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= permutes with every Sylow subgroup of G (that is,
0 Introduction .
HP= PH, for an arbitrary Sylow subgroup P of

Throughout this paper, all groups are G). This concept was introduced by Kegel™ in

supposed to be finite and our notation and 1962. The s-permutability of a subgroup of a finite

terminology are standard, as in Refs. [1-2].
Recall that a subgroup H of a group G is said

to be spermutable (or squasinormal) in G if it
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group G often yields some information about group
G itself. Some studiest have since been conducted.

On the other hand, in 1996, Wang'™ introduced
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the so-called c-normal subgroup: a subgroup H of
G is said to be cnormal in G if there is a normal
subgroup K of G such that G= HK and H[) K<<
H;, where Hg is the core of H in G. Also, many
results were obtained by using this concept™®™.
Later on, Skibat™ gave the concept of weakly s
permutable subgroup: A subgroup H of G is called
weakly spermutable in G if G has a subnormal
subgroup T such that G=HT and HN T<< H,
where H,; denotes the subgroup of H generated by
all subgroups of H which are s-permutable in G.
Obviously, every spermutable subgroup and every
c-normal subgroup are weakly spermutable in G,

[8,Example 1. 2]

but the converse is not true By using
this conception, Skiba achieved many results about
the structure of finite groups. In order to unify all
the conceptions mentioned above, now we
introduce the following notion:

Definition 0.1 A subgroup H of a group G is
said to be partially spermutable in G provided G
has a subnormal subgroup T such that G=HT and
HN T< Hq.

Here Hg is the subgroup of H generated by
all the subgroups of H which permute with all the
Sylow subgroups of T.

It is easy to see that every weakly

spermutable subgroup is also partially s
permutable. However the converse is not true in
general. Here comes an example.

Example 0.2 Considering
G = C,, ((12)(34)(56)(78)) = Mx S,
where
M = ((12)(34)(56)(78),(12)(34),(12)(56))
is an elementary abelian subgroup. Let
H = ((135)(246),(12)(34),(34)(56)) = A,
and
T =((12)(34)(56)(78),(12)(34),(34)(56),
(13)(24)(57)(68),(15)(26)(37)(48)).
Then we can see that T< G, G= HT and H
permutes with every Sylow subgroup of T. Hence
HOT=V,=((12)(34), (34)(56))< Hs= H.

This means that H is partially spermutable in G.

On the other hand, let Q=1((357), (468)), then
Qs a Sylow 3-subgroup of G. Obviously, HQ#*
QH, and so H is not s-permutable in G. In fact,
we can prove that Hg;=1. Hence, HN TX Hy,
and so H is not weakly s-permutable in G.

This example shows that in general the set of
all partially s-permutable subgroups is wider than
the set of all weakly s-permutable subgroups, and
of course, also wider than the set of all s
permutable subgroups and the set of all cnormal
subgroups. In this paper, we characterize p-
nilpotency and p-supersolubility of finite groups
under the assumption that some subgroups are
partially s-permutable. Some former results are

generalized.

1 Preliminaries

Let p be a prime. Recall that a group G is said
to be p-nilpotent if it has a normal p-complement
and G is called p-supersoluble provided every
p-chief factor of it is cyclic. It is easy to see that a
p-nilpotent group is also p-supersoluble.

Besides, we use A, to denote the class of all
p-supersoluble groups. The symbol G" denotes
the %U,-residual of G, that is, the intersection of all
normal subgroups of G whose relative quotient
groups belong to U,.

We also need the following LLemmas:

Lemma 1.1 Let AXK<(G, B<G. Then:

(@D Suppose that A is normal in G. Then K/A
is subnormal in G/A if and only if K is subnormal
in GEALTT

@ If A is subnormal in G, then A() B is

subnormal in BN

@ If A and B are both subnormal in G, then
so is (A, Byt

@ If A is subnormal in G and B is a minimal
normal subgroup of G, then B<XN;(A)M-415]

® If A is subnormal in G and B is a Hall
mwsubgroup of G, then A B is a Hall msubgroup
of Al

® If Ais subnormal in G and A is wsubgroup
of G, then A<XO,. (G,
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@ 1f Ais subnormal in G and the index | G: Al
is a p-number, then A contains all Sylow
p-subgroups of GH.

