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Abstract: A class of dual risk model was considered in which dividends are paid under a threshold
strategy and tax payments are paid according to a loss-carry forward system. For this model, the
expectation of the discounted dividends until ruin was investigated and their corresponding
integral equations, integro-differential equations and analytical expressions were derived. Finally,
the case where profits follow an Erlang(2) distribution was solved.
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0 Introducti results have been obtained on a class of model
ntro 10on
i which is dual to the classical Lundberg risk model.

In insurance mathematics, some interesting See Refs. [1-6 ]. In this model, the surplus at time
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Ul = u— ct+ S(1) (D)
where w is the initial surplus, ¢ the constant rate at
which expenses are paid out and { S(1), =0} is the
aggregate positive profits process. Thus, process
(1) can describe a class of companies whose
inherent business involves a constant flow of
expenses while profits arrive occasionally due to
some contingent events.

In resent years, quite a few papers have
discussed risk models with tax payments of loss-
carry forward type. Albrecher et al. '™ investigated
how the loss-carry forward tax payments affect the
behavior of the dual process (1) with general inter-
innovation times and exponential innovation sizes.
In their model, the company pays tax at rate Y&
[0,1) on the excess of each new record high of the
surplus over the previous one. Obviously, a new
record high can only be achieved by an innovation
and hence tax payments only occur at the innovation
times. More results can be found in Refs. [ 8-15].

Following their work, we now consider the
dual model with tax payments according to a loss-
carry forward system and dividends under a
threshold strategy. There are three motivations for
why the study of our objective model is relevant.
Firstly, the tax payments of any company are
necessary, but the amount of tax payments should
not lead to bankruptcy, so we investigate a class of
risk model with tax payments according to a loss-
carry forward system. Secondly, a barrier strategy
distributes all excess surplus to shareholders
immediately and always caps the surplus at barrier
level 5(b>>0). Under the strategy shareholders can
get big dividends. but which may not be realistic,
and may cause liquidity problems in the future. In
a threshold strategy, excess surplus is paid at a
constant rate but not in a single “ burst”.
Comparing the two strategies with barrier and
threshold level both equal to the same b, the ruin
time under the threshold strategy is longer and
shareholders may prefer a threshold strategy.

Finally, the dividend problem of the barrier strategy in

dual risk model can be seen as a special case of our
study, that is, the threshold dividend rate a equals
to 0 and the tax payments rate Y equals to 0.

In our model, {S(1),1=0} are assumed to be
N(»
a pure jump process defined as S(1) = EYH with

n=1

the innovation number process N (t) being a
renewal process whose inter-innovation times T;
(i=1,2,++) have common distribution F. We also
assume that the innovation sizes {Y;, i =1},
independent of {T,,i=1}, form a sequence of i. i. d.
exponentially distributed random variables with
exponential parameter § (> 0). The loss-carry
forward system assumes that the company pays tax
at rate Y€[0,1) on the excess of each new record
high of the after-tax surplus over the previous one.
Furthermore, when the after-tax surplus is lower
than a threshold level b, no dividends are paid;
when the surplus is higher than b, the company
pays dividends at a constant rate «, causing the
surplus to decrease more quickly. The surplus
process { Ry, (t), t = 0} with initial principal
R,.,(0) =u can be expressed as
dR, () =
—odt+dS(O Lk, (> 1asco man k00 T+

O 5t

Q=R (t )+ dS(D —

max Ry, () X Lir ¢y 1asoz max K, 9} 2
0=z st : Oyt
Ry.b( 9] > b;
— (c— o dt+dS( D LR (7 HdS(< max R, (91 T
: i) '

(1— PR, (f )+ dS(p —

max Ry, (9)) X Lig,  (7+dsnz ms R, 00 0
0= 57t N [

Ry, () <b
(2)

where 1., is the indicator function of event A and
R,.,(t ) is the surplus immediately before time ¢t
For practical consideration, we assume that the
positive safety loading condition

c< ECY)/ECT) (&)
holds all through this paper. The time of ruin is
defined as T,, = inf{t=0: R,, (t) <0} with
T,,=<° if R,,()>0 for all £=0.
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For initial surplus u=>0, we denote by V,(u,b)

the present value of all dividends until ruin

.
V,(u.b) :J e "dD() (4)
0

where D(1) is the aggregate dividends paid from
time O to t, and 8>0 is the discount factor. It
needs to be mentioned that we shall drop the
subscript ¥ whenever Y is zero.

