initial
value problem (4) ~ (6), where space H{'(Q)
signifies the completion of the space C;" ().

We assume that

[H, ] The coefficients a; of the operator L are
bounded in Q.

[H,] la; () —a; (0 [<c(lz—=x|) for i,j=
1,2,y n, Y2, yvE Q, and ¢, (| x— x2|)—>0, for
| x— ;| —0.

[H,; ] f is a sufficiently smooth real value
function except x € S, where S is the (n— 1)-
dimensional manifold in Q.

[Hi] g (j=0,1,

sufficiently smooth real value functions with regard

,m— 1) and h are

to their variables in correspondence ranges.

[ Hs ] There exists constants C, independent of
vand u such that
| B'Lusol [<C llull e ol YVuso€ Hy.
And there exists constant C; independent of z such
that

| B"[v, o] |< G v, VveE H.
[H; ] There are positive constants 8,9, » such

that
af
81 < ;(t’f/vu) < 82 < C27
du
v(taf) 6 [09’1‘01 X?Z,V Ll,e R.
1 The outer solution

Consider the reduced problem of Eqgs. (4)~(6):
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(s Dyw) = (s )
(tr) € (0, TH) X Ve G (D
(pow = (p,)s t=0,2€ Q. V& C (D
8)
From the hypotheses, there exists in the

7)

generalized initial boundary value problem (7) and

(8) a solution U,(x)€ HI(Q, which is
discontinuous at the ( n — 1 )-dimensional
manifold S.

Now we construct the outer asymptotic

solution U to generalized initial boundary value

problem (4)~(6). Let

U= > U(t.¢ (9)

i 0

(7) and (8),

developing the terms in € and equating the

Substituting (9) into Egs.

coefficients of the same powers of e, for the
coefficients of ¢ (i=1,2,++), we obtain
(¢, DU = (¢ F) + B"[¢Uis,]s
(t,o) € (0, Ty) X2, V¢ € CJ‘(Q)}
10>
(. U) =0, t=0,x€ Q. Vp& G (D
(1D
where F;(i=1,2,++) are known functions of Uj;
(j<<\i—1). The negative subscripts in Eqs. (10)
and (11) and thereafter in this paper are all
assumed to be zero. From Egs. (10) and (11), we
can obtain successively determined solutions U,
(i=1,2,+).

But it may not be continuous at € S and may not

Thus we have outer solution (9).

satisfy the boundary conditions in Eq. (5), so we
need to construct the interior shock layer and

boundary layer corrections V and W.

2 Interior shock layer correction

We first construct a local coordinate system
(p» $) near the (n— 1)-dimensional manifold S.
Define the coordinate of every point Q in the
neighborhood of S in the following way: The
coordinate ‘E)(<g)o) is the distance from point Pto
the (n —

normal vector, where g, is small enough such that

1)-dimensional manifold S along its

the normals on every point of S do not intersect

each other in this neighborhood of the (n—1)-
dimensional manifold S. The ¢=Cdisdss=sss $o1)
is a nonsingular coordinate system on the (n—1)-
dimensional manifold S, and the coordinate ¢ of
the point Qis equal to the coordinate ; of the point
P at which the inner normal through the point Q
intersects S,
In the neighborhood of S:0<<p<<p,, we have
E”’[¢, uw] = 2 (7D"¢> , ai"‘ﬁju) s
i, =1

. (’)Zm —, . -,
+ L/, Aoy >0,

2m

L" = a

2
m J 2

2m—1

where the construction of L is omitted.
From Egs. (4)~(6), we have
(g — €"B"[¢psu] = (¢, f(taxsw) s }

() € (0, TH) X Q, Ve G (D

12)
( 2iy)
95,0 | = (o) (L0 € 0. T) X 20,
Ve G, j=0,1,,m—1
(13
(o) = (), t=0,x€ Q. V& C (D
14
Introduce a stretched variable!
o= ple (15
and
u=U+V (16)
where
V= ult,oe (17

i 0
From Eq. (15), substituting Eqs. (16), (17)
into Eqs. (12) ~(14), developing the terms in ¢
and equating the coefficients of the same powers of
e. for the coefficients of € (i=0,1,++), we obtain

(pyDyv) — Bl o] = (¢9Fl) , 1
(t:p) € (0, T) X (0,0, a8

Voe G, i= 0,1,2,---{

E)"Ui
[¢’9nf } 19
Ve CG(D,.j=0.,1,,m—1

(gov) =0, t=0.0<p<p.Y9¢E C (D
20

= (.U, p==+0,



% 84

A generalized interior shock layer solution to nonlinear singularly perturbed equations 641

where F,(i=0,1,2,+
(j<<i—1). From Egs. (18)~(20), we can obtain
successively determined solutions v (i= 10,1, 2,
). And from the hypotheses, v, (i=0,1,2,¢)

possess the following shock layer behavior:

) are known functions of v

o = OCexp(— ks | o)) = OCexp(— b 21,
0<ex1l,i=0,1,-
@D
where k;(i=0,1,+++) are positive constants.
Let v;= ¢(p) v, where ¢(p) is a sufficiently
smooth real value function in the neighborhood of
(n — 1)-dimensional manifold S: 0 << p << p»

and satisfies

(o) =

For the convenience, we still substitute v by
v; below. Thus from Eq. (17), we obtain the

interior shock layer V.