® If A is subnormal in G and A is soluble,
then A is contained in some normal soluble
subgroup of G,

Lemma 1.2 Assume that H is spermutable
in G, X<XG and N< G. Then:

D H is subnormal in GH.

@ HN/N is spermutable in G/ NI,

@ HN X is spermutable in X,

@ H/ Hg is nilpotentt.,

Lemma 1. 3 Suppose that A and B are
subgroups of G. Then:

@ If His a p-subgroup of G for some prime
p,» then H is spermutable in G if and only if
O’ ()<< Ng(H)temma A,

@ If A and B are both spermutable in G, so
are (A, B) and A[) BHcorelly 1],

Now we provide some basic properties of
partially s-permutable subgroups:

Lemma 1.4 Assume that H< G and H is
partially s-permutable in G, K<XG and N< G.

@ If H< K, then H is partially spermutable
in K.

@I N < H, then H/N is partially
spermutable in G/ N.

@ If (| H|,[NI)=1, then HN/ N is partially
spermutable in G/ N.

Proof If H is partially spermutable in G,
then by the hypothesis, there exists a subnormal
subgroup T of G such that

G= HT, HN T< Hg.
@ Obviously, KM T is subnormal in K by
Lemma 1.1 @ and
K=K HT = H(K N .
Besides,
HN(KNT =HNT< Her < Hekan-
Hence, H is partially s-permutable in K.

@ Tt is easy to see that TN/ N is subnormal in

G/N by Lemma 1.1 @ and
G/N= HT/N= (H/N)(TN/N).

Besides,

H/N( TN/N=(H () TN)/N =
(HN DN/N<C HsN/N =
HST/N< (H/N)S(TN'N)'
Thus, H/ N is partially s-permutable in G/ N.

@ Since (|G:T|, | N|)=1, we have N<T.
Then similarly as in @, T/N is subnormal in G/ N
and

G/N= HT/N = (HN/N)(T/ND.
On the other hand,
(HN/N) N (T/N) = (H( DN/N<
HaN/N<C (HN/N) ¢1/%.
Hence, @ holds. L]

Lemma 1, sUbbesm=260 [ ot G be a group.
Assume that N is a non-trivial normal subgroup of
G and N ®(G) =1, then the fitting subgroup
FCN) of N lies in Soc(() and therefore F(N) is
the direct product of the minimal normal subgroups
of G which are contained in F(N).

Lemma 1. 6[12- Theorm 2.1.6]

and O,y (G) =1, then the Sylow p-subgroup of G is

If G is p-supersoluble

normal in G.

Lemma 1, 70235 (Gaschia)]
and N< M< G be two normal subgroups of G
satisfying N<X ®(G). If M/N is nilpotent, so
is M.

Lemma 1. 8
and G=G/0; (G), then Co(O.(GHS0,(G)). In
particular, if Oy (G)=1, then C;(O,(G)H =0 ().

Lemma 1, 921 £5 Caschid ] T ot G be a group.,
then F(G)/®(G)=F(G/®(()) is a direct product

of abelian minimal normal subgroups of G/ ®( ().

Let G be a group

[13.Chap 6. Theorem 3. 2]

If G is mseparable

Lemma 1 10[13 ,Chap 8, Theorem 3. 1 (Glaubermarr Thompson) ] If

P is a Sylow p-subgroup of G, p odd, and if
N(Z(J(P))) has a normal p-complement, so
does G (Here, J(P) is the Thompson subgroup of
P).

2 Main results

Theorem 2. 1

order of a group G and L a p-soluble normal

Let p be a prime dividing the

subgroup of G such that G/L is p-supersoluble. If
there exists a Sylow p-subgroup P of L such that
partially

every maximal subgroup of P is
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spermutable in G, then G is p-supersoluble.

