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0 Introduction

Throughout this paper, all groups are finite,
We shall use the standard notation employed in
Refs. [1-3]. In particular, let G denote a group,
|G| denote the order of G and 7(G) denote the set
of all prime divisors of |G|.

It is well known that many scholars have been

studying the relationship between solvability and
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generalized supplementation of some primary
subgroups. For example, in 1937, Hall*"' proved
that G is solvable if and only if each Sylow
subgroup of G is complemented in G. In 1982,
Arad and Ward"”' showed that G is solvable if and
only if every Sylow 2-subgroup and Sylow 3-
subgroup of G are complemented in G. In 2000,
Ballester-Bolinches, et al.'® asserted that G is

solvable if and only if each Sylow subgroup of G is

Foundation item; Supported by the NSFC (11271016,11501235), Qing Lan Project of Jiangsu Province, High-Level Personnel of Support
Program of Yangzhou University and the Postgraduate Innovation Project of Jiangsu Province (KYLXI15 1352,

KYZZ16_0488).

Biography: ZHANG Jia, male, born in 1988, PhD. Research field: Finite group theory. E-mail: zhangjial98866(@126. com
Corresponding author: MIAO Long, PhD/Prof. E-mail: lmiao@yzu. edu. cn



888 FEAFHEARARF FR

% A6 %

c-supplemented in G. In 2009, Miao and Qian""
stated that G is solvable if every Sylow subgroup of
In 2014, Heliel™®
showed that G is solvable if and only if every Sylow

G is supplemented in G.

subgroup of odd order of G is c-supplemented in G.
In 2015, Zhang and Li’ proved that G is solvable
if and only if every Sylow subgroup of G satisfies
@* -property in G.

Note that every condition above has an
essential characteristics: they picked at least two
prime divisors of | G| and considered primary
subgroups corresponding to the prime divisors.
Further, it is easy to see that the relationship
between solvability and composition factors is very
close. Naturally, we shall consider this question:
If we only consider single prime divisors of |G|,
how about the structure of G?

Recently, Zhang and Miao"'” introduced the
concept of ,~embedded subgroups which is
closely related to ,-supplementation. In this

study, our purpose is to investigate the
construction of finite groups and obtain some new
characterization about composition factors of G by
using the embedded property of primary subgroups
corresponding to single prime divisors of |G|.
Definition 0. 1-'"”

subgroup H of a

Let 7 be a set of primes. A
called -
supplemented in G, if there exists a subgroup B of
G such that G = HB and H,B <G for every
maximal subgroup H, of H with (| H:H, |)Zr.
In particular, if 7= 1{p}, then H is called A,-

group G is

supplemented in G.

Definition 0, 2110 Pefintion 121 A subgroup H of
G is called AM,-embedded in G, if there exists a p-
nilpotent subgroup B of G such that H, & Syl,(B)
and B is ,~supplemented in G.

The following example indicates that an -
embedded subgroup is not .#,-supplemented in G.

Example 0.3 Consider the group G=A;. Let
H={(1), (12345), (13524), (14253), (15432),
(15)(24),(14)(23),(13)(45),(12)(35),(25)(34) }.
Clearly, H is .#;-embedded in G. But H is not ;-

supplemented in G.

1 Preliminaries

For the sake of convenience, we first list here
some known results which will be useful in the
sequel.

Lemma 1, 1010 bemma2 1]
Then

O Let N 4G and N<<H. If H is M,
embedded in G, then H/N is .#,~embedded in
G/N.

@ Let  be a set of primes. Let N be a normal

Let G be a group.

7’ -subgroup and H be a r-subgroup of G. If H is
AM,-embedded in G, then HN/N is .#,-embedded
in G/N.

Lemma 1,2 bt Tet  H be a M-
supplemented subgroup in a group G and B be a
A.-supplement to H. If H; is a maximal subgroup
of H and (| H:H, |)Zx, then

| G:H,B |=| H:H, |.

Lemma 1,32 bm= il If P is a Sylow p-
subgroup of a group G and N < G such that
POAN<®(P), then N is p-nilpotent.

Lemma 1.4 Let G be a group and P a Sylow
5-subgroup of G. Suppose that P is #;-embedded
in G. Then every composition factor of G satisfies
one of the following conditions: O U/W is cyclic
of order 5, @ U/W is 5 -group, @ U/W==A;.

