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Abstract

A multi-component KP hierarchy from the 2X 2 Sato matrix theory is deduced andvdis-
cussed. A new Darboux transformation for this hierarchy, the 11 dimensional integrable

system constrained from these hierarchy is also considered.
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AMS Classification (1992),35Q '

1 Introduction

Since Sato presented a theory that pr’ovide's‘a unified description of thg soliton equation, there has
been much work on this topict*~*}. Recently, some papers have been presented to extend the Sato the-
ory in matrix casel®=7), TIn this paper, we will deduce the multi-component KP hierarchy from the 2%
2 Sato matrix theory and consider a new Darboux transformation for this hierarchy, the 141 dimen-
sional integrable system constrained from these hie;-archy is also considered. Some of these results can

be easily extended to general matrix case.
2 Sato Matrix Theory

We consider the Sato matrix equation

% — Bu,W — Wo,gW M = 0,1,2-+,j=10,1,2,3 2D

Received September 10, 1992.
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where
W =144 wad !+ wad? - - (252

is a micro-differential operator, d=——,w; are 2 X 2 matrix, cach element is a function of the variable

o
dx
z and t,,‘,j’

I = Wo,@W, B, = (I} : (2.3)

As usual, (7}); denotes the differential part of the operator i and (L})_ denotes pure integral part

S 1 O) ml:(o l] ,Uz:(O —i) ,Ua=(l 0 ]
01 10 ) 0 —1
Examples .
Bu_,-'—‘- T;
Bi.; = a;9 + P;, P; = [wy,0;] (2.4)

Byjy = 0,8 + P;d 4+ Q;, Q; = [wy,0;] — 20700, — Pyw,
From (2. 1), it yields

aw W )
afl_o = E (a,e,at;.o = a) (2 5)
and the Lax type equations
ar; ;
at..J, = [B.;, L8], msn = 1,2, j=0,1,2,3 (2.8)
From the commutativity of oy and o;, we get
aLB’ - m aLJJ“ P ml
E)t.,; T [B-.ijU]o abl.u == EB-.D’L:J (2 7)

From (2.6),(2.7), it is easy to get the zero curvature equations :

OBat— BBi; e
atm.j ata.; i {:B'-HBm.J] =0 (2 8)

"ij.) S8 aBu.O
at-..o atu.j

St [Bm.,sff.o:l =0 Gz )

Some examples

1)We take n=1,m=2,t; ;=y.t; ;=t,(2. 8) reads

P, CLid s

% + o; i Lo ;] (2. 10?
(2]

P,

T E P — 0305« + PPy + [Q;,P;]

When j=0, we get the linear equation

)
dy o
i) When j=3, we take
v g ;
P3= . Diag(JJ= (A].Ag)
Tu

(2.10),(2.11) read
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(4 — Ay = 2L, + .
— o — Ay = S~ ), + (@).]
T | (2.13)
q = -z-(qn + q,) + q(A — A2)
| = — G Gu b ) — = 4D
This is generalized Davey-Stewartson equation (GDS)
ii) When j=1, we take . .
' a b ef
RL=( Jan-—-( »”A=f'-+993=h+8'
—b —a gh
(2.10),(2. 11)read ' -
A — By=(a* —¥)., B, — 4= (¢ — 1),
20, + bue - by + 254 = 0, 2b + @ + 1 + 204 = 0 2. 19
iii) When j=2, we take
a b ef B
Pz——-i{ ),»Qz=(.v),.A=e-{-h,B=‘f—g
b —a gh ‘
(2.10),(2. 11) read ' . _ L
iB, — A, =— [ + 1*].. A — B, =— [a® + 1],
20,4 iCba + by) — 26B =0, 2 — i(an + a,) + 2aB =0 (2. 15)
We find that the equation (2. 13)—(2. 15) are equivalent. :
" We rewrite (2. 13) as follows:
(AL — A2). — (A + A2), = (qr),
(A + 4), — (A} - A, = (qr), . | 7 2. 16)
2@+ )+ G —Qat+ (0 — @)y +2(r — @)(A — A) =0
20—+ G+ Qu+ G+ + 200 — A4 — 4) =0
Equation (2. 14) is equivalent to (2. 16) by the transformation
A=A — Ay, B=A+ Ay a= (q+1)/2, b= (r — q)/2 (2.17)
Equation (2. 15) is equivalent to (2. 16) By the transformation
iB=A— Ay, A=A+ A, a = i(q+1)/2, b= (r — q)/2 (2.18)
2) We take n=2, m=1. When j=0, from (2,9) it yields the linear equation
Wigy — Wyee = 0‘
When j=3, we take, (t=t;, {;;=y. (2.9) reads
Uy — e + 2(be). = 0
dy + dye — 2(be); = 0 2. 20)

- bl + bry + 21)((‘: - a:) = 0
(4] + Czy + Zc(dx - az) = 0
This is a heigher order equation of multi-component of KP hierachy.
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When j=1,2, we have proved that the equations are also equivalent to (2. 20). One question
arises, whither the equation (2..8), (2.9) for j=1,2 with j=3 are equivatent for any m,n?
We note that the functions q,7,4,,4; in (2. 13) relate to the element of w, as follows.
g =— 2,r = 2c,A, =— 2a, + 2bc, A = 2, — 2o (2. 21)
By the transformation (2. 21), Equation (2. 13) reads
ay —a.+ 20c). =0, dy+d.— 2(c). =0

1 — oy —
b= % (ba + by) + b(— 20, — 24, + 4be) (2.22)

6 =— %(c., + 6y) — c(— 2a, — 2d, + 4bc)

We observe that the first two equations of (2. 22) and (2. 20) are just the sdme, the last two equa-
tions are difference from the elliptic and hyperbolic type in space.

3 A New Darboux Transformation

In ref. U1, it was found that, if

wo_ — Wer. P _ 2 _
dt._j - ﬁd'w Wa)?’dt‘j.j - .Jw,(lt.., - "j¢ (3' 1)
where @ is a'2X 2 nonsingular matrix solution, then
, W = plp~'Wa™!, %= (pdp~))p (3.2)
satisfy the equations ‘ ‘
% =B —Woe, B, = (WoaW-1), (3.3)
] : .
i _3 2 ' |
2, = D ‘ 3. 4)

This is extend Darboux transformation theorem. From the binary DT s as explained by Matveev
and Sall®, we find a new Darboux transformation for the Sato matrix equatlon (2. 1) as follows; If

Fii% ' :
Bt —Wor, B g, B g 3.5

dbisa 2X2 nonsmgular matrix solition s where * denote the transposmon of the operator B..;, and+
denote the matrix trasposition, then

W= (¢")"'a ¢t Wa, P="Typ, T=($t)"'9 ¢+ (3.6)
satisfy the equations ) , .
ZW =BT — Wi, Bo;= (Wa,dW-1)y (3.7
¢35
b _ oo :
T B..;p (3.8)
The main point is
’1‘:__,.’1"l = (TB.;T')+ T — TB,.; =— (TB.;,T")_T (3.9)

We prove (3. 9) as follows;
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,1,‘..,‘7,_'. =— ()¢ ¢+ (¢+)—xa—x[¢ti(¢+)—xa¢+] =— (¢+)—1a~1[3(¢‘1—’j(¢+)—1)¢+]
— (TB..}T-I') —_— ((¢+)—la*—l¢+ B..’(¢+)-la¢+)_=_ (¢+)—l(a—l¢+ B..j(¢+)-la¢+)_
= ($*)"HT (g4 BLp)* — (¢* Bus(¢7)'ap*)-)
= ()17 (gA(p™ Mg, )T =— (g+)-ta -t [aced ;(¢1)~1)gt ]

End of proof. The other relations can be proved by standard approach as (3.3) and (3. 1).

From (3. 6), we find the relations

wy=— ()7 +w, wy=wp - BT D — w — ($T)TNFw, (3. 10)

Example; The equations

¢g = Uﬂb‘ + P"ﬁy ’h = 03¢u + P¢x + Q¢ (3- 11)

are the Lax pair of the GBD equation (2. 13). Where
1
0q Al 7((1: + (h)
P = o (3.12)
—(r. - r.) A

Now, if ¢.7,4,,A4;, is a solution to the GDS equation (2..13),% is a solution to (3. 11), and ¢+
satisfies the equations . |
— ¢t =—¢tos + ¢t P, — ¢ = ¢toy — ¢+P—¢+P + 47 Q 3.13)
then
G=q+2, T=r—2, A=A+ata, A=Ma—d+d (3141

&’ I;
. ] and
Ccy d

7= (")l +j'¢+. #dz) (3. 15)

satisfies the same equation (3. 11) with P,Q.

is a new solution of the equation (2. 13), where (¢¥) !¢} =

4 Constraints of fhe Muiti — Component KP Hierarchy.

Following the approach in ref. [J, we consider the constraints
[7 = B,; — 97'¢*, p= [:Z) s Y= (d1s$)  J=00r 3, m=1,2, (4 1)
(Where #,¢" will be considered as new dynamical coordinates)v, and the Lax pair
IV =B W —pb=¢E¢ V= (W']
¥,
&, = ¢+ O . ,
V.. =B.¥, & 6 =A4A.b NAW)=¢*B.Y¥— (BLOTV (4.2)
Where ¥+ = (¥,,¥,),® are the exgenfunctnon
From the compatibility condition of (4. 2), it yields
(I, = [Buir14]
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$,, = By
¢f, =— (BLp+ . (4.3)
(4: 3) are the hierarchy of 11 dimensional integrable systems by constraint (4. 1). GDS equa-
tion (2. 13) will be used as an example to show the exact form in the following.
1) The constraint (4. 1) with m=1,j=0, then _
Ly =9 — w.d! +----B;o—¢3"¢+-0—¢¢+¢7"+ ------ 4.4
the constraint reads ' '

wy, = Pt . (4.5)
- The Lax pair (4. 2) for the GDS equation (2,13) reads (¢,3=y,t.3=1¢)
w ‘ ‘ ‘
o= lerolle | ~ .
? _ (rﬂﬁfP!’)= [@o_-,-I—P oayb)[ ] 4D
?/, ¢t o3y @t o
'3 _ o3V, + PV, 4+ QW _ 038 + EPosy + oyt + @, &P + oz + P\ ¥
4 x__ (¢+ oW — ¢Fosyp + ¢+ PV B ¢t 038 — ¢roy + ¢* P, ¢T 039 ]( )
' ' (1.8
Equation (4. 3) reads : ‘ b
P, = [y¢*, 03] .
‘ . ‘ ¥, = o3 + Py ' 1.9
| = gFas — ¢+ P o "
P. = [#¢*, 03] | (4.10)

Q. = #¢* P — 96l 03 — osped* — 2056 + Pg+ P — Pyt
% = 039 + Pt + Q¥
¢F =— ¢fos + ¢FP + ¢* P. — ¢t @
It is clear that the GDS equation (2. 13) can be reduced to two 11 integrable equauons (1.9)
and (4. 10) by the constraint P,= [y¢*,05], and (4. 6), (4.7) is the Lax pair for (4.9); (4.6),
(4. 8) is the Lax pair for (4. 10). Similar results had been obtained in ref. [!] by an alternative ap-

proach.
2) The constraint (4. 1) with m=1,j=3, then
' Li = By — 337 '¢* = 050 + P — ypa~'¢* (4. 1D

The Lax pair (4. 2) for the GDS equation (2. 13) reads ‘ ' '

v (crsé ¢J [W’ ‘ _ 4. 12)

¢ .