The rest of this paper is organized as follows.
In Section 1, analytical expressions of the expected
discounted dividends are derived in terms of the
corresponding quantity without tax. In Section 2,
for Erlang (2) distributed inter-innovation times,
explicit expressions of the expected discounted

dividends are given.

1 Main results and proofs

For certain common distributions Fy, (the

density function fy, ) of T:(i=1,2,+), one can

derive integro-differential equations for V(u, b).
For 0<<u<<lb, V(u,b) satisfies

the following integral equation:

Lemma 1. 1

W/ (c

V. b) =J ¢ fr (Ddi -

JV( w— Ce— i+ yob)Be Pdy (5)

For u=0b, V(u, b) satisfies the following integral

equation;

Cu b/c

Viu,b) = j fr,(ode e

0

{J "V(u—ct+ y.b)Be ,'aydijJlae tdsh +
Q0

Cu by/e=b/(c @

fr, (Dde »

Cu=b)/c

J ¢ MV(h— (e— @ (t— Cu— 5/ + yob) e Pdy+

G/
I (t)dtj ae % ds (6)

Cu bje

Proof Consider the infinitesimal interval
from 0 to d&. By conditioning on the occurrence of
the first claim, one obtains that when 0<Tu<{b,
V(u,b) =
e MIP(T, >dbp) » E[V(u— (c— dt,b) ]+
P(T, <dt) « E[JV(u—(c— Odt+ Y1, ]}.

Notice that the first term in the brace above equals

to zero, then using
P(T, >do) = 1— Adt+ o(dD ,
P(T, < do) = Adt+ o(dt),

we can get Eq. (5).
Through a similar analytical approach to those
used above one can derive Eq. (6). L]
Furthermore, using the result that ruin is
immediate and no dividend is paid when u=0 and
the continuity of V(u, b) at u= b, we have the

boundary conditions
VO, =0, V(b .,b) =V, (7)
Let us assume that the i. i. d innovation waiting
times have a common generalized Erlang(n)
distribution, i. e. the T;’s are distributed as the sum
of nindependent and exponentially distributed random
ntnptt g

with 7 having exponential parameters A,>0.

variances, which are denoted by S,=

The following Lemma 1.2 gives the integro-
differential equations for V(u, b) when T,’s have a
generalized Erlang(n) distribution.

Lemma 1.2 Let I and D denote the identity
operator and differentiation operator respectively.
Then the expected discounted dividend payments
V(u,b) satisfies the following integro-differential

equation

n

IR I

k=1

:|V( u, b) =

J‘V:V(u+ v, Be Pdy, 0 << u<<b (8)
Q

and
2],
]U Wi E. ]wu,b)—
JNV(qu vob)Be Bdyt By u=b (9)
with
SR TCUNE o o POV B B
B”*,ZAHL_[ )\J - e
(10

In addition, the boundary conditions for V Cu, b)

are as follows:
k

IR

i=1

“D]V(zf,b) — ]

]£[1H1+m1+;1)]v<b 2y — B, [ P

i

k=1,2,",n
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k=1,2,yn—1

i

with Eq. (5).

Proof We follow Ref. [ 16 ] and rewrite

V(u,b) as V.(u,b) when ’1‘,48,,—& , with S, =0
in the surplus process (2) with y=0. Thus, we
have V,(u, &) =V (u,b). When 0<u<b,

ViCu,b) =

W
|7 e VL (e (e @ e, OB
Q0

k:192"'97’1*1 {
and

V., (u,b) =
“u/ (e a) o
J A.e “‘Fdndtj V(iu— (c— ) t+ y.b)Re dy
Q 0
14
Let u— (¢— a) t= x, by changing variables in

Eq. (13) and Eq. (14), one gets that when 0<Zu<b,

ViCusb) = J“Le G da
e (15)
k: 1’2...’7/171
and
V, () = J C*—“ae (A"ﬂ»%dxfw\/(er v Be P dy
v 0

(16)
Now differentiating both sides of Eq. (15) and Eq. (16)

with respect to u and calculating carefully, one gets

8 _
Vi Cusb) = [  WLES ka QDJVk(u,b),}
k= 1,2:,n—1
an
and
0 c—a _
Hl+/\JI+ A D}V“(“’b) -
ff‘v<u+ y.b)Be P dy (18)

Combining Eq. (17) with Eq. (18), we can derive
Eq. (8) for V(u,b) on (0,b).