Proof Assume that the assertion is false and
take G as a counterexample with minimal order.
We derive a contradiction via the following steps:

@ Gis p-soluble.

This is obvious since L is p-soluble and G/L is
p-supersoluble,

@ O, (G®=1.

Suppose that D : =0, (G) #1. We consider
(G/D,LD/D). First of all,

(G/D)/(LD/D) = G/LD = (G/L)/(LD/L)

is p-supersoluble since G/L is p-supersoluble.
Besides, let M/D be a maximal subgroup of
PD/D, then we can find a maximal subgroup P; of
P such that M= P, D. By the hypothesis, P, is
partially s-permutable in G, then M/D is partially
spermutable in G/D by Lemma 1.4 . Hence
G/ D is p-supersoluble by the choice of G, and so is
G, a contradiction.

® N=0,(L) is the unique minimal normal
subgroup of G contained in L such that G/O,(L) is
p-supersoluble and

G= NM = 0O,(LOM,
where M is a maximal subgroup of G.

Let N be a minimal normal subgroup of G
Then by @ and @,
elementary abelian p-group, and so N<C O, (L).
On the other hand, obviously, N<XP and P/N is a
P,/N be a

maximal subgroup of P/N. Then P, is a maximal

contained in L. N is an

Sylow p-subgroup of L/N. Let

subgroup of P. By the hypothesis, P, is partially
spermutable in G, and so P;/N is also partially
spermutable in G/ N by Lemma 1.4 @. Besides,
(G/N)/(L/N) = G/L

is p-supersoluble. Hence (G/N,L/N) satisfies the
hypothesis of our theorem. By the choice of G,
G/ N is p-supersoluble. Since the class of all
p-supersoluble groups is a saturated formation, N
is the unique minimal normal subgroup of G
contained in L.

If N is contained in all maximal subgroups of

G, then NS ®(G) and so G is p-supersoluble, a

contradiction. This contradiction shows that there

is a maximal subgroup of G, M say, such that
G=NM=0O,(LM, O,(L) 1 M=1,
This means that
0,(L) =0,(LL N NM = N(O,(L) 1 M) = N.
Hence @ holds.
@ 10,(L)|>p (This is clear by ®).
® Final contradiction.
Let G, be a Sylow p-subgroup of G containing
P. Then by ®,
G, =G, NM = NG, T M),
and G, () M<<G,. This means that we can find a
maximal subgroup G, of G, such that G, M<<G,.
Setting P, =P(1G,. Then
| P:P [=| P:PNG [=
| GP:G, |=]|G,:G |= p,
and so P; is a maximal subgroup of P. Since P=
G,NL < G,, we have
PL=PN G =
(G, NI NG =LNGAJG,.
By the hypothesis, P, is partially s-permutable in
G. Hence, there is a subnormal subgroup T of G
such that
G=P T, PN T<(P),.
Since | G: T| is a power of p, we get O’ ()< T by
Lemma 1.1 @. We know that G/O® (G) is a
p-group, and so it is p-supersoluble. Therefore
G/NN O(G® =G/ NXG/O(G
is also p-supersoluble. By the minimality of N, we
get N<X O (G) << T. Now we try to derive a
contradiction. Firstly, we assume that P, () T=1.
Then P, (1 N=1, too. However, this means that
‘ N‘:| N: P, ﬂ N|:
| NP,:P, |=| P:P, |= p,
contradicts @.
Hence we can assume that P, [} T# 1. This
means that
1#=P, NT=PHaNT
is spermutable in T by Lemma 1.3 @. Then by
Lemma 1.2 @ and Lemma 1.1 ®, it is easy to see
that
PN T<O, (L) = N.
On the other hand, taking G, as an arbitrary Sylow

¢g-subgroup of G, where qis a prime divisor of |G|
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with g7 p. Since O*(G<T, G,<T. Hence

(P, N'DG, = G,(P, D
is a subgroup of G. Therefore

PNT=NN PN DGR N DG,
This means that G, << Ng ( P, (1 T). By the
arbitrarity of ¢» O*(G<<N;(P,NT). Hence
N= (P, N D= (P N DWW =

(P, N D% <(P)H% = Py.
However, this means that

P=PNG,=PN NG =

N(P N G) = Py,

a contradiction. The final contradiction completes
the proof. L]

If we choose L to be some special subgroups of
G, for example, G or G, then we can get some
corollaries from Theorem 2. 1.