Proof Perform mathematical induction for |G|.
Since P is M;-embedded in G, there exists a 5-
nilpotent subgroup B of G such that P& Syl; (B)
and B is ;-supplemented in G. Further, we may
choose a subgroup K such that G=BK and B.K =
P.ByK <G for every maximal subgroup P; of P.
By Lemma 1.2, |G: B.K | =5 and G/(B,K )¢ is
isomorphic to a subgroup of the symmetric
group S;.

If G is simple, then G is isomorphic to a
subgroup of the symmetric group S;. Hence G
holds by the structure of S;.

If G is not simple, then we have

Case 1
and G holds by the structure of S;.

Case 2 (B,K);# 1 for all 7. Since P )

there exists some 7 such that (B,K);=1
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(N(BK)Y):)=PN(N(PB+K);)=(P,=o(P),
() (B;K )¢ is 5-nilpotent by Lemma 1.3. Set T=
N (B,K)g. Clearly, G/T—XS;. If T=1, then G
holds. Next, we assume that T#1. If Ty =1,
then G/T holds, G also holds. If Ty %1, then
G/Ts holds, G also holds. ]
8- Theorem .41 1f (15, |G|)=1, then

Lemma 1. 5"
G is solvable.

Lemma 1.6 ILet G be a group and P a Sylow
7-subgroup of G. Suppose that P is #;-embedded
in G. Then every composition factor of G satisfies
one of the following conditions: ) U/W is cyclic
of order 7, @ U/W is 7' -group, @ U/W=A,, @
U/W=PSL(2,7).

Proof Perform mathematical induction for |G|.
Since P is ;-embedded in G, there exists a 7-
nilpotent subgroup B of G such that P& Syl; (B)
and B is ;-supplemented in G. Further, we may
choose a subgroup K such that G=BK and B,K =
P.B;yK <G for every maximal subgroup P; of P.
By Lemma 1.2, |G: BK | =7 and G/(B,K ) is
isomorphic to a subgroup of the symmetric
group S;.

If G is simple, then G is isomorphic to a
subgroup of the symmetric group S;. Hence G
holds by the structure of S;.

If G is not simple, then we have

Case 1 there exists some i such that (B.K);=1
and G holds by the structure of S;.

Case 2 (B,K);# 1 for all 7. Since P )
(NBK)x)=PN(N(PBsK);)=NP;=d(P),
N (B,K )¢ is 7-nilpotent by Lemma 1.3. Set T=
N (B,K)g. Clearly, G/T—XS;. If T=1, then G
holds. Next, we assume that T#1. If T, =1,
then G/T holds, G also holds. If T %1, then
G/ Ty holds, G also holds. ]

2 Main results

Theorem 2. 1
5-subgroup of G. Suppose that P has a subgroup D
such that 1<CD<CP. If every subgroup H of P
with |H|=|D]| is .#;-embedded in G, then every

Let G be a group and P a Sylow

composition factor of G satisfies one of the
following conditions: ) U/W is cyclic of order 5,
@ U/W is 5'-group, and @ U/W==A..

Proof Assume that the assertion is false and
choose G to be a counterexample of minimal order.
Further, by Lemma 1. 4, 1<D<CP and we may
choose a subgroup H of P such that | H|=|D]|.
Since H is Ms--embedded in G, there exists a 5-
nilpotent subgroup B of G such that H& Syl; (B)
and B is ;-supplemented in G. Further, we may
choose a subgroup K such that G=BK and B.K =
H;By K <G for every maximal subgroup H; of H.
By Lemma 1.2, |G:B,K | =5 and G/(BK ) is
isomorphic to a subgroup of the symmetric
group Ss.

If G is simple, then G is isomorphic to a
subgroup of the symmetric group Ss. Further, G
holds by the structure of S;, a contradiction.
Hence G is not simple. Next, if there exists some i
such that (B;K);=1 and G holds by the structure
of S;, a contradiction.

Hence (B;K);#1 for all i. Set Ny =(B;K)g
for some i. Clearly, | (N;);|>=|D| where (N;); is
a Sylow 5-subgroup of N,. Then we may pick a
subgroup E such that |E|=|D| and E<<(N,);.
Since E is M;-embedded in G, there exists a 5-
of G such that E &

is s-supplemented in G.

nilpotent subgroup B*
Syl;(B*) and B*
Further, we may choose a subgroup K* such that
G=B"K"=N,B/K* and BfK* =EB; K" <G
for every maximal subgroup E; of E. Hence
N, (BfK* )(;/(BfK* Vo= NI/NI ﬂ (BFK" )¢ 1s
isomorphic to a subgroup of the symmetric
group S;.