¥ oW, + PV  ([E+P o

"',=(¢+03V’ ) («swa ( J

v oW, + PV, + Q¥ _ 038 4 Poyé + 037ﬁ¢++ Qs &P+ o3p. + Py \

@l (sb“ffﬂ’- — gt + ¢t PY] gt E—dro,+ 6P $t o )(«D)

1. 11)
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Equation (4. 3) reads
= [9¢*, 03] .
h=oh+Pp (4. 15)
o = ¢fay — ¢+t P
b = 03P + P + Q¢
¢t =— ¢tz + ¢FP 4+ ¢t P. — ¢t Q
P, = 03P,, — 20399 — o3ppt 4 $PP, — Pyd* 4+ QP — 0@,
03P, — oapd™ + 9t 03 + Qos — 3@ = 0
We note that the last equation of (4. 16) is nothing but the constraint of P,=[y¢+ ,0;], for the sake
of the relation (2. 10).

It is clear that the GDS equation (2. 13) can also be ‘reduced totwo 141 integrable systems
(4.15) and (4. 16) ‘by the constraint P,=[¢¢*,03], the corresponding Lax pals are (4. 12), (4.
13) and (4.12), (4. 14) respectively.

The Darboux transformation method can be used to find the solutions to 1--1 dimensional inte-

(4.16)

grable equations and then we get the new solutions for the multi-component KP hierarchy.: A detailed
analysis will be published elsevyhere.
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2 3CHF 3T Darboux A8 ¥ {a] B ] 388 ) 5 3 » 8RR 5 » BF 55 Darboux 28 i 305 28 2 o B 75 4R
72—~ Darboux A&k , LA P ¥ §#) Darboux 25 AL &Y JF 51 » BE 7T LA S th J& S84 Darboux 25t ff
Fl. §2 RAGORT R P — AT RRGEMER Darboax e RANMH T #ebkEH. § 34
i Darboux A M, BRI T ALEM RBE R4, F W T EXGTHEHRE —FiETy
BoOXEABEEENEARENTFRIHFSHE. SAMATEEMTHRESHEIERT 2
N(NZ=2) i {jitty Darboux ¥ 3 & 77 7E & HE.

2 Darboux AN T it FIR

4

g:—/—).(J+P)*If G =1,2,",2) (2. 1)

Zvuf (2.2)

a=0

K R L ATRRAGES, R ﬁb—zﬂ,me AR, AR A A, TEAEH EWREE
Sk : .

[(JisAJ=0  (i=1,2,",n) 2.3
R ARM AR &P REER | - .
P, = [P, J,] . 2.4)
P%%%u&?melféﬁ A %1%,%&& V. R P HIMAZTR, TRE&PB‘JXTﬁmﬂJ%J 0. (2. 1)l
(2. )W AR B — A FIRBAE V. S BRT :

%_Q&H:p Pl=0 (2.5)
9z

By _ W™ L rp, ] =

% 9%, + [P, Vo] 0 (2.6)

X B off Fm— N HERE E A A TR B &5, BN AR A4 (2.5), (2 ) R—A
KEREEE,BEMNRESTE.»=10,ERE AKNS £45. K2 1),(2. 2)Z2.5),(2.6)
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On the Inverﬁbih’ty, Permutability and Periodicity
of Darboux Transformations

Gu Chaohao

(University of Science and Tecknology of China)
(Institute of Mathematics, Fudan University)

“

~ Abstract

Tt has been shown that the Darboux transformation method is valid for some integrable Systems in
the space-time R**!. The theorem of permutability holds as well. In the present paper a necesafy and
sufficient condition is fond under which -the inverse of a Darboux transformation is also a Darboux
transformation. A kind of invertible Darb.oux transformation is constructed explicitly. Based on the
theorem of permutability and the theorem on the existence of the invertible Darboux transformations
the existence of closed sequences of Darboux transformations of period 2N is determined, where N is

any positive integer.

Key words; Darboux transformation, permutability , invertibility, integrable system
AMS Classification (1992). 35Q,58F
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* (13 There is the symbolic method, which deals directly in an abstract way with the quantities of fundamental impor-
tance.
The symbolic melhgd,however.seéms to go more deeply into the nature of things. It enables one to express the physical
laws in a neat and concise way ,and will propably be increasing used in the future as it becomes better understood and its
own special mathematics get developed.
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New Outlook on Dirac’s Representatibn Theory

Fan Hongyi

(Department of Materinl Science and Engincering, USTC).

Abstract

As is well-known, Dirac’'s representatiori theory forms the mathematical and physical basis of
non-relativistic quantum mechanics and has been the basic reading material for learning and studying
quantum mechamics since 1930. This paper briefly discusses how to develop Dirac’s representation

theory so as to make it more powerful and applicable.

Key words; Dirac’s representation theory, TWOP technique, integration over ket-bra operators.
PACS(1992); 03.65.Ca
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XXZ Model With the Symmetry of Quantum Group

Hou Boyuan
(Greduate School of USTC)

Abstract

An XXZ model of Heisenberg spin chain with the symmetry of quantum group is dis-
cussed For a flmte chain,the Bethe Ansatz eguations (BAE) are very comphcated. In terms
of q—deformatxon Young operators tlus Hamiltonean system can be reduced to a set of cou- '
pled hnear algebralc equatxons,whxch could be explicitely solved. When q ns a root of unity,

‘some energies may be degenerated,and zero models exist. By choosmg a partlcular boundary
condmon and an approprxate limit process, a reducible but mdecomposable representatnon
(type I) of U,(sl(2))is constructed.

Key words: quantum group,Heisenberg spin chain,XXZ model
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Solution of the Schrodinger Equation With ¢ -Function

Potential and Product of Distributions

Zhao Baoheng

(Department of Physics ,Graduate school of USTC)
Abstract

This paper proves that the product of distributions e(z)d (z)sinkz=0. Tt

is then concluded that ¢r={ l—%e(z)] sinkz is the solution to the Schrédinger

equation —;Tzzyb-i—cd' (z)p= B

Key words: ¢-function ,distribution ,Schrodinger equation
PACS(1992): 02.90 +p,02.20 +b
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Quantum Effects in Nonlinear Optics

‘Guo Guangcan
(Plysics Department)

Abstract

Presented in this paper are a general criterion for non-classical radiation fields, and two different
ways for generation of photon-number squeezed states. Tt has been shown that the odd and even coher-
ent states are actually superpositions of macroscopncally dlstmct quantum states (popularly known as
Schrédinger cats).

Key words; non-linear optics, quantum effect, Schrédinger cats, photon number squeezed state.
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Thermodynamics for Davey-Stewartson 1 Gas
Yan Mulin, Hu Zhong
(Center for Nonlisear Science, USTC)
Zhao Bacheng

(Department of Physice, Gradunte School of USTC)
Abstract

Using the wave functions{!J of quantum DS1 system in (2+41)D, the thermodynamics for DS1
gas is investigated. The density matrix and the entropy are calculated. It is found, under the Gibbs
paradox free requirement, that the DS1 gas is equivelent to two one-dimensional thermodynamical e-

thbnum systems of fermions. A ‘new mechanism for superconductivity is also speculated upon.

Key words DSl System Gibbs paradox, thermodynamlcs '
PACS(1992) 05. 30. —d '
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Observation of Quasmenodlc Chaos in Plasma

Ding Weixing Huang We1 She Hongquan Lin Yuun Yu Changxuan
(Department of Modern Physics, Usiversity of Scieace and Teclaology of Chinu)
Abstract _ o
The quasiperiodic chaos in an undriven discharge plasma has been in\)es'tigated expérimentally.
Results from the power spectrum and Lyapunov exponents quantitatively confirm the transition to
chaos through the quasiperiodicity. A low dimension strange atgtractor has been_ found for this kind of
plasma chaos. ) . ‘
Key words; chaos in plasma, instability, quasiperiodic transition.
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A Numerical Method for a Large Scale
and Weak Nonlinear Integral Equation
Ding Yibing éu Yizhi
(Graduste School of USTC)

- Wang Chuilin
’ (Gbinee Cento of Adoasced Science axd Teckaology (Worid Laboralory))
Dai Yuanben Huang Chaoshang -
. (Jnatitute.of Theoretical Phyai};, Acodemia Sinica).

- " Abstract

Discussed in this paper is a calculation method for the dynamical mass of the top quark in the top
quark condensation model with the ladder Schwinger-Dyson equation. For this large scale weak non-
linear -integral equation, the “fine-tuning” problem is investigated.and a mew iteration method is giv-

en.

Key wordsnonlinear integral equafion, numerical method.
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Some Remarks on the Deformed Oscillator Representaton
of the Quantum Universal Enveloping Algebra

Jing Sicong
(Depart of Modern Phgsics)

_ Abstract
The basic ideas of the quantum universal enveloping algebra and its deformed oscillator represen-
tation are reviewed in this paper. Then a theory of the quantum algebras with two — parametric defor-
mation aud constructation is developed. From these developments, several useful g-deformed combina-
torial identities are derived and a new completeness relation in the q—deformed. two-mode Fock space
provéd. ' ‘ ’ '

Key words: quantum group, deformed oscillator, completeness relation
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Quantum Dynamics in Josephson Junctions
Coupled With Electro-Magnetic Modes*

Chen Yongcong .

(Department of Physics)

Abstract

Quantum dynamics, in particular, macroscopic quantum tunneling in Josephson junc-
tions coupled with resonant electro-magnetic modes is studied in the paper. For a typical
case, a small junction connected to a superconducting transmission line, explicit Lagragians
and Euclidean actions are derived which can be used to compute the quantum tunneling rates-
in a current-biased or an rf SQUID setup. It is suggested that this system may be used for

more determinate macroscopic tunneling and other measurements.