3 Boundary layer correction

We construct also a local coordinate system

((E), ¢) near dQ. Define the coordinate of every

point éin the neighborhood of 90 in the following
way: The coordinate §(<§o> is the distance from
the point P to the 9Q along its normal vector,
where (Nh is small enough such that the inner
normals on every point of 40 do not intersect each
other in this neighborhood of Q. The ¢= (¢ ¢y »
e <j~>“71) is a nonsingular coordinate system on the

(n—1)-dimensional manifold 7Q. The coordinate ¢

of the point Q is equal to the coordinate <j~> of the

point P at which the inner normal through the

point éintersects the dQ.
In the neighborhood of (17— 1)-dimensional
manifold QQ;O<5~><@ , we have

E'”[gb, u] = 2 (’bit,ll, a%j'“ﬁju) s

i, j=1

2
Lm = g2m =" Terﬁl ~om 0
M= G o= H LT, aw >0,

Ip
~ Jd ~ J
Dh=—=,Djpy = —=,j=1,2,-,n—1,

‘7.0 a‘f%‘

where the construction of L;,—; is also omitted.
From Egs. (4)~(6), we have

(¢ Dy w *NB’“D,D, w] = (s fCty 2, u))a} 22
(t,x) € (0, T X Q. V¢oe& C (D
( 2iy)
Hﬁjz (prg)s (1) € (0,Ty)) X Qs
V</JE G}‘(Q)a ]: 0919"'971/171
(23)
((pau) — ((pah)a t = Oal'e .Q,Vt/)E Co‘(Q)
24)
Introduce a stretched variablet!” .
T= g)/e (25)
and
u=U-+W (26)
where
W= > w(e 270

=0
From Eq. (25), substituting Eqs. (26), (27)
into Eqs. (22) ~(24), developing the terms in e
and equating the coefficients of the same powers of

e, for the coefficients of ¢ (i=0,1,+*), we obtain

( 7D( ',')*Em s W :( ’?i)7
¢ J'u/' I:Sb w] ¢ } (28)
Voe G

ajwi]

, ~|=0, =0,
{‘/’ a7 ¢ } (29)
V(pé (};:(\Q)’]‘:Oyl""ykil

(¢rw) =0, t=0,YV¢ €& C(D 30
where F,;(i=1,2, ) are known functions of w;
(j<<i—1). From Eqgs. (28)~(30), we can obtain
successively determined solutions w;(i=0,1, ),
And from the hypotheses, w;(i=0,1,++) possess

the following boundary layer behavior:
—k ). |
€

3D

w, = Olexp(— ki) = O

exp

O<E<<177-: Oyl?'"

where k,(i=0,1,++) are positive constants.
Let "(Z',ZJJ(E)) w;» where ¢(p) is a sufficiently
smooth real value function in the neighborhood of

10:0<p<p, . and satisfies



642 T EAFHERKFFR %4

%

ol

For convenience, we still substitute w; with
w; below. Thus from Eq. (27), we obtain the

boundary layer correction W.

4 The remainder estimation
Now we prove that

u=

i=(

(tsx) € [0, Ty ] X 02,0<<e< 1

is a uniformly valid asymptotic expansion for the

[Ui + v+ wi]€i9
=0 (32)

generalized solution to reaction diffusion equation
initial boundary value problem (4)~(6).

Let
M

Wty = 25U D +w(to) + x (D] + r,}

1>0,0€ 0,0<<e< 1

(33)
where r& Hj ((0, T,) X Q) and from Eqgs. (4) ~
(6), (21), (31) and (33), for the e>0 small
enough and from the hypotheses, we have

((/19 l") - €21”B“’|:¢)9 T] - ((}19 f(ta Xy r)) -

M
E"B"[ru— 2 (U () + vilo) + wi(D e ] —

i=0

M
(fs fCtazsu— DL [U(D) + (o) +w(D]e)) =

i 0

((,l)a D()Uo) — (Sba f) +

M
DI DU — (¢ F) — B[ .U, 5, 1]e +
i1

M

E [(¢7 Dy vi) - Bm[(,bv vi,] - (SL‘vFi)]Ei -+
i=1

M

D¢ Do) — B[] — (g F) e +

i=1
OCMY) = OCMY),
(taI) e (OaT@) >< Q,nge C(T(Q)a

9
[‘l)aﬁ]: O™, (tyx) € (0,Ty) X0,

Vd)e G;(Q)a] - 0919"'9771*1,
(o) =0, t=0,2€ Q, V¢ € C(D.

Thus we have

[rllo=0E"YD, (Lo € [0,T] X 2,0< ek 1.
From the fixed point theorem for functional
analytic™®, we have the following theorem:

Theorem 1  Under the hypotheses [ H, ] ~

[H; ], for the €0 small enough and V (¢, 2) €

[0,T,]XQ, the nonlinear generalized reaction
diffusion equation initial boundary value problem
(4) ~ (5) has a uniformly valid asymptotic

expansion (33) for the generalized solution u(t, x) €

H ([0.T, X Q). and holds

M
H u— Z[U] + % + w,jsj H 0 = O(&Nkl)v
i o
(taI) 6 [OaTo] Xaao < e <K 19
M
where ZU@’ is the asymptotic representation of
i 0
the outer solution for the generalized initial
(N
boundary problem (4) ~(6) and v lt,fﬂ , 1=0,

1, ===, are the correction terms which possess

(21) and

interior shock layer behavior Eq.

wi[t9£J7 i2071’
1S3

s+, are the correction terms

which possess boundary layer behavior Eq. (31).
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