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Abstract: Precise data on radiative leptonic r decays offer the opportunity to probe the
electromagnetic properties of the r and may allow to determine its anomalous magnetic moment
which, in spite of its precise Standard Model prediction, has never been measured. Recently, the
branching fractions of the radiative leptonic ¢ decays (¢ —lwy, with [=e,p) were measured by
the Babar Collaboration. These precise measurements, with a relative error of about 3%, must
be compared with the branching ratios at the next-to-leading order in QED. Indeed the radiative
corrections are expected to be of order 10%, for /[=e, and 3%, for [=p. Here, we present the
prediction of the differential decay rates and branching ratios of the radiative x and 7 leptonic
decays in the Standard Model at the next-to-leading order and we compare them with the recent
Babar measurements. Moreover, we report on a dedicated feasibility study for the measurements
of the r anomalous magnetic moment at Belle and Belle II.
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the experimental determination of its dipole

0 Introduction

The leptonic decays of the p and the ¢ have
been one the most powerful tools to study the
Their
precise theoretical formulation in terms of Michel

parameters-

Lorentz structure of weak interactions.

places them in a unique position to
investigate possible contributions beyond the V—A
coupling of the Standard Model (SM). Radiative x
and r where an inner

leptonic  decays,

bremsstrahlung photon is emitted, can be
predicted with very high precision and provide an
independent probe of the Michel parameters as well
as the possibility to extract new combinations like
the » parameter”".

Radiative p and 7 leptonic decays also
constitute an important source of background for
experiments searching for charged lepton flavour
violating decays, such as /,Li —ety, r- ="y, and
even ym—e“(e'e ) and tF—=>"F (1) (L' =e,
1) because of the internal conversion of photons to
electron-positron pairs®!”,

Recently, the Babar Collaboration performed
the measurements of the = lyw (L = e, )
branching ratios for a minimum photon energy
wo=10 MeV in the ¢ rest frame['?’, These
measurements, with relative error of about 3%,
must be compared with the branching fractions at
the next-to-leading order (NLO) in QED. Indeed
these radiative corrections, not protected from
mass singularities by the Kinoshita-L.ee-Nauenberg

13 are expected to be of relative order

theorem
(a/7) In CGm;/m,.) In Cwy/m, ), corresponding to a
large 10% correction for [=e, and 3% for /= .
Radiative muon decay was measured long ago in
Ref. [16]. Preliminary new results were presented
recently by the MEGY® and PIBETAM"
collaborations.

Precise data on radiative ¢ leptonic decays also
offer the opportunity to probe its anomalous
magnetic moment (g — 2) and electric dipole
moment (EDM). Indeed, the short lifetime of the

7 lepton (2. 9X 107" s) poses many difficulties for

moments and it has so far prevented the direct
measurement of the g— 2 by means of the ¢ spin
precession in a magnetic field, like in the electron

0819 Tn fact, the

present bound on the r g —2 is only of O(107%),

and muon g — 2 experiments

more than an order of magnitude bigger than the
leading contribution a/(27) 2 0.001. Therefore,
experiments must attempt the extraction of indirect
bounds from r pair production and decays by
comparing sufficiently precise data with the SM
predictions.
Here we propose the study of the
electromagnetic dipole moments of the r lepton via
radiative leptonic r decays by means of an effective
Lagrangian approach. In Sec. 1 we review the SM
predictions at NLO of the differential decay rates

and branching ratios of radiative ;. and r leptonic

decays. After establishing in Sec. 2 our
conventions for the effective lLagrangian, we
briefly review the current theoretical and

experimental status on the r g —2 and EDM in Sec.
3. In Sec. 4 we report the achievable sensitivity to
the ¢ Belle 11

electromagnetic moments at

experiment. We conclude in Sec. 5.

1 Radiative ;. and 7 leptonic decays

The SM prediction, at NLO, for the
differential rate of the radiative leptonic decays

g wy [@D)

1wy 2

with [=e or p, of a polarized 4 or z~ in their rest

frame, is
&' (yo)  _ oGEM? B >
dxdyd,d2,  4x)° 1+406.0m, m,)

(GTFaBm + pJ Fyn + p,K+xypmn « (p X p,)L]
3
where Gr=1. 166 378 7(6) X 107° GeV 2% is the
Fermi constant, defined from the muon lifetime,
and ¢=1/137. 035 999 157(33) is the fine-structure