Key words; quantum dynamics, Josephson junctions
PACS (1992). 74.50. +r,03. 65. —w,05. 30—d

1 Introduction

There has been a great deal of theoretical and experimental studies recently in the context of
macroscopic quantum phenomenal!-2), Tt has, in particular, quite well established that measurements
of tunneling out of metastable states in some Josephson junction systems can be intepreted in terms of
the theory of macroscopic quantum tunneling (MQT)(*5], Nevertheless, in most cases, only junctions
of ultra-small sizes (with typical values of 0. 1—1pm?) were used. In this limit they can be well ap-
proximated by SOme.simple lumped circuits, such as the well-known resistively shunted junction

(RSJ) model. There are, however, some disadvantages. In particular, it is rather difficult to deter-

Received september 1, 1992.
* Work supported by the Youth Science Foundation of Basic Research, the National Science Council of China.
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mine precisely the parameters of a given junction, e. g. , the shunt resistance and the shunt cépacitance:
crucial to the fit between theory and experiment (cf. [6] for more discussions). It is thus natural to
ask whether MQT also works in junctions where only distributed circuits could be appropriate. Such a
case can arise, for example, if the junction is actually not small. Resonant modes can then live in the
cross area of the junction. This case has been recently discussed in [7]. In this paper, we discuss a
different but related problem, a small Josephson junction coupled to some electro-magnetic (EM) en-
vironments(®°), A typical case for the environhent is a superconducting transmission line, which has
been extensively studied in [10]. The purpose of the present paper is twofold. (1) We will demon-
strate explicitly how the problem can be cast into a standard version of Caldeira and Leggett{*]. Hence,
many of our recent resultst!!2] for quantum dynamics in a boson bath can be readily applied. (2)
This problem has its own role in the MQT expériment. There are two possible ways to arrange it; In
case (A), a usual current-biased setup can be applied for an open-end transmission line, whearas in
case (B), an rf SQUID is obtained when the line is short-circuited at the other end (cf. below). We
suggest that by using both setups one can overcome thé parameter uncertainties inherent in the smau

junctions.
2 Toral Lagrangians

2.1 Case (A)
We first consider the case in which the Josephson junction is biased by a d. c. current and the
transmission line is open, see Fig. 1. The equations of motion for the current I(z,t) and the voltage

V(z,t) of the line are as usualf*4, -
al lav v __ lar

AT AT o (1
Ly ‘ : where ¢ and { are, respectively, the capacitance and the in-
. ductance per unit length. The boundary conditions for (1)
+ | I (x0) 1 (L) =0 ’ : ' :
; are 7
V() .
AT AN I =0 V(0,0 =V() = (%)¢ ®. @

where @,=Fh/2e is the flux quantum and ¢ is the usual phase

variable of the junction. To handle the boundary condition,
we introduce V(z,¢) =V (z,t) —V () and expand

(2n — =
2L

connected to a superconducting Now the equation of motion for 7,(¢) reads [followed from
transmission line with an open end . Q )]

Fig. 1 Schematic representation of a _ N
V(z,t) = D ,V.(t)sin(kz), b =

aem]

current - biased Josephson junction (3

The cross represents the junction

V() + wiF(t) + 27/ (L) = 0, o = B/(le) (1)

Returning to the-expansion for the original voltage V(z,' t),
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V.=V, (t)+2V () /(kL),and writing I(z,t)= 2.-,1 (t)cos(kz) ,we get I,= (c/k YW.(t). These
results then yield the whole set of equations of motion, -

co(‘;;)z;ﬁ+1("’°)sm¢ [‘”°)1—M°Z] o (5)

,. P+ ar = (3) (5] ®
where Co and ] are, respecnvely, the shunt resistance and the shunt capacitance of the Josephson
junction ( we ignore, for simplicity, the shunt resistance). Note that (5) follows simply from the cur-
rent conservation at z=0. At this stage, one can think of V, as the coordinate for the n-th EM mode
with a mass (cL/2w%). This leads toa total Lagrangian for the whole system,

L[¢,¢;{v.,v.}3—9 "’°) ¢=+[“’°)(z,cos¢+ 1)

+E{———[ )¢V+(jL)[V’— al )

A=)

Note that the junction is coupled to the velocities of the EM modes. This case was discussed in [15].
Introduce another set of variables,

ccn. Do . o
The Lagrangiaﬁ then reads
Lp,93 (VoV} = 2 "’°) B+ [ 2) Cicoss + 1)
m' - = 2 »2Y2) — .(E'ﬂ
+ 4_‘:‘:{ DY+ 3 [M.(Y. atrs) — S ]} 9
where we have defined for the EM modes a set of coupling constants and masses {D,, M.},
o= 2 ) LE], M= 2/[elal] Ao

This prdceduré corrwbonds to an exchange of the coordinate .V, with its conjugate momentum. La-

grangian (9) is a standard particle-plus-environment one frequenily used in the context of macrpsc&pic

quantum theory. But, in constrast to the usual model for an Ohmic dissipation, the frequencies of the

“environment” here are discrete. )
2.2 Case (B) . ;

A superconducting loop is obtained when we short-circuit the other end of the transmis-sion line,
see Fig. 2; It then forms an rf SQUID. The boundary condition at =1, becomes V(©,t)=0. Let us
now introduce ¥ (z,¢) =V (a,t) —V (¢)(I.—z)/L which satisfies V(0,t) =V (L,t)=0. We can ex-
pand

V(z,t) = ZV (Dsin(kz), k=

r=1

L an
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o o 1@t = zcos(L.z) + I 12)
i a=]
+ 7 (x0) V(L) =0 Pyrthermore, we find that
V() ® ° AT Lx VL) Dy ¢ (&) P Y
L ~ - == (2:: A A
" where @ is the total fagnetic flux through the ring. The
remaining algebra is similar to that in case (A). We ob-

. tain an equatlon of -motion for the SQUID,
Fig. 2 An rf SQUID geometry in which
A Algn R 21‘[¢ CV djez)
the - line is short-circuited Cod + 1 vs"‘( ) + Z; — =1
t the other end . Note that ' T " ‘ 7
o Re e ° B R | (14)
In (14) an external magnetic flux @, is also included. The
equation for V. takes the same form as (6), but the values

the d.c. current’ / varies’

the magnetic flux @ in the loop

i

of k. and @, are different. The final Lagrangian reads

L[6,0;(7.,7.)] = L + z,( ;l)c 210

)+m! I

Ik {— DY.0+ 5[ M.72 - aiypy — (DO) ]} Cas

2IL Mot
with now D,=2/[Lic)"*].

am]

38 . Macroscopic Quantum Tunneling

3. 1. The Current-biased Setup : i

For 1<CI, the potential of ¢ contains a set of local. minima which correspond to zero-voltage
states. When the d. c. current / approaches I, the metastable wells become shallow. The “particle”
can then escape out of these wells to some running states with finite voltages. The zero-temperature
limit of this problem was first studied by Caldeira and Leggettf’] » where an imaginary-time path inte-
gral was employed. In their approach, one first Tinds out the reduced Eucllidean action of the particle.
Thi; is then used to calculate the imaginary part of the free energy associated with a given we}l via an
instanton technique. It is basically a version of a multi-dimensional WKB approximation. The tunnel-
ing rate takes the form, .

I = Aexp(— B/h). ~ Q,J[z'nh]uzexp[_ %] - 16

where o, is the Josephson frequency near the well and S, is a saddle-point action on a “calssical path”
in the Euclidean space. The trick was later generalized to include finite-téﬁupérature effectst*]. Both of
them have now become well known in this field.

Following Caldeira and Leggett, we evaluate the extra piece of actlon mduced by the transmission

line. The result ist*-3

1 co TP C '
S8 = 5 J " av Jod'm(f — [ — $F (17)
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where ¢(%) is periodic in gh [ f= (k,T)~! as usual] and a(<) is given by

a(r)v= 2[41” ]exp[ alv—7|] 7 (18)

[

At zero temperature, the extra-action. reduces to

sslo] = 5 [T () 1scor 1+ 5 ZELE)

LB

=%Il;—z{( ) o )|*[[ ]tanh(w /EL)} am

where ¢(w) is the Fourier transform of ¢(z). This recovers the result of Chakravarty and Schmid(*],
which is in turn a special case of Leggett's prescription(®, ; ,

" Given the effective Euclidean action, a detailed calculation of the zero-tempgr_aturé tunneling rate
can always be carried out numerically by virtue of the method described in [13]. It can be used as
well for finite-temperature ratest'}, though it is likely to be much more involved. However, a useful
calculation will need, in general, the detailed knowledge of the experimental situation. In case of

- weak environmental effects, an undamped “classical solution” can be substituted into (16) to obtain
the desired corrections to the tunneling rates, cf. [7].

3.2 The rf SQUID Setup
The tunneling problem can be likewise discussed for the rf SQUID setup. The coordinate is now
the total magnetic flux trapped in the loop and the “particle” is now: confined by a quadratic: potential.
By varying the d. c. current I or the external magnetic flux &, this system can also be used for the
- tunneling measurement. In this case one detects the flux changes in the loop: (cf. below).  Note that
the “heat bath” of the EM modes differs from the previous one. It therefore contributés a different Eu-
clidean action. At zero temperature, we have :

: 1~ d - 262 /1L
ssito) = 3 " g{le@ iy FYG)

If~ do), 3 ~
=2 _. 2—;’{Ids(w)|z[w,/%com(w /TEL)—%]} o (20)

- Although this-can also be formally obtained from the Leggett's prescription, we emphasize that one
would then be unable to distinguish the “heat bath” contribution from the magnetic energy of the loop-
inductance. The effects of the extei'nal flux would also be left out.

4 Discussions And Conclusion

The primary goal of the present work is to mvest:gate the macroscopic quantum dynamxcs in the
presence of the resonant EM modes. It is evident that the approach can be generahzed to more general
cases. The essential point here is to fmdr out the eigenmodes of the resonant EM field and its coupling

to the junction’s dynamics. There are some advantages of writing down explicit Lagrangians for the
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whole system. They can as well be used for real-time analyses. Note that the high frequency limit of
(19) and (20) is identical to that of a simple shunt resistor®], though there is no dissipation in the
transimission line. This is not difficult to understand; As the‘ length of the transimission line increases,
the energy transfer from the junction to the line cannot come back in time. In the case where the

. junction’s own dissipation can be ignored, the EM hodes become the dominant heat bath. This bath,
in addition to the pure harmonicity, has the unique advatage that its spectrum is completely known. It
therefore provides and ideal test system for macroscopic quantum dynamics. Note that one may need to
pay some attention to the discrete spcetrum in some real- ume analyses. For instance, approach to e- ‘
quilibrium certainly presents a problem (cf. [11] for more discussions). Nevertheless, It does not ap-
pear to affect the tunneling behavior of the junction. _ .

We next discuss, in some detail, how this system can be used for mote determinate tunneling
measurements. With modern techniques of fabrication, there is, in principle, no difficulty in design-
ing a small junction connected to a superconducting transmission line. The line (which in this case is
made of two superconducting strips) can be fébricated directly on the thin film used to make an edge
junction. Typically in an experiment, one would sweep the external current up toward the classical
break point at some sweep freqqency, say, 100Hz. Meanwhﬂe, one detects the d. ¢. voltage signals
for the indication of the tunneliﬁg. Then ohe would monitor the disfribution of the decay occurences as
a function of the external current. the result can be used t6 compare with theorectical predictions, see
[5] for more details.