Using a similar approach, we have for u=b

u b

Vk(uyb) == jf )\,Ze “kia)rvk 1(1/(* ('tyb)dt+
Q

)

J,b}dt

u— b

w—bh b
e N ( (
JLL b e PV {b* (c— {t*

19

for k=1,2,+-,n—1, and

V.Cusb) = j S e ATt X
0

JfV(u* -+ y b Be Pyt at) +

0
u h+ b

jT e QD1
_u—>b o

{ Vib—(c— o |t o + v, b|Be Pdy+
0

aD} (20)

c
Again, by changing variables in Eq. (19) and
Eq. (20) (let u— c¢t= x) and then differentiating

them with respect to u, we obtain for u=b

0 c
’ — 1 N 7 LUy ’
Vi Cus b) [[ +M]1+Mu}vk<ub> } .
k=1,2,n—1
and

Hl+%]l+i1)]vn(u,b) =

[ Q
L V(u+ y,b)fBe d3+)\”+8 22)

Using Eq. (21) and Eq. (22), we obtain Eq. (10)
for V(Cusb) on [ b,o°). Finally, since when u=0
ruin is immediate and V (u, b) is continuous at b,
we have the boundary conditions Eq. (11) and
Eq. (12). L]
With the preparations made above, we can
now derive analytical expressions of the expected
discounted dividend payments V, Cu, b) for the
surplus process {R,,,(t),t==0}. We claim that the
process {R,., (), t==0} shall up-cross the initial
surplus level u at least once to avoid ruin.
Now, let
gs(w := E,[e T ] (23)
denote the Laplace transform of the first upper exit
time t,, which is the time until the risk process
{R,(t),t=>0} starting with initial capital u reaching
a new record high for the first time without leading
to ruin before that event. In particular, g,(w) :=

lifn gs Cu) is the probability that the process
Sy 0

{R,(t),t>>0} reaches a new record high before
ruin.

We have mentioned that D(¢t) is the aggregate
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dividends paid from time O to t of the risk process

)
{R,.,(t),t=0} and V,(u,b) = Eu[J e *dD(s) ]

denotes the expected discounted total sum of

dividends until ruin. Obviously, the trivial bounds

0LV, ( u,/})<§ always hold.

In the following theorem, we are to derive the
analytical expressions of V, Cu, b) in terms of
Vu, b).

Theorem 1.1 When 0<Zu<{b, we have

V,(b,b)
ga( b)

and when u=0, we have

i.h 1) )dt
V}'(M,yb) = ga(u)e 7 »,,J,,(l gy(d (24)
i(u(l (ord
V,(u,b) = gsCwe' 7° gy(0dr

fﬁ\(s><g,;(s>>*le*ﬁfi(l*“s<’>>(*’ds (25)

where
Alw) = [ga(u)JrL(l 2 (w) | VQu,b) +
5(u)
P oV - g -
JN‘Be K 0V (b da— V' Cus b) (26)

Proof When 0<u<{b, considering the fact
that the process {R,.,(#),t=0} shall up-cross the
initial level u or else there will be no dividends paid
Implementing  these

to the shareholders.

considerations we have

V,(u,b) = gb(u)J % 'L’I\/y(quf,b)dat,}
0<<u<b

@7
Changing variables y= u+ x in Eq. (27) and then

differentiating it with respect to u yields

V) Cunh) — Z"E”)v Curb) +
3
TV Gy — (VG (28)

Solving the ordinary differential equation of first
order, we arrive at Eq. (24).

When u = b, since the surplus process
{R,.,(D),1=0} will either reach a new record high
before ruin or never reach a new record high until

ruin, in the latter case the sample paths of

{R,.,(),t=0} will coincide with those of {R,(t),

t=0}. By conditioning on the two cases we obtain

V,Cu,b) = E“[J 7‘”dD(t)1 b]+

0

T}’- b N
EL] e apiot, . ]+

EL] e raneor, 0 =
E[] e dapion o T+
ga\(u)j; &/eiﬁ/lvy(qu cobydat
E[Ll ¢ dD(D1, o1, ] =

Eu[j“e “AD(DT, 1 ]+

g (w| eV G bt

EL] e aD0]— EL["e *aD01, 1~

a5 ( u)J‘v:Bef’g"V( ut x,b)dx =

VGt + g(w) e TV Gt b da -
ga(u)fvjﬁe EV(u+t 2,0 dx (29)
Q

Differentiating Eq. (29) with respect to u yields
Vi(u,b) =

{ZaEZ; Jri(l—gb(u))JV Cush) —

[gs( u)

_ go. L]
) Bga(u)Jrliy V(u, b) +

%ygg LL)JQ‘BeﬂK OV (b drt V' s b)
(30)