Corollary 2.1 Let P be a Sylow p-subgroup
of a p-soluble group G, where p is a fixed prime
dividing the order of G. If every maximal subgroup
of P is partially spermutable in G, then G is
p-supersoluble.

Corollary 2.2 A

p-supersoluble if all maximal subgroups of any

p-soluble group G is
Sylow p-subgroup of G are partially s-permutable
in G.

Remark 2.1 We

assumption that L is p-soluble in Theorem 2.1

point  out that the

cannot be omitted. Taking A;, the alternating
group of degree 5, as an example. Obviously, the
maximal subgroups of the Sylow 5-subgroups of L
are trivial, and so are partially s-permutable in G.
However, G is not p-nilpotent, and hence not
p-supersoluble.

Now we use the p-fitting subgroup F, (G)
(F,(G)=0y,,(G)) of a group G to describe the
structure of G.

Theorem 2. 2
the order of G and L a p-soluble normal subgroup
of G such that G/L is p-supersoluble. If all

maximal subgroups of F,(L) containing O, (L) are

Let p be a fixed prime dividing

partially spermutable in G, then G is p-
supersoluble.

Proof Suppose that the assertion is false and

let G be a counterexample of minimal order. We
will derive a contradiction in several steps:
D O, (L =1.
Suppose that Oy (L)7#1, then
(G/Oy (L) /(L/Oy (L)) = G/L
is p-supersoluble. Obviously, Oy (L/Oy (L)) =1,
and so
F,(L/O, (L)) = F,(L)/O, (L),
Now let M/O, (L) be a maximal subgroup of
F,(L/Oy(L)). Then M is a maximal subgroup of
F,CL), which contains O, (L), respectively. By
the hypothesis, M is partially s-permutable in G,
hence by Lemma 1.4 @, M/O,(L) is partially
spermutable in G/Oy (L), too. Thus G/Oy (L) is
p-supersoluble by the choice of G, and so G is also
p-supersoluble, a contradiction. Hence @ holds.
@ LN&G=1.
We put R=L[) ®(G) and suppose that it is
not trivial. By Lemma 1.7 and @, we have that
F(L/R) = F(L)/R= 0O,(L)/R.
Putting K/R= 0O, (L/R) and letting S be a Hall
p'-subgroup of K, then K = SR. Hence, by
Frattini argument,
G = KNg(S) = SRNs(S) = N(S),
so S G. This means that S=1 and so Oy (L/R)=
1. Therefore
F,(L/R) =0O,(L/R) =
0,(LD/R= F,(L)/R.
Now let P;/R be a maximal subgroup of F,(L/R).
then P is maximal in F,(L). By the hypothesis, it
is partially spermutable in G. Then P;/R is also
partially spermutable in G/R by Lemma 1.4 @.
By the minimal choice of G, G/R is p-supersoluble
and so is G, a contradiction.
@ G/F,(L) is p-supersoluble.
Since L is p-soluble and Oy (L) =1, we have
CL(O, (L)) < O,(L)
by Lemma 1.8. By @, ®(L)=1. This implies
that F(L) = F, (L) = O, (L) is a nontrivial
elementary abelian p-group by Lemma 1.9. Thus
CL(F(L))=TF(L). On the other hand, in view of
Lemma 1.5 and @, F,(L)= N; X N; X+ X N,,

where N; is a minimal normal subgroup of G,
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where 1<Ui<C r. Let N; be any of them. We prove
that the hypothesis holds for (G/N;, L/N,). First,
(G/ND/(L/N) = G/L
is p-supersoluble. Besides, by @, O, (L/N,)=1.
Finally, obviously,
F,(L/Ny) =0,(L/N;) =
0,(LD/N; = F,(L)/N,.