Now let us note that the very same Junctlon can also be used in the rf SQUID setup provxded one
short-circuits the other end of the transmnss;on line. The measurement -would go nearly the same as in
the first case, except that the junction does not develop finite d.'c. voltages after tunnelings. In a tra-
ditional experiment (see Schwartz, et al. in [5]), one would install two additional coils near the
SQUID. One of them provides the external magnetic flux to vary the potential, while the other is a
magnetometer to deteéf the signal of flux changes. This is, however, not essential in our case. At
least thé biased d‘. ¢. current can play the role ofvthe first vcail‘. _Fﬁrthermore, rather than directly de-
tecting the flux changes, one could also use a high sensitivity vpltmeter to detect the voltage pulses

“(with a characteristic time of the order 10~ seconds;) released from the SQUID when a tunneling
takes place. Therefore, switching to the rf SQUID setup causes nearly no change in the whole system
of the junction. .

The crucial point here is that the résonant EM modes are different in two cases. One therefore
conducts the tunneling measurements in two different heat baths in a controlled manner, while leaving
the intrinsic parameters of the junction unchanged. In partici:lar, for high quality junctions, the shunt
resistance is mainly due to the quasi_pérticle tunnelings. The resulting dissipation is non-Ohmic and
weak at low temperatures. In this limit, one then has two completely known macroscapic objects at the
microscopic level for the MQT experiment. ' .

In conclusion, we have derived the Laéraﬁgians for a Josephson junction coupléd with a transmis-

sion line which, in turn, can be used to study a variety of quantum behaviors. We have also suggested
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that the system are ideal for a more determinate test-of macroscopic quantum tunneling.
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Table 1 The critical poiint value of band structure for chaotic attractor

BHERY Jo A
TR S 0. 45~0. 46 | 0. 66~0. 67 | 0.81~0. 82
ZREE 0. 45~0. 46 | 0. 66~0.67 | 0. 81~0. 83

- BEPHRT 0. 49~0.50 | 0. 66~0. 68 | 0.81~0. 82
FHERYAE LA R BN 0. 475~0. 48 0. 665~0. 67 0. 815~0. 82

W L o R AR SRR T, 502 () RFEREIIRER. AL, W5
A B ST R BN, B » 0, RS RO J. R R KR
B, | | | : |

§ ARERT ST B RS T A St ks

RIERS|FHF EMHESTRERD AN TERBHRERTETE LR, BH N
AT IR A B MR RETTH. B 22,2 F0 27 Rah K (GBI n— 1, £
ntl FROMBERERE (U8 R ERBERBRE (U U BT MR RAT I R 7
BEERE A A2 FREXHSEAY 2" BRERE S REXH. B AN > FRERY
RESRM 2 RERBHEZ MRRFEESH K XD (1Y K B E—BE X HRE
MXARER L ME 1 PEIBAR. REHAZHRESY K FIRERES, TUE J—K
SROT I T AW A R AL W 5 PR, METFE 5 M SR, THUE S
AERFEHTLE BARZH TR AEE, RE 6. AHEKEHFAHLRRERDENBEN
EE R KA 5 SR RERIAE , TP/ T 48 20K 2 171 4 4151 66 3% W% K R R 3h
RZEHFEHK. B 62 BRMF AR 2" (n<n) R XK FEHL MR B L, T
XMFRANRAY 2 (m>0) EXAT REHZHHE, XS 2 FRERSIT. YREHR
RISk IR, 20 RIS FRRE W 2~ KRR F AN TF & {E3% T i =5 [ 5 o
WIRBEFIERE KL heor.er B 66 MIFTR Y Jor >T> T, BHRIER S| F L R4 H— B R
. EX—RAT, RERELR b B T AR R RGBT HA L 2 B0 F R
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BH. Bi,% J>J, 882 F0N 2 F3] 22 F#E—Bw
l BET-

—

5 RMRSIFRENRLTEREMEELER

BIERET A AR RENER R . FEENEER

_ EEE®ORTUSHE
4 AM 22 2N R AGS | fim 2= Le=l o 5 (13)
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JTH)=147EEBTFH ap=—41. 018077, f,=16. 363897+ YTERARRHPHEEN, A
T*OAERD) v SHEHETEHE v B FHLEETBRE.
R(T* + eTy) = T* + eayTy (16)
#ﬂé&*ﬁfﬁ&@xd\%tﬂﬂ“%@ﬁ%ﬁﬁwﬁlﬁ%ﬁﬁéﬁA r“iﬂ&’n&ﬁﬂfrﬁ
My = 6y = 8.721097-
MR RR T 4R R S B o A B 3, ﬂﬁ%ﬁﬁ%{ﬁnw{:ﬁﬂm MR EAF A
EHBR |
R(T* + o)) = T* + eAT, a7
fimmﬁfﬁa(m Reduce B{ MACSYMA) AT ZE i B4l L RIBIX — 5 B B AERE. B
BT MR E AT T,
To(ag) = Qlaay’s 3 by'y) (18)

fojm0 ioje0

Elﬂﬂﬁ’)&ﬁ?&ﬁﬁ)ﬁw*ﬁ%ﬁ?fﬁm*ﬁﬁ 2, =2. 000, ﬁ%?ﬁi@"&%l%ﬁ‘%*@?‘é@:%‘
B EETHEIE/AERHIER.

Bt 5 EIELERF R X T Rgh g 7 ﬁﬁﬁ‘lﬂiﬂﬂﬂiﬁﬁ?fﬁ — AR R 3 T LU 1R
WEGTRNRER T SHEAHAERS T B RN EE, MM EAEFBR

R(T* 4 enTy +'81TJ) =T" + 6y * eyTy + 22,7, a9
B J—K ZREMT, HBELS B
Ko — K.~ 0y * (Koo — Kopy); 1 —Ju—>2(1 — Jopy) 20)

BB Bl — RO R R (. KO T PR ER R R M R,
WA 7 PRl RELH T ER Am—lx~(1 =y, HPIER
1B HIBUE S
= ln6,,/ln2 = 3. 12451

EXB—MEEBERY BERTUBEN 2 fESmm
H (BB T A MBI M RS R R E S
ﬁKﬁLﬁ%K%EZ@E%HZ,EiﬁﬁT?ﬁiﬁ'&'&'I?H%#ﬁﬁ‘l
LiERE. B K=K~(ﬁ‘§}ﬁ%ﬁ€i%ﬂ.§)ﬂﬁ J 3Rk
R—FHERNREERR, TH—HE0 SR M E EL
AHRT s BRI R —ER B %R CRESRBME E L
i i AEhK. .
B7 —oshieSpdt i 9(x) = apg[g(z/ap)] = R[¢(z)] 21

B Tt 5, Hf wp=—2. 50290785-- R ALKM IR EEF. —Bs
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Universal Transition of Chaotic Attractors

Wang Binghong

(Department of Modern Physics)
Abstrct

The band struture of chaotic attractors for two dimentional dynamical mappping is truncated in a
universal way as the dissipation is reduced so that the system approaches its Hamiltonian limit. The cri-
sis behavior of band structure of chaotic attractors can be explained by heteroclinic crises of unstable
invariant manifold. There is a universal scaling law for critical crisis points which can be derived from

the dissipative generalization of the Hamiltonian renormalization theory.

Key words; Haimiltonian chaos, chaotic attractor ,heteroclinic crisis,universal scaling ,renormalization
theory
PACS(1992). 05. 45. +b
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Solutions to Zamolodchikov's Tetrahedral
Equation Without Spectral Parameters

Zheng Qingrong Zhang Dehai
(Departineat of Physics ,Graduate School of USTC)
Abstract

With the help of computer symbolic manipulation [14], spectral parameter-free solu-
tions to Tetrahedral equation,which is a multi-dimensional géneralization of Yang-Baxter E-
quation by Zamolodchikov[ 4], are obtained. C

Key words; Yang-Baxter equation,Tetrahedral equation.
PACS (1992);: 0290+4p

It is well known that the integrable models in-quantum field theory and in statistical physics are a
type of the most important problems in physics. In the case of 141 dimension integrable models a
common feature occurs in triangular or Yang-Baxter Equation (YBE)['#}, which comes form the com-
mutating condition of transfer matrices in lattice spin systems and from tl}e consistency condition of
factorizability of S-matrix in two dimensional quantum field theory. Also YBE has a direct relation to
the representation of braid groupl®!which can give the invariants of three dimensional manifolds. So
YBE is a basic equation in both physics and mathematics. Because two,three or multi-dimensional inte-
grable models are the most interesting, it is natural that the multi-dimensional generalization of YBE
should be studied. |

There are two series of multi-dimensional generalization of YBE:

a) One follows from Zamolodchikov(!l, then has been developed by Baxter(®], Bazhanov,

Received September 13, 1992. L -
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Stroganov(®land Maillard®" Vetc, The tetrahedral equation was named for three dimensional lattice spin
system or 241 quantum field theory. To our knowledge the only solution with three spectral parame-
ters strictly proved by Baxter is the solution to tetrahedral equation conjectured and proposed by
Zamolodchikov. This solution may have negative Boltzman weights and in some sense-is a three di-
mensional free fermion modelf®:!3], .

b) The other follows from Frenkel and Moorel®). This generalization is mere similar to YBE and
has a relation to arrangements of hyperplanes, higher braid groupst®). The n-simplex equations are
named. The only solution without spectral parameters to quantum 3-simplex equation is given by
Frenkel and Moore who also proposed many interesting problems in[9].