22]

constant?'?*', Calling m and M the masses of the
final and initial charged leptons (neutrinos and

antineutrinos are considered massless) we define
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r=m/M and r, = M/M, , where M, is the W-
boson mass; p and n = (0, n) are the four-
momentum and polarization vector of the initial ¢
or muon, with n”*=—1 and n + p=0. Also, 2=
2E,/M, y = 2E,/M and B = | p, |/E =

V1—4r%/2%, where pi=(E;,p) and p,=(E,.p,)
are the four-momenta of the final charged lepton
and photon, respectively. The final charged lepton
and photon are emitted at solid angles 2, and (2, ,
with normalized three-momenta p, and p,, and ¢ is
the cosine of the angle between p, and p,. The
term &, (m,, m,) =1.04 X 107° is the tree-level
correction to muon decay induced by the W-boson

[23-24]

propagator Eq. (3) includes the possible
emission of an additional soft photon with normalized
energy y lower than the detection threshold y, <<
1 y'<<y,<<y. The function G (x,y,c; y,) and,

analogously, J and K, are given by

G(xyyscyy0) = i[gb(l'?y?Z) +

3yt
ri‘gw(r,y,z) Jr%gm,o(x,y,z,yo)} (4)

where z=xy(1—¢)/2; the LO function g,(x,y,2),
computed in Refs. [ 25-27 ], arises from the pure
Fermi V—A interaction, whereas g..(x,y,2) is the
leading contributions of the W-boson propagator
derived in Ref. [24]. The NLO term gno(xsys2s yo)
is the sum of the virtual and soft bremsstrahlung
contributions calculated in Ref. [ 28] (see also
Refs. [ 29-30 ]). The
appearing in front of the product n « (p, X p,),

function L(x,y,2),
does not depend on y,; it is only induced by the
loop corrections and is therefore of 0(a/x). The
(lengthy) explicit expressions of G,J,K and L are
provided in Ref. [28]. If the initial ;= or = are
not polarized, Eq. (3) simplifies to

dP*I(yy) _ oGEM® 8”2
dadedy 4m)°® 1+6.0n, sm,)

G(I’y9£'9y0>

(&)

At the LLO, the analytic integration over the

allowed kinematic ranges leads, for a minimum
photon energy vo =2 w,/M, to Ref. [26,31]

_ GIM® o

1927° 3x

To(y) 3Li () —%(6 + 3 3oln yo +

17 _ 2
(Inr+15) Bln yo + 63+ 3 — 5+

25125+ 453, — 3355 + T3, (6
where y,=1—1y, and the dilogarithm is defined by
oy [ Ind—0)

Li;(2) = Jodt e

Terms depending on the mass ratio r have been
neglected in the expression for I'lp (y,). with the
obvious exception of the logarithmic contribution
which diverges in the limit »—>0. However, terms
in the integrand Gy (&, vy, ¢) proportional to r*
were not neglected when performing the integral to
obtain (6), as they lead to terms of 0(1) in the
integrated result It (y,). This feature, first noted
in Ref. [15], is due to the appearance of right-
handed electrons and muons in the final states of
(1), (2) even in the limit » — 0, and is a

consequence of  helicity-flip  bremsstrahlung
in QEDLS#231]

At the NLO, which allows for double photon
emission, the branching ratios of the radiative
decays (1), (2) can be distinguished in two types
due to the double real emission;

(D The “inclusive” branching ratio, %™ (y,),
where in the final state there is at least one photon
with energy higher than y,.

@ The “exclusive” branching ratio, 2 (y,),
where in the final state there is one, and only one,
photon of detection

threshold yj.

energy larger than the
It is clear that at the LO the theoretical

predictions for these exclusive and inclusive
branching ratios coincide — double bremsstrahlung
events are simply not considered.

Exclusive and inclusive branching ratios for
the radiative decays (1),(2) were computed, for a
threshold wo = yo (M/2) =10 MeV, in Ref. [ 28]
and are reported in Tab.1l. Uncertainties were
estimated for uncomputed NNLO corrections,
numerical errors, and the experimental errors of
The former were estimated to be
SUHEL™ ~ (/) In rinCwe /M) BEL™. For w, =10

MeV they are about 10%, 3% and 3% for r—

the lifetimes.
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ewy, v—>pwy and p—>ewy, respectively. They
the “N” in Tab.1.

Numerical errors, labeled by the subscript “n”,

appear with subscript
are smaller than those induced by missing radiative
corrections. These two kinds of uncertainties were
combined to provide the theoretical error of the
labeled by the
to the

final %™ and %™ predictions,
subscript “th”. The uncertainty due
experimental error of the lifetimes is labeled by the
subscript “¢”.
The recent the Babar

branching ratios of the

measurements by
the

radiative decays —