Let H/N; be a maximal subgroup of F,(L/N,),
then H is also a maximal subgroup of F,(L). By
the hypothesis, H is partially spermutable in G.
Then by Lemma 1.4 @, H/N; is also partially s
G/ N.. (G/N;, L/N»

satisfies the hypothesis of the theorem, and so

permutable in Hence,
G/ N, is p-supersoluble by the minimal choice of G.
Since the class of all p-supersoluble groups is a
saturated formation, we get i=1 and so G/F,(L)
is p-supersoluble. Besides, F,(L)=0,(L) is the
only minimal normal subgroup of G contained in L.

@ [F,(L[=]0,(L)]=p.

Putting F,(L) =0, (L) = P. Then there is a
maximal subgroup of G, M say, such that G=
PM. Let G, be a Sylow p-group of G containing P.
Then

G, =G, PM= PG, N M
and
G, N M<<G,,.
This means that we can find a maximal subgroup
G of G, such that G, M<CG;,. Setting P, = P
G,. Then
| P.P, |=| P:PN G |=
| G P:G | =] G,:G |= p,
and so P, is a maximal subgroup of P. Since P<
G,,» we have P,=PN G < G,. If P,=1, then we
are done. Hence we assume that P, 7% 1. By the
hypothesis, P, is partially s-permutable in G. So,
there is a subnormal subgroup T of G such that
G=PT, PP T (P)y.
Since | G: T| is a power of p, we get O’ (D <T by
Lemma 1.1 @. We know that G/O*(G) is a
p-group, and so it is p-supersoluble. By @,
G/(PN O(G) = G/PXG/OG
is also p-supersoluble. By the minimality of P, we
get P<<O*(G)<<T. This means that T=G is the

only supplement of P, in G, and so P, is
spermutable in G. By Lemma 1.3 @, O'(G) <
Ng(P,). Hence

P = (P)% = (PH%" Y = (P)% = Py,
a contradiction. The contradiction shows that P, =
1 and so @ holds.

® Final contradiction.

By @ and @, one can easily see that G is
p-supersoluble, a contradiction. []

Corollary 2. 3

where p is a fixed divisor of | G|. If all maximal

Let G be a p-soluble group,

subgroups of F,(G) containing O, (G) are partially
spermutable in G, then G is p-supersoluble.
Corollary 2. 4

where p is a fixed divisor of | GJ.

Let G be a p-soluble group,
If all maximal
subgroups of F, (G™) containing Oy (G" ) are
partially s-permutable in G, then G is p-supersoluble.

Remark 2. 2

p-soluble in Theorem 2.2 cannot be omitted,

The hypothesis that L is

either. Considering the same example of the group
G= A; as in Remark 2.1.
maximal subgroups of any Sylow 5-subgroup of
F.(L) (since F; (G) = 1) are trivial, and thus

partially spermutable in G. However, G is not 5-

Then clearly, the

supersoluble.

Theorem 2.3 Let p be an odd prime dividing
the order of G and P a Sylow p-subgroup of G. If
Ni(P) is pnilpotent and all maximal subgroups of P
are partially s-permutable in G, then G is p-nilpotent.

Proof We suppose that the conclusion is false
and take G as a counterexample of minimal order. Then:

@ If M is a proper subgroup of G satisfying
P<<M<CG, then M is p-nilpotent.

Firstly, it is obvious to see that Ny(P)<X N;(DP),
and so it is p-nilpotent. Besides by Lemma 1.4 @,
all maximal subgroups of P are partially spermutable
in M. Hence M satisfies the hypothesis of our
theorem. The minimal choice of G implies that M
is p-nilpotent.

@ O, (G =1.

Suppose that this is false. We consider the
quotient group G/O, (G). It is easy to see that
PO, (G)/Oy (G) is a Sylow p-subgroup of
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G/O,(&. By Lemma 1.4 @, we can see that all
maximal subgroups of PO, (G)/Oy (G) are
partially s-permutable in G/O, (G). Since

No/o, o (POy (B /0y (()) = Ne(P)Oy (G)/ Oy ()
is p-nilpotent, G/O, (G) satisfies the hypothesis of
the theorem. The minimal choice of G yields that
G/ 0Oy, (G is pnilpotent and so is G, a contradiction.