In[11], we studied the multi-dimensional generalization of YBE by Frenkel and Moore who have
definde both classical and quantum n-simplex equations. The quantum 3-simplex equation reads

RIZSRIZQRIMRZM = R234R134R124R123 (1)
where R€ End (VRV@V) for some vector space V,and Rizs=R®1,R;sy=1Q@R etc. as in YBE.
Three new solutions to quantum 3-simplex equation were given in [11]. For example, the following
matrix is a solution to eq. (1);

q . 0 0‘ 0 0 0
{2 ’) ((_r_)’_ ) 0 0
0 » q(l (q) 0 §p 7 1 0
2
00 ’ 0 q(l—(%)) 0 0
2
IR (1-())(() ) o
2 S S-S0 SOV OO ST UL SUNL ST SNSRI 2
g 00 0 0 ? 0 @
: . F 2
00 0 0 0 - (1—( )) 0
00 0 0 ! 0 0 —”7 0
. : N . - ’
0 0 0 0 0 0 0 -
‘IJ

In thlS paper, we focus on the multi-dimensional generalization of YBE by Zamolodchikov. Ac-
cording to [5], The tetrahedral equation can be written out in the form of Boltzman weight

EW(G; |a4b1bz Id(:zCa |b3)W( |a3 |610405 Ib4bzb1 |lt)W'(C4 |b1a'zb4 |65d03 Ib;)
4 . : N : .
W (ce | baa1by | csdes | by) =
2 W (as | erdey | azbian |es )W (as | erden | arbaas [c2 )W (d | asaza, |escacs | bs)
d

W (a3 | deqcs | biasaz | cs) . (%)
Using the following corresponding relation[7] ‘
W(alefg|bed |h) < — Sti:bis.cs €))
we have ’
Stz Shiss ShideSisisle = Sigigig&*b I g . (8
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and we can cast the Zamolodchikov's solution into the matrix form
PRaEa R oy o 0 0 0 0 0 0S|
SEFm SE== 0 0 0 0 0 0
Dot 100, e oS B D 0 o Ot
0 iy it S s g e ) 0 0 0
S0t 4 DSOS 6"“"‘:";%5:":'"';é":é";'i """"" 0t s i
0 0 0 (0 Foimenie R SiETs 0 0
0 0 0 0l k0 Qs bt ot
0 0 0 0 0 0 SELe i SEES
where
S=== = Py + QusSTtt = Py — Q0 ST5x = 81ttt =R,
Seit = 9tkz — R STty = Stpk — R SeTEl — Qg = R,
8=zt =4 (P, + @),8-1= ==+ (P: + @) ,8=FF =+ (Ps — @)
Stttz =Py + 03),8F=F =% (P, =) SEEZi== (P —1Q1)
In the above equations
Po=1, Pi=tti, Qo = lotilals, Qi = ok
Ru=61‘z_:c3, R,=CD‘:—:Q, i = Cg%,si=./sirt%, ¢ = cos%
200 =0+ 0+ 0 — 7w, a=0 —ay, a=mx— (o + o+ a) (7
where i, j,kare a cycle of 1,2,3
In the following discussions we will not consider the spectral parameters. Defining
By = Sl @ -+ @ oy, @ - @ ey, @+ @ 6, ® - @IV (®
where (eap)i.j = 0a0s;. we have
Ris = SSinel, ® eB, @ e, @ 10 @10 @ 1
and so on. The tetrahedral equation can be written as
Ri23R 5B 45 Ryss = RaseRoisRissRizs (9a)
or
RiziRiasRas Ryss = RiseRoseRias Rz (9D)

Using symbolic manipulation ,it is easy to prove that eq. (9a)and eq. (9b)are equal for the fol-

lowing ansatz
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Ry R 0 0:0 0 0 07
Ry Ry O 0 0 0 0 0

0 0 By BuiO 0 0 0

0 0 Bs Bai0 0 0 0f .
0 0 0 O iRs Rg 0 0

0 0 O O iRs Rs 0 0

0 0 0 0i0 0 Ry Ry

L0 0 0 0i{0 0 Ry Rul

From eq. (8) it is clear that the tetrahedral equation is totally different from Frenkel and Moore's 3-
simplex equation. Considering that eq. (5) is symmetric, we solve eq. (9) with symmetric ansatz of
eq. (10). This ansatz leads to a system ot equations with 12 variables,and each equation of the fourth
order. There are many solutions. We list only the following two interesting ones; -

0 R 0 0:0 0 0 07

R, 0 0 0:0 0 0 O
0 0 0 Ryi O 0 0 0
0 0 Ry, 0:0 O0 0 O :
By == | oo an
0 0 0 0:0 Ry 0 0
0 0 0 0 iRy O 0 O
0 0 0 0:0 0 0 R,
L0 0 0 0:0 O R, 0
and
Ry Ry 0 0:0 0 0 07
Ry B4y 0 0:0 O 0 O
0 0 Ry Ry: 0 0 0 O
Ry = 0 0 Ry Ry: O 0 1 0 _______ 0 (12)
06 0 0 0 iRy Ry 0 O .
0 0 0 0 iRy Ry 0 0
0 0 0 0:i0 0 Ry Ry
L0 0 0 0:0 0 Ry Ryl
Some problems to be sc;lved;
1)Compltet solutions of eq. (9);
2)Baxterization[ 12] of solutions of eq. (9);
3)Their relation to the three dimensional lattice models.
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HARGLZRAPLOENE. RRANEALLEERLAAZAGTERLLZTL
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hE%ES LS 0357.5
PACS (1992); 47.25—c

MATFRERARZHBVEEXNEROTANE KRR KEGEHRES BB E
TS MR M RERB AL, AER“RAFETES", RYBSNE LEE. EXHEX L
o, TR VLOF T Y B e R IR MR E A R ER BB L R . RIILSE, A1 A
EFMTEMTARRRAES . 2R %N TR EMRG O ERARETESLT HESHE
WYEYE, S HERRURSANNARRER T ENMEERERD, 5% FREREn
G  FF H R AR R 3 S 2 RGRIEHI T 5, AUEA NI BI- TR SR NRA
TEXRHEEEHR, MEAEERBR LEXRRAL T EREE T E5.

1 ﬁﬁb%%ﬂﬂﬁ%ﬁm#@sﬁiﬁﬁi
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1992429 A 17 B H].
* BIEFANEESNEREMFRT B “FRERE "N RS



© 92 PEHAFHRKFFHR £23K

BRI L B W R R B4 7 B - 4 7 2 . Navier-Stokes (N-S) 7 BRI X -3 7 &2
BN NRYRTE. HRFEMERFEI LY BELLNBHPERR. TMEERED
NEF, REHREAX B REMB M F— N ERARN —ARF SRR, B HBEX
FRERESUGHHEHS FRA. ' . . '

AT B FAR L) 712 R GBI R ISR UL BT AR IC (S SRR MR S0 SR T R
BN R AEWHR TR N RA—ABTHESSH XG=1,2,3, - H R BH
BES, EERLEZEGHBRERGEHIEEAS. _IU.IIEHH EX MM E LR T N-S
FETLR TR Ik Rtk sh H 2R

:tx =— X + ZA,,.X, ¢))

BB p>0,— X TR B N-S HF BeA R, A,.%ﬁmﬁ*nms%ﬁﬁﬂm%ﬁ (i
D) AmX;Xa & N-S FBEMFETRNEBALA. £F (OXMES, HHIRL1IA2). 8k

(314 it T IBIMATF RS BEH MK ES XM H-1 B B iR SR BN
SR
A WDFH, MAR— P ZRIEL ) h15E A5 ﬁ:‘m’l‘ﬁ§l‘7¢ﬁ BEEEEWLRAREL,
BT DAIE B , BCARR R T S 4k,
~ V) =V(0De A=y +ym+p+ > 0 _ ; (2)
MRRRE— T HEES. Elﬁﬁ,iﬁﬂd‘liﬁikﬁ,ﬂﬁﬁfﬂiﬁ*ﬁﬁ'l’ﬁl*ﬂ‘]i&ﬁﬁﬁﬁﬁﬁwglﬂ—
MERIKSIF LED.

2 mEYER

T U B AR R N SRR A ML AR X R BE LRI S M AR BNV Bk
ANRIRTRIE IR B RS0, FIFRBIAER Landau ST N BT T 43+,
N == (L/n)* =~ B/ ‘ )
4 Landau 2&& 1‘2.% L %gmﬁmm%zem Eiﬁ&‘]ﬁﬁﬁiﬁm 72 Kolmosorov RELR R
BA L J3F GE BB Reynolds 3. Xf T JL B A FE4 K B W 9, Landan 4E3L N=10— 102, & —
PMERRBE. RER—MKRL
N-S HER G RE BN 7B, M, iﬁ‘%ﬁ%—Aiﬁﬁﬁfﬁ@ﬁ'ﬁ'ﬁifcﬂ%ﬁéﬁﬁ*ﬁz
[ & — A FoPR4E Hilbert ZE[H]. Te'mam % A f9 TAEFR IS, IR 7E K TR 4k Hilbert 25 (] s i 15
HPERAERFIF N HRER GFRREIF L X R T AE R B H122 R 508
B, MRS TAERNSSBE. X4 TR 4E Hilbert 2@+ (5 B 43 2R3 FHo 4
¥y L8R FA B S5 Landau B4 (DR B—5M. FL b, b FROMER, BEFR
BE/NF Klolmagorov RUEE o i) B th EER A MK - R M B B EH H BRABRK . BHRENHR
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3 MRTRESIFNG T

. HERMZ) HENEBEFHRX R RAEES HERG, W Lorenz LM MR 3.
MR EEs h¥ RENBRRSIFEEF IR, FARARRT BRI F LRENHEG L5
i) Lyapunov #5 3 Kolmogorov #5114} 4 % 4738 , AT W Bk, MR KA 5. B4
Rk 10— 10, FHil, MBI R R RS FRILAESHMSH HET IR AT,
HEALER, MBEXRALEH L # T E BRI, R BN ST L.

HLREEM A2 TESHERRS, BNE A TERY T /1237 B2 077 8 3 3 B
RIMTA SR, SITEAS L H25 4 F 8 5 (ergodic theory )BT 48 RS R4 BE M
EESEMGT R, SRMENREX—~RABE. NBME AENEE, MRS ER
R —FIEKERBMARENETEL T D% M EYHEERHRRET SRS LBk
HH SR,

3% KAM (Kolmogorov-Arnold-Moser) 5 B , 4R <F 2 45 & Al B T £ 4 138 — SR 2 P R Y
CEFTEE)- RIS HEMH RN, RS R AT BRI T LRSI — B2
FriE gy BT HY) 3 ERE“RE " (mixing) M 4FHE. ETTIELMFER RS (NIRH) F HR3
FLREMHEREHZ 2RARTFREFEME LHENTEERRATRAEN S HEE
B B UL, WUEAY “BEHLYE” (randomness) R R AN “SE IS SR, T BB ShEL A
(N-S FR)M LR E. BERBME—F GhEatE-Z DR, LR EE — S EH T
PREBHTEHHRERENY. B HEIEERER LABRESITEREET &

4 . FERE&HH (PDF)

JRI B3, G54 B T LA s 55 24 ) PDF (probability density function) LB H]. MR
#R% 3|+ L# PDF &

T

P(X) = lim (X — Y (¢))dt (4.1)

T—rco ’l'

R X=X, Xe, Xeo ) BRI S AR SR, Y O BRIS BRI T LOEHNE, 0 B
Ritfk (V 4 )Dirac o- B FUERTAEEH — ] FHE A DRE XM POORTE —RFE
gH. HEMWE REFERGEE WO ARERET AR BREF OO Rz
3. EAMRE POORBAL WTTRIE PCORME—RAKAHE. BT Kolmogorov i 3R
RTAZL,

T
- P(X) = lim lim 6(X — Y (¢;8))dt (4.2)

=0 T—>co T

X B Y e)ﬁﬂ‘mﬂﬂ%“ﬁg‘mmﬁFﬁﬁ%?l?.’:ﬂ‘]l_é‘b@lﬁ:8 R A iR EE.
RIBRMS A2, B Mrﬁ%)(ﬂ‘] PDF 3 & Frobenious-Perron 7 &, B4t F T 54 T&
it /1% 8 % % (stationary ) Liouville 7772,
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IP(X) =0 (5.1)
XHE _
T—Z[—yaxX+2A xxai] ' (5.2)

E Afﬁiy.zsdﬁiﬁ(l):‘oﬁﬂb Liouville 3 F. Liouville #F{R 5 %, ?ﬁﬂ‘]iﬁﬁ%*ﬁ Liouvile J7 £ (5)

=K. }-}Eﬁﬁﬂﬁl‘ﬁﬁ\'ﬁﬁéﬁ 7(E=1,2,+ ) Fokker-Planck EF LR Liouville HF T 4

TR, FRHE TR TESY 0 EEHT T=I— L‘“’Rﬁ“d\”,ﬁﬂ EIE X E HIBE RS
R

I = IZ—T®| = | éT e - 6.