If NN (B/K");=1, then N; is isomorphic
to a subgroup of the symmetric group Ss. Hence G
holds by the structure of S;. If N, (B K" )7
1, then we set N, =N, (B;/K ") {G. With the
similar discussion above, we have a series N, <
N, 1< N, {Ny, =G such that N;/N;y; is
isomorphic to a subgroup of the symmetric group
S; and | (N,); | <<|D| where (N,); is a Sylow 5-

subgroup of N, :=0,1,+,s—1.
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Then we may choose a subgroup F' such that
|F|=|D]| and there exists a 5-nilpotent subgroup
O of G FeSyl;(0O), O is s-
supplemented in G and (N,); <{F. We consider
subgroup ON;,. Clearly, ON, holds by the choice of
G and N, holds. Hence we also have a series 1=
N, LN, N1 < --<IN; IN;=G. By the

structure of S;, G holds, a contradiction.

such that

The final contradiction completes the proof.
L]
By Lemma 1.5 and Theorem 2. 1, we have the
following corollary:
Corollary 2.2

solvable provided G satisfies the following two

Let G be a group. Then G is

conditions:

O If 3€ 7x(G), then every Sylow 3-subgroup
P of G has a subgroup D; such that 1<ZD;<CP and
every subgroup H, of P with | H, | =|D, | is ;-
embedded in G.

@ I 5 7(G), then every Sylow 5-subgroup
Q of G has a subgroup D, such that 1<ZD,<CQ and
every subgroup H, of Q with | H,|=|D,| is ;-
embedded in G.

Theorem 2. 3
7-subgroup of G. Suppose that P has a subgroup D
such that 1<D<CP. If every subgroup H of P
with |H|=|D]| is .;-embedded in G, then every

composition factor of G satisfies one of the

Let G be a group and P a Sylow

following conditions: @ U/W is cyclic of order 7,
@ U/W is 7'-group, @ U/W=A;, @ U/W =
PSL(2,7).

Proof Assume that the assertion is false and
choose G to be a counterexample of minimal order.
Further, by LLemma 1.6, 1<D<CP and we may
choose a subgroup H of P such that | H|=|D].
Since H is .#;-embedded in G, there exists a 7-
nilpotent subgroup B of G such that H& Syl; (B)
and B is ;-supplemented in G. Further, we may
choose a subgroup K such that G=BK and B,K =
H;B»K <G for every maximal subgroup H; of H.
By Lemma 1.2, |G:B.K | =7 and G/(BK ) is
subgroup of the

isomorphic to a symmetric

group S;.

If G is simple, then G is isomorphic to a
subgroup of the symmetric group S;. Further, G
holds by the structure of S;, a contradiction.
Hence G is not simple. Next, if there exists some 7
such that (B;K);=1 and G holds by the structure
of S;, a contradiction.

Hence (B;K);#1 for all i. Set Ny = (B;K)g
for some i. Clearly, |(N,);|=|D| where (N,); is
a Sylow 7-subgroup of N,. Then we may pick a
subgroup E such that |E|=|D| and E<(N,);.
Since E is A;-embedded in G, there exists a 7-
of G such that E &

is ;-supplemented in G.

nilpotent subgroup B*
Syl;(B*) and B*
Further, we may choose a subgroup K* such that
G=B"K"=N,B/K" and B/ K" =EB; K" <G
for every maximal subgroup E; of E. Hence
N (B/K")¢/(B/K*")¢=N;/N, N (B/K" )¢ is
isomorphic to a subgroup of the symmetric
group S;.

If NN (BK*);=1, then N, is isomorphic
to a subgroup of the symmetric group S;. Hence G
holds by the structure of S;. If Ny (B; K" )%~
1, then we set N;=N; (B K ") < G. With the
similar discussion above, we have a series N, <
N, 1< N, {Ny; =G such that N;/N;y; is
isomorphic to a subgroup of the symmetric group
S; and | (N,); |<<|D| where (N,); is a Sylow 7-
subgroup of N,, i=0,1,+,s—1.

Then we may choose a subgroup F such that
|F|=|D]| and there exists a 7-nilpotent subgroup
X of G such that F € Syl; (X), X is -
supplemented in G and (N,); <{F. We consider
subgroup XN,. Clearly, XN, holds by the choice
of G and N, holds. Hence we also have a series 1=
Ny <IN, IN, ;<< N; IN,=G. By the
structure of S;, G holds, a contradiction.

The final contradiction completes the proof.

U
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/2

Recall that a=e “*. From the above sequence of

equalities we obtain
T.f(x) = J]Rf(e Prt V1 —eyd),
which is Mehler’s formula we wanted to prove,
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