@ 0,(GH#1.

Put J(P) as the Thompson subgroup of P.
Then N; (P) << N (Z (J (P < G If
Ng(Z(J(P)))<<G, then in view of @,
Ng(Z(J(P))) 1s
p-nilpotent by Lemma 1.10, a contradiction.
Hence N; (Z (J (P))) = G. This means that
Z(J(P)) is a normal p-subgroup of G, and so 1<C
0,(G)<<G.

@ Gis p-soluble.

By @, we can easily see that G/0O,(&)

satisfies the hypothesis of the theorem. Hence

pnilpotent and so G is

G/0,() is p-nilpotent by the minimal choice of
G. Therefore it is also p-soluble and so is G.

® Final contradiction.

Applying Corollary 2.1 and @,
supersoluble. Then by Lemma 1. 6, P is normal in
G. Therefore G=Ng(P) is

contradiction. L]

G is p-

p-nilpotent, a

Corollary 2.5 Let p be a prime dividing |G|
and L a normal subgroup of G such that G/L is p-
that there is a Sylow

nilpotent.  Suppose

p-subgroup P of L such that all maximal
subgroups of P are partially s-permutable in G and
Ni(P) is p-nilpotent. Then G is p-nilpotent.

N.(P) is

pnilpotent. Besides all maximal subgroups of P

Proof It is obvious that
are partially s-permutable in L by Lemma 1.4 .
By Theorem 2.3, L is p-nilpotent. Let L, be the
normal Hall p’-subgroup of L. Then L, is also
normal in G. Suppose that Ly # 1. Now we
consider the quotient group G/L,. Firstly,
(G/L,)/(L/Ly) = G/L

is p-nilpotent. Besides, it is easy to see that every
subgroup of PLy/Ly is
spermutable in G/L, by Lemma 1.4 @. Finally,

maximal partially

Nes, (PLy/Ly) = Ne(P)Ly/Ly

is p-nilpotent. This means that G/L, satisfies the
hypothesis of our corollary. By induction, G/L is
p-nilpotent and so is G. So we can suppose that
Ly=1. Then L=P and so Ng(P)= Ng(L)=Gis
p-nilpotent, as desired. L]

Remark 2.3 The assumption that Ng(P) is
p-nilpotent in the proof of Theorem 2. 3 cannot be
omitted. To illustrate this, one can also consider
the example of G = A; with prime 5 as in
Remark 2. 1.

3 Applications

As we have mentioned in Introduction, a
subgroup, be it ¢-normal, spermutable or weakly
spermutable, is partially s-permutable. Hence the
following results are special cases of our theorems
in Section 2.

1[7.'1‘lmorcm 3.1] Let p be a primey (}

Corollary 3.
a p-soluble group and H a normal subgroup of G
such that G/H is p-supersoluble. If there is a
Sylow p-subgroup P of H such that every maximal
subgroup of P is c¢normal in G, then G is
p-supersoluble.

2[6 , Theorem 3. 1]

Corollary 3. Let p be an odd
prime dividing the order of G and P a Sylow
p-subgroup of G. If N;(P) is p-nilpotent and all
maximal subgroups of P are ¢-normal in G, then G
is p-nilpotent.

Corollary 3, 301 Theoren3.1]

prime dividing the order of G and P a Sylow

Let p be an odd

p-subgroup of G. If N;(P) is p-nilpotent and all
maximal subgroups of P are weakly spermutable
in G, then G is p-nilpotent.

4 [14, Theorem 3. 3]

Corollary 3. Let G be a p-soluble
group and P a Sylow p-subgroup of G. If every
maximal subgroup of P is weakly s-permutable in
G, then Gis p-supersoluble.
Corollary 3, M4 o351 1 ot G be a p-soluble
group and p a prime divisor of | G|. If every
maximal subgroup of F,(G) containing Oy (G) is
weakly s-permutable in G, then G is p-supersoluble.
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