RE/. lﬂﬁ'ﬁ 7 B‘J%ﬁfﬁ?ﬁiﬁTﬁM&fﬁ%ﬁs , :
o . 1(7l1,772, )—Os‘l—l 2,0 ‘ (6.2)

He BB , Liouville m(s)mm -
. _ P(X) = PO 4 PP 4 PP | e ' (7.1)

P PO PORR THHRE, h " » _ o

Z(O)P(O) =0 ‘ ‘ ‘ (7. 2)
TOpWw — _ STP® - o 7 (7.3)
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Chaotic Dynamics and Statistical Theory of Turbulence ,

. Qian Jian
(Department of Physics,Graduate School,USTC)

| Abstract

A turbulent fluid is a complex nonlinear large system and it is impossible as well as unnecessary to
make detailed study of the geometrical structure and dynamlcal behavior of its strange attractors.
Hence a statistical study is indispensable. The existence of structures in turbulence does not negate the
necessity and legmmacy of the statistical study. of turbulence. The statistical study of turbulence should
be based upon the nonequilibrium statistical mechanics of chaotic trajectories along the strange attrac-

* tors of turbulence.

Key words: chaos, turbulence ,strange attractor ,statistical theory
PACS (1992):47.25—c
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Abstract

A reasonable ¢g-deformed differential is defined.I A set of operation rules is constructed
for the g-deformed pseudo differential operators. The complete piocedure of constructing the
¢-deformed KdV hierarchies is given. As an important example, we obtain the detailed struc-
ture and the infinite conservation laws of the simplest (3,2) system,i. e. the g-deformed
KdV equations. ' ‘ |

Key words; g-deformed differential ,g-deformed KdV equation ,¢g-deformed Gelfand-Dikii
PACS(1982). 02.90-4p, 02.20. +b

In ref. [1] we introduced the quantum deformation of KAV hierarchies and g-deformed KdV e-
quation. The g-deformed differential operator (Lax pairl?]) of the ¢—deformed KdV equation is

L=K=D*+V,D+V, ¢D)
where D is the g-deformed differential operator(*]
~ 1
D= ————— (1 — @
a-— q"").z:(l e (2)
and ¢ is an operator
Qf (z) = f(zq) ‘ (3)

The nontrivial densities of conservation laws are supposed to have come from the ¢-deformed

Gelfand-Dikii potentials,. R,, 8,, which are defined by
Kl:%= R]b-l + S{ﬁ—z + b (4)
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We shall determine their recursion formulae. From the obvious identity
[K--7,K] =0 (5)
one gets
[K57,K] = [K,K=1]+ (6)
— (RP.fI L R;)’ij + (&[2]3{(1.—2) L Sftu.—n e VLRI(O.Z) 2. R;V{°'”) (7
In the above formulas one introduces the following symbol
Fem =D ()) (8)
On the other hand one has
B S 2 TIAAS Sk i e il
K 2=§{A+?,A}+-2—{l1—2,1&}+ 9
Doing
1 1
[K¢2,K] = 5 {[K5,K],K) + 5 [{KET,K) e K] (10)
we obtain
By = (@' — DY — @[2])RO-0p {0
+ RO-—OFP-D _ Ry, — RO — RUOY,
+ S(ﬂ.—%)yl , 5= SED'_Z)V; s qz[zjslu.—z)} (11)
Sty = @' — 17— ¢[2]RHT? + Ry VO? — B2V,
+ R{(n.—i)va;.m s Rfu"”sz'Z) + QZEZJR,“'HZ)(V(; i VE[.—Z))
et R,(Z'D’V}“'Z) _|_ Rfo'_ZJI"qu = R([;{O.Z)[/o s REI‘O)V‘(D'Z)V[
e R{(o.—DVEl.Z)Vl = S{cz.un + S;(“‘_’)Vo el SrVu Bl Sfl'u)Vl} (12)
which are just the recursion formulas of R, and S,.
Letting g=1—=¢, up to the first order of infinitesimal parameter ¢, one has
= y \
Dot = a + ¢ %f‘m(m — 2n — 1) + (m — n)za" | + O@2) (13)

The ordinary residue of the operator L7/ = Z ma,_.f)‘ is, up to the first order of e,

resl’* = (1 + e)a,, — 2eza,45 + O(e?)
Therefore the densities of conservation laws ! are
Hi_yjyz = resL'=Y2 = (1 + )R — 2¢z8, + 0(e?)
Let us expand them in the ¢g-deformed infinitesimal parameter ¢. Let
R =r -+ ep + O(*)
S = heg + O(*)

From the recursion relation (11) of R, one has for the zero order of ¢

n’l( ke _T,r

2
and for the first order

1
g —— E;n'f — zXm

11

(15)

(16)
(k)

(18)

(19)
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From the recursion relation (12) of S; one has for the zero order
e = 77+ Ko + 31K (20)
and for the first order
Piyr = { — 2zrXo + pXo + 7 X2 + %p”a — rXo|!
+rfa+3x - Lixl- Lux (21)
t 0 2 0 2 2 2 (3
Taking ro=1, po=10 one gives the first three rank results
=X (22)
1 1
N = ?xo — zXo + 'Z—Xz (23)
n=SX+ 3% (24
P =— %zXoXo + %Xon - %XS + %X; - %X:) - %ZX; (25)
=542, 5 Lyn o 5y
Ty = 32X% + 16XoXI) + 32Xo -+ 16x° | (26)
ST JND LIS | SN S
= 8 zX§Xo 1 XoXo + 16X3X2 ISXS + lsxoxz
o 5
— %sxoxz - —g-zXoXo + %X'éxz - i—gX'E + EXBX':
.L -~ _9_ — i, 5) |
35X — 5% — X @7
We see that 7, is just the ordinary Gelfand-Dikii potentialst®). At the first order approximation,
— 2028, = ezR} (28)
therefore
Hi_ ;= (1 4+ &)R + ezR! = R, + e(zR))’ (29)
We learn that H,_,; differs form R, only by a total differential. From (18) we have
Hi_yyp =1+ e(re + o+ 2r0) (30)
For the first three ranks we obtain ’
Hin = Vo — Jeo + 0() a1
Hp = SVh+ Vi — S} — 2o — Seaioby — Sos + 06 (32)
=550, 5 Lm o S
15 5 _, 5 25 5
e E‘J’%VB + §~V0V3 + §V3 + 16V0V3 + 16~V0V3'
+2v3+ Lvs + ) + o) (33)

32
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Using the definition of variation .
SH < J aH @
7= 1)[31’—8" (34
one can directly verify that the first three rank results satisfy the above relation
éH,
P — [’t + %] (Hiosse + &R (35)
Due to .
Hl—x/z = R + e(zR)’
then
OHi_y;z _ OB
Ve oV, (36)
From (4) one has
av
S5 = 16282 + (2 — 20) (R; + e(2R, + 32K}))
= 2(1 — 2e)((1 + e)R, + 2ezR, (37)
and this motion equation of the g—deformed KdV can be rewritten as_
14 6r4
70 = (6_1/'0[3(1 - 28)”5/2])' + 0(&®) (38)
The conservation quantities are .
CCimypr = szH!—l/Z = Idz‘R: (39)
C‘/z = Idz %(1 + 8)Vo (40)
The first three ones are .
03/1 = sz %V% (41)
O = [de (= Vi3 + 2731 — ) 42
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Abstract
By imposing the periodic fixed point condition to the Backlund transformations (BTs) of
the generalized nonlinear Schrodinger equation, a class of finite dimensional sysems are ob-
tained. Their Hamiltonian structures and the integrability can be proved by using the r—
matrix method. An R—matrix also exists such that the quantum analogue of these systems

fit in with the scheme of the quantum inverse scattering method. A particular example of

our quantum system is a kind of the mhomogeneous XXX model.
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1 Introduction

The Backlund transformation (BT) originated from the study of the differential geometry.
Through the research on pseudospherical surfaces (sometimes referred to as surfaces of constant nega-
tive curvature) , Backlund found a transformation theory which leads a surface of constant negative
curvature to a surface of the same kind, or a solution to another sulotion of the equation characterizing

the surface.

Recelved september 14, 1992. *
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Over the last two decades the technique of BT has been found to be powerful in solving many soli-
ton equations. If a solution to a certain equation is known then by establishing the BT, another soli-
tion to the same equation can be obtained (see [27]). The continued iterative application of the BT

" gives rise to a chain of solutions. )

It is interesting that recently in [3,4], Weiss has shown that if we consider the N times iterations
of the BT for the Schwarzian Korteweg—de Vries (KdV) equattion and ask that the last solution be e-
qual to the started one (i. e. a periodic fix point of the. BT), one obtains a finite dimensional system
which is completely integrable in thg sense of the Liouville theorem. The solution of ‘reduced system

- provides N numbers of solutions for the Schwarian KdV equation.

The similar consideration has also been discussed partmlly in our prevxous discussionf®, where by
the iteration of the Backlund-gauge transformations for the generalized nonlmear Schrodinger (GNLS)
equations, we obtained a class of nonlinear differential —difference equauons (NDDESs) and their dis-
crete version of the Lax pairs. In particular the gauge iransformation connecting the eigenfunctions of
the n™ and .(n -+ 1)™ solutions to the GNLS equation plays the role as the discrete “-eigenvalué
problem”. By imposing the periodic boundary condition concerning the discrete variable, the récuting '
'NDDE:s are obviously finitely dimensional. As we show A this note, however, the remarkable feature ‘
for the reduced finitely dimensional systems are as follows. First their Hamiltonian structures and inte-
grability can be proved by using the well-known “r-matrix” approach. Secondly these cla_ssical systems
can be quantized and the quantum analogues fit in with the framework of the quantum inverse scatfer—
ing transform (QIST) method, namely we have the quantum monodromy matncw which satisfy the
Yan-Baxter relation with a given R-matrix. In a particular case, the quantized system of the fixed
point of BT represents a new type of inhomogeneous XXX spin chain.