The general solution of Eq. (30) can be expressed as

—2 7[ (1—gy(0)dt ds) »

V,Cusb) — <C—j A9 (gy ()™

gy(we' 7[ (1 gg(dt .
Furthermore, due to the trivial fact that 0<Cg;(c0) <<

Ele 1 7<<1 and V, (u, b) <

ga we immediately
have

C:J Ao (go ()1 B, 07 O (59

Plugging Eq. (32) into Eq. (31) we obtain
Eq. (25). L]



186 FEAZERAXFEFIR % 44 %
. . A 0 A+0
2 Explicit results for Erlang(2) — % — %
innovation waiting times Note that
In this section, we assume that _ @

T’s are
Erlang(2) distributed with parameters A, and A;.
We also assume that A << A, (without loss of
generality).
Example 2.1 Applying the operator (BI— D)
to Eq. (8) and Eq. (9), we have
(@1—D)E[{1+%J1+

c

. B
Akaﬂmw—

and
: 0 c _
(meQI[P+jJI+MDFme—
IBV( M’b) +BBZ’ u> b (34)

The characteristic equation for Eq. (33) is
c—

=11+ 2]

We know that Eq. (35) has three real roots, say

a

(35

ri s, and ry which satisfies

e P St

C— o

B> r >0 p >—

C—
AHS A +d

cC— a

3 >7

c—a
With ¢ replacing ¢c—a« in Eq. (34), we get the
characteristic equation of Eq. (35), whose roots

are denoted by 7, and r; with

V(Uab) =

i) s
is a special solution of Eq. (11), we have
V(u,b) = e+ e+ ge’", 0 < u<b

(36)
and

V(iu,b) = e+ c[;e"@”+§a, u=b (37)

The characteristic equation for Eq. (34) is

: 0 c— a
— | | 1+ — —
(B—m 11 [ Y ]+ Y r:| g 3
where ¢’s are arbitrary constants. With the

boundary conditions of V(u,b), we know that ¢’s
are determined by
a+toect+c¢ =0,
rnea+retrg =0,
a
5
((c—a)rn +der’c;, +((c— )+ De?le, +
((c—Dry +ecy — Cars + Oelcs —
Cerg + Melcy = 0,

= b o b ry b e b - b .
e 761 + e’ )('2 + e’ ]CS — e ;(_5 — e )CG —

b b o b
re’l e’ rses
a+ o+ G —
B—n B—mr B—ms
r‘s e,.r) I) rG e]’(i b
Cy — Cg — O.

,8*7"5 ‘877’6

Some calculations give

- (3D

B>r@>m>m>—hj8>—&j8>m>>

Qo (s +Dr  (ars +0) 1'5]

o = 8 ! : B* s B* 5

! (ry — 100, (rarssrs) + (o — 1030, (ry s s 1) + (rp — 1) e20, Cryars o 1)
@y Cers £ Cerg +3)r5]

o = 8 ! ! B* s B* s

T — e (rarsar) F (o — r)e 0 Cryars o) + (= 1)e 0 (rarsarg)
QL (Cr3+8)r67(cr6+8)r5]

= 0 ’ ! B* 5 B* s

T — e (rarsa ) F (o — r)e 0 (e ) + (o — r)e 0 (rars )

*Ea((rg - TI)GI:ZI)OZ(T;; ’TG) + (r;} - Tg)@li})OZ(H ’T‘G) + (T] - Tg)erzi)Og(Tg ’T'G))
o (ry, — )50 (s s 1) + (e — 1) e 50, (s o) + (n — 1) e 250, (s s 5 1)
ga((rz - 1’1)6)1%[762(7”3 ’?”5) + (7’3 - 7'2)6)1l762(7”1 ’?”5) + (7”1 - Vg)eyzhez(rz ’7’5))
G —

b

(TQ, _n )G(rﬁrr‘i)hel ('V'l 2 15 I"@) + ( rn—n )e("f’“)"@l ( 139715 Ts) + (ﬂ — 1 )G(]VZJH“M@l ( Vo o175, TG)
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where 44; 304-306.

cCry— 1
B=r
((c—a)ri —crp
B—r
I<<i<<j<<k<6,

01(7’;’Tj’1”k): +
r, — (c—ardn

(c
+ fp— ,

and
(ari+Or ((c—r, +Or
O Crivry) = ! — L,
' B—ri B—m
1<i<j<e.

In the sequel, we write ¢;(b) (i=1, +-

96) for C;

(i=1,++,6) to stress the dependence of ¢;’s on b.
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