2 The Periodic Fixed Point of BT

Let us first briefly review some of the basic facts concerning the Backlund-gauge transformatlons
for the following GNLS equation
| g = g — Zcq’T (la)
i, =— 7. + 2cqr? (1b)
with .c being a “coupling” constant. When »=g* ,where the asterisk indicates the complex conju-
gate ,' (1) is reduced to the usual NLS equation. Eq. (1) is known as the compatibility condition of
@, = Mo . = No (2)
where M and N are certam 2X 2 matrix polynomlals in the spectral parameter X, and depend on ¢, »
and their derivatives. The ‘BT is a mapping which maps a solution to (1) to another solution to the
same equation. By the continued iterative application of the BT of (1) we obtain.a chain of solutions
(g1s71) 5 (g2,72),+*+,the BT connet.:ting them-can be constructed as follows.
Consider the gauge transformation '

Port = Lo, ' ‘ (3)
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with-a 2X 2 gauge matrix L, such that @, satisfies o
: Por' = Mupiy @i = N '~ - : 1)
where M, and:N, have the same form as the Lax pairs of (1) but are concerned with (g.,7.). Then the
gauge matrix I, satisfies '
L..= M., T. — T.M. ' (5)
- . L. = NitTo-— TN, et (6)
By inserting a polynomial ansatz in A..of L.into (5) and (6), one obtains the gauge matrix and further
more the x and ¢ components ‘of the BT for equation (1). There exist three simple gauge matrices L& ,°
t=1,2,3 depending linearly on A, and three correspondent BTs for (1). The first two of them are
similar and the:third ane originally maps the N-solitons to the (N-+1)-solitons.- We refer to [6] for
further information concerning the framework of the Backlund-gauge transformations.’ :

- Tt is noted that (5) and (6) are the discre.te‘ ‘versions of the Lax equations with the “eigenvalue
problem” in: (3) and time evolutins in (4), where » plays the role of the discrete varia!:.ole.' The corre-
spondent BTs involving (g., r,.) and (gu+1s Tees15) €an be considered as the NDDEs. In the following
we list them only for LV and L& since L® has no essential difference with L{!’. then we 1mpose the
periodic boundary conditions with-the fixed, integer period M

. Quttt = qus Togyy =T - 4]
For L. we first make the invertible coordinates transformation by '

QQ';_‘Q-’ Ri'=rl+l ' : ' S

n=11,2,e,(modM) ®
In terms of the coordinates (Q., R.), L takes the form
ooy = [P TR T TR W (9
7R, 1
where k, is an arbitrary constant and 7 = —c/4 is used for convenince. The correspondent z and ¢
components of the BT for (., R,) are ‘
R LA THERNEE L Qs = 20wt — 27°QER, + 2k,Q, ‘ (10a)
‘ iRi. =— 2R._, + 217Q.R? — 2k.R. - " ©(10b)
and - )
Qe =— 4[Q-+z + (ka1 + 5D Qurr + sz- - 712 (QE+1R-+1 + 2Q.Q+1R.
+ QiR.-\) = 27°QiR. + AV°Q:R}] - ‘ (11a)
iRuy = A[Rimz + (kuty + kDB, “+ kIR, — n*(QuyiBRE + 2Q.R,R,—, ‘
+ Qu-1R:-)) — 27°Q.R% + 47*QiRY] (11b)

where n=1,2,+,(mod M). Tt is noted that the original £ component of the BT contains the terms of
x-derivatives to @, Q.+1,' R.and R,_,. Since we consider the BT iteratively under the periodic bound-
ary. condition (8), these terms can be replaced by -(10) and we finally reach the equations in (11).-
Thus we conclude that the periodic fixed point-of BT for (1) is exactly factorizable.

The gauge matrix L is given by
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Loy =TT o | (12)
S TG — A4k + 1,
where . '
b = Qut1 -+ Quy Co = = Tag1 — Tu, ! (13)
and a, satisfies :
a4+ beo= g ! ' . (1D

n=1,2,+,(mod M) and u, is an arbitrary constant. The-correspondent z-component BT of (1)
reads

10h.: = 20(Qus1Pet1 — GuT) (15a)
i(qn+l + q-): =-ZT)[’0.(Q.+1 + qu) - G.(9-+1 - q-)] (15b)
i(Papr + 1) = 20— E(ropy + 1) + 0. Gary — 1)) (15¢)

In order to write (15) in terms of a., b., c., the transformation (13) must be invertible. For this rea-

son we have to constrian the period M to be an odd integer

f = 2N+ 1 , (16)
and for later uses we also assume that the constants k., s=1,2,+,2N~+1 in thls case satjsfy
S =0 4 an
aw)]
Under condition (16), equations in.(15) are transformed to :.
2N+1
e =—'7)E (09 565 + c..Q. ) (18a)
j=1 oo . .
’ 2N+-1 .
ib, . = zn(k.b. > 9., ) : (18b)
5-;“-1 T
i, =— 29(kts — D ais0) (18¢)
=1 : '
where
Q= (Qi;) : a9
is an anti-symmetric (2N-+1) X (2N-+1) matrix with I
Q.; = 0, Qe = (— 1)”", k= 0(mod2N + 1) . (20)

This constant matrix was also used in [3, 4] in order to dlSClISS the integrability of the flmte dxmen-
sional systems that resulted from the penodxc fixed point of BT for the schwarzxan Kdv equatxon The -
flow corresponding to the ¢-component BT can also be derived in a similar way as we show in the case

of I{¥ but is more complicated and so we omit it.
3 Classical Integerability

In the /follow;ing. by using the r-matrix method we show the Hamiltonian structures andlthe inte-
grability for (10), (11) and (18) respectively. .
Defme the Poission bracket
{Qu(?f.} = {R., R.,} = 0, {Q.,R }=—1iy '6..,. . (21)
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for (10) and (11), and

{6030} = ibay {ary0} =— ic,, {cyb} =— 2ia, : (22)
and others are zero for (18). It can be checked by direct calculation that the L— operators L{" and
L satisfy _ ) .
(L) Q@ LY} = [r(a— 4),L¥ (W) Q LP (¥)]6u.n (23)
with the Poisson bracket (21) for j=1 and (22) for j=3 respectively. The notion at the left hand
side of (23) is obvious and is often used in the r-matrix method. The r-matrix in (23) is a familar
one and is given by

1

: a b
r(A) =al + P = 24)

b a

1
where v )
= AN —n ‘

b—)'_}.,9 a_, 3:'— 7 (25)

and 7 is the 4X 4 unit matrix, P is the permutation operator in the natural basis {e,Qe; ,e,Xez,e:Q
e1,e2(e;} of the tensor space C*QC?.
From (23), we find that the following monodromy matrix .
TP = LPLE oL 5 = 1,3 (@8

satisfies the similar equation to that in (23)
7 (TP QTP W)} = [r(a— ¥),T9(A) Q TP (M] @27
Taking the trace in both sides of the above equaﬁon » we have

(D), P X)) = 0, (9 (1) = TP (A) (28)
For j=1,

IOy =+ LM e+ Ty (29)

while for j=3 _ )

E9(A) = J A 4 a0 e - Jagyy (30)

because M =2N-+1 (see A(l6)) Thus we obtain M numbers of intergrals {7,,7;*>*,74} and {J,,J3,
,J u) in mvolutxon under the Poisson brackets (21) and (22) respectlvely. ’
1t can also be shown that for j=1

(A, 4} =0 | (31)
where )
AR = In(A~ MO (L)) = Hy + Haa™t 4 H3A™3 + «oe . (32)
with ‘
" .
Hy = ZQ.R. + const. (33)

sm]

2 (Qu+1R. — —T)ZQsz + LQ.R.) + const. (34)

a=]
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M .
= 2 [Q.+1R-—1 + (ks + 5)Qus R, + k2Q.R,
A ] .
- ')z(Q--g-zQ-Bf + QfR-R-—l)
ThORE + S1GRY] + const. o (35)

These quantities are in involution because of (31). Each of them can be considered as being Hamilto-
nian, in particular H;in (34) and Hsin (35) are proportional to the Hamiltonians for the equations
in (10) and (11) respectively. Thus we conclude that (10) and (li) érg Hamiltonian systems with
M numbers of integrals involution. ' |

For the system (18), we find that

2N+1

am]
N+ 2§41 ’ I .
Jz = — ﬂ-lH = Zb;Q.-,,c, + 22"56; (37)
fojml J=1 -

which is nothing but the Hamiltonian of (18).- . -
4 Quantum Integrability

We have seen that by using the r-matrix approach, one can easily construct the Hamiltonians and
integrals for the periodic fixed point of the Backlund-gauge transformations for equation (1). Also im-
portant is that the approach can be quantized. To make sense we define the following commutation re-
lations-

(@ @) =[A, R]=10, [Q,R]=—7"4un - (38)
and

(aes =0, [a»a]l=—c, [cb]=—24a," - (39)
and others are zero, instead of the f’oisson brackets (21) and (22) respectively. The fundamental
commutation relations for the quantized I-operators in (9) and (12) can be calculated, as followes

RO — MLP () Q LP (X)) = L (X) @ L (MR — ¥) (40)
where j= 1 corresponds to (38) and j=3 to (39) and the R—matrlx is given by
‘1 C
-1 _* .
A— A—1 ' '
ray=| "7 N .. up
A — 7 :
A—n A—1n
1)

‘which is the familar R-matrix for several quantum integrable systems and was found by Yang (7]
Equation (40) immediately implies
RO — XYTPA) QTP (X)) = TV QTP (AIR(A— ¥) ' (42)
. _
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Taking the trace in the axillary space we have

| 21, 2] =0 | (43)
and therefore we have /M numbers of the quantum integrals which are from the coefficients of the
polynomial ¢ () in A. the quantum analogue of the Hamiltonians can be calculated in a way similar
to that in the classical case. For instance the quantum Hamiltonian corresponding to (34) reads

H = 2 [Q.+1R, — —'I’Q’R2 + ( k. + —é—r)’) Q..R.:l + const. S (44)

=]

The difference between coeffxclents of the last terms in (44) and (34) is due to. the normal ordering in
the quantum case. The Hamlltoman next to H in (44) can also be calculated but is more comphcated,
and the quantum analogues of (37) takes the same form as in the classwal case.

It is oberseved that (42) is the basic relation (called the Yang-Baxter relation) in the quantum
inverse scattering transform method

Let us now consider the case of j=3. Notice that the commutation relation (39) coincide with
that for the quantum XXX spin chain. Thus we identify

 a=8,b=8,c=8 ' (45)

where §1, j=1,2,3 or 3, §%*=§!-iS? belong to the irreducible finite dimensional (dim=2L,-+1)
representations of the Lie algebra sl (2) and satisfy

[s3, 851 =2+ §%6... e
s+, 821 = 25%.. ~ (46b)
. 3 N T : -
Cs2, 871 =i eanSy, - “7)
ye=1 ' ’
(8D + 3 (SHST + 8T8 = h(h+ D) (48)

The constant y, in (14) is chosen to be p,=1,(,+1)
By the 1dentmcatton ( 45, the quantum Hamnltoman (37) reads

23941 241 v ’ SR
H=— 9 3185987 + 23 k53) : (49)
ije=lo jm=l
Define a I,—operator as follows
' s A+ St ST - '
L.=i+ Sio; = (50)
O

which is the L-operator for the XXX spin chain, where oy, j=1,2,3 are the Pauli matrices. The
quantized T-operator L{® in the form of (12) can thén be written as

L®(A) = osL(A — k) (51)
through (45). Thus the monodromy matrix is expressed as
C (A = o3Lawi1 (A — kawar)osLay (A "/" kan)oveos Ly (A — k) : (52)

i

which means that the systems generated by (52) is a kind of inhomogeneous XXX spin chain in the
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sense of Sklyaninf®]. Therefore one is able to construct the spectrum of the integral generator ¢ (2.),

and the Bethe equation which the spectrum should satisfy, in a similar way to that in [a]

The author wishes to thank Professor Li Yi-shen for drawing lis attention to the problem of the periodic
fized point of the BT. The work was supported by the National Natural Science Fund and the National Basic
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Finite-Dimensional Integrable Hamiltonian
Systems Obtained from Periodic Fixed
Points of Darboux Transformation *
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Abstract

By means of the periodic fixed points of Darboux transformation ’ the time-space de-
pendence of (1+1)-dimensional integrable systems can by factored by two commuting and
integrable finite-dimensional Hamiltonian systems. The generating function of the integrals
of motion and integrability of these systems can be deduced directly from the integrability of
'(1+1)-dimensional systems and the property of Darbbux transformation.

Key words; periodic fixed points, Darboux transformation, seperation’ of variables
AMS Classificdtion (1992).35Q

Weiss demonstrated[!) that the periodic.fixed points of Bicklund transformation without introduc-
ing parameters for Schwazian KdV equation are described by an integrable finite-dimensional Hamilto-
nian system (FDHS). Using some techniques, Weiss found integrals of motion and bi-Hamiltonian
structure for the FDHS. In the present paper, by directly starting from the periodic fixed points of
Darboux transformations for KdV hierarchy, we will show that the z-and t-dependence of each equa-
tion in KdV hierarchy can be factored by two commuting and integrable FDHS's with parameters. Al-

so, we will present a systematic method to construct the integrals of motion and to deduce the integra-

Received September 9, 1992.
* This work supported by the Chinese National Basic Research project “Nonlinear Science. ” : .~
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bility of these FDHS's directly from the one of KdV hierarchy. This provides a method of seperation of
variables to solve the KdV hierarchy through solving two integrable FDHS's.
Consider the following aﬁxiliary linear system

& A —1
N o
. , (4 B; ,
, ., = N®p, N® = i (2)

where 4;, B;and C; satisfy certain recursion relations (see [2,3,4] for details), the compatibility -
condition of (1) and (2) gives rise to the KdV hierarchy!?}

1 1
- = 4DL%q L=—TD’—q+~2—D 0,y B 1,200, ‘ (3a)
@y == Gux — 694:» (KdV) (3b)

Where D=§a;, DD~ '=D-'D=1. The Darboux transformation for (1)—(3) is formulated in 3,4,

5] as follows. Let ¢ be a solution to (3a), # satisfy (1) and (2), A a constant, define
’ $2(M)

g=—q+ 4, — 24}, %= ) )
then g is also a solution to (3a). Let
- A + vy — Aq -1 )
=T T, = ¢
) ¢ l¢’ vl - v% + 2)-101 -2 + v — 2'1 )
then, it holds thatf®4-%1
| o o (#
b=Mp B, =N"% ¥= ; (6)
. 2

where 7 and N™ are the same as M and N except that g is replaced by g. It is found from (1),
(2),(5) and (6) that

Ty = MT, — T\M, Ty, = N®P, — P\N® _ (T
For an arbitrary constant 2., set
v = ?Z(M) )
$1(42)
then (1) and (6) lead to ’
=10, — 2+ 2hv1, §= v — v} + 2h0, (8)

Hence (4) can be rewritten as
v2e + 1 = (v] — 2%002) — (0] — 2A01) (9
Obviously, (9) through (8) defines the z-part of Backlund transformation (BT) for (3). For N dis-
tinct A;(%520), set A= (A1, ,4)7,
T b=, k=1,2,mod(N)
Through the successive application of (9), the periodic points of (9) can be obtained as follows
Dot + Ois = (Whe1 — 2Mp1tngy) — (0 — 20a0), = 1,2,%*,mod(N) (10)
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For odd N=2K+1, (10) can be written as a FDHS

ar,

V,é9V=Q‘=QaV |

an

2.
30_ al)l ?

Q=(Quy =3 @)™ U= (ury oo yun )= (o} — 2410y, oo+ , 05 — 24404)7, Q is the N X N antisym-
metric matrix defined by ' :

where V= (v, ,+++,04)7,

I —1 0 1 e 1 -—1
Q=
-1 1 —1 0 e —-1 1
1 —1 1 —1 «w —1 0
1 & . :
Fy=33 Gl —3%w), w=0—1 (12)
. k=]
Since Q is singular, system (11) has a Casimir _
. N
Fi= Y w (13)
L . - )
Set . . .
@ =ve.— 0} + 2000, k= 1,2, ,mod(N) (14)

It is clear that (11) through (14) continues to define the z-part of BT for (3), and describes the sub-
manifold of the solutions to (3) which is invariant under the Darboux transformaﬁon. ‘In order to ’
guarantee that all ¢, obtained from the solutions to (11) through (14), namely, the set

(0 =vie = ob+ 2hors B 1,2, mad(N))
ére solutions to (3), we have to consider the T-part of BT which can be found by directly demanding
¢: to satisfy (3). Since (14) is a Miura transformation, the demand requires »,; tc; satisfy the higher-
order MKdV equation(?]

Oy, = AL*»,, L=~ %Dz + @ — 200) + 2D~ — 1) C(15)
that is
Ve, = 4T, |"'r“‘"|' k= 1,2,---.,mod(N) s (716)
‘ vk.ta = Vbuger + 61)3203,, fnnd 12}-:,1).05,, (MKdV)
‘The consistency of (3) and (11) ensures the consistency of (11)and (16). For n=1,(16)
gives
Uy
Vi=—Ve+ 6| ° ' 1n
UnUng

By using (11), (17) becomes a FDHS (for N=2K 1)



% 13 Finite-Dimensional Integrable Hamiltonian Systems Obtained from Periodic Fixed Points of Darboux Transformation 113

ars _
Ve=9% | g

2 (@t + —w. — 28u} + 3Atw)

bl
In general, the consistency of (11) and (16) enables us to transform (16) under (11) into a
FDHS L
IF 30y ’
Vi =95 a= L2y, (19)
where Fa..3 can be calculated from the expression of (16) under (11).
In what follows, we will show that (11) and (19) are completely integrable K-dimensional
Hamiltonian systems with K integrals (and one Casimir) in involution. According to (5), define
Atwm —1
T, = E= 1,2, ,mod(N)
3 . u. _ A + w. ? *oy 9
- T = TaTy—1++T:Ty, ;5 =Ty
Since qy4+1=q1,it is found from (6) and (7) that
M=M, NO=nN®

= BT —TM = MT —TM =[M,T], T, =[N®,T] (20)
so . . .
(T, = w[M,17] = 0, T, = [N, 1] = 0
"~ Lemma. Let .
= tpT? = trZT. ZN)H A= ' (H, =1 Tv+t =T . Q2D
ke | j=0

then H is the generating function of the integrals of motion for (11) and (19), namely, if v:(z:s,¢5,
»se), then

dH}(I»taotsv‘")
dz

if v (@ ytystsyo=s) solves (19) then

dH (Tylyybsyoer 9‘2A+I [ R )
dt2l+l

Eq. (21) leads to the following formula to calculate H ,(the integrals of motion)

: gz- 2N
Hi (2N . j)!( )lzlv—;tr]:[T')

k=]

=0 j==1,%,2N 22)

=0, J=1,+,2N (23)

[ 2=0
| 25 ’
. . — Z TJ By @D
1<K, (_...<g,<2~»l= 1 . '
where

Bt = 1 0 for [ £ kyy == 1,00¢
‘ 0 -1 9 59 1%y )

. S Wy -1 ]
Bty = [ u‘ . ] y for L= liy i=1,,j
= U, (A -
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Observe that the form of the expression of H; in terms of w, and 2, except for the superscript of

the summation are the same for distinct N. So we can also determine the form of H; direclty from the
expansion of {rT? by taking N to be the smallest odd}[%]. By means of the above methods for com-
N
puting H;, we obtain [ 2 denotes 2 for simplicity)
k=1
Hyyy =0, c = 0,1,2,-
Hy=4Ft — 2>, %

Hy=— dRFs + o0 — AR5+ ) i823

]
Ho= 5+ 7 — Zrp, + (2:?,#'3 — %F}] S
+ P — 2 D) g
i jetk
1 1 1 il
Hy =— ?I”:Fs = ‘B‘Fi'l'"s T %Fi‘ + FiFi — %F?FB
-+ polynomial of #,,F,,Fsand 4 (25)

From the construction of H,, it can be verified that the Casimir H, and K integrals H, Hy,+**,
Hy for K —diménsional systems (11) and (19) are functionally independent. So the Hamiltonian func-
tion Fy,43 0f (19) can be expressed as a rational function in terms of H, as we can find from (25).
This together with (22) and (23) yields

AF g1 (Zot3sbs500)
d“'Za-}-l

For the Poisson bracket defined by

= O, LRy = 0,1q2,“',(£[ = I) (26)

oyl
(Fr9) = (=, 220

where <Z. ,. >> is the inner product in R", it is easy to find from (11),(19) and (26) that

A,
{Font1sFagr) = o 0, m,l = 051, (¢y = 1) 27)
dtargy
Since H, are polynomials of Fy,+, like (25), one obtains from (27) and the property of Poisson braket
{Hl’Hi} =O’ k9£= lsZy"' (28)

Thus the Casimir H, and inte.grais Hy,++,Hy are in involution, and we have

Proposition. (11) and (19) (in particular, (18)) are commuting and completely integrable K-
dimensional Hamiltonian systems with one Casimir. If V satisfies (11) and (19) ((18)) simultane-
ously, then ¢.,k=1,++,N, given by (14) are solutions to (3a) ((3b)).

Obviously, the parameters 4;,+++,Ayin (11) and (19) are of significance for constructing the so-
lutions with finite parameters for (3). Through solving two integrable FDHS's, we can obtain some
kind of solutions for (3). As a special case of (11), when all the the parameters 4 =0, the system

(11)was studied by Weiss!' by using a different method.
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Notice that the integrals of motion defined by (21) do not depend upon the odevity of N. So
(21) also provides_ ;he gengrating function of integrals of _motion for (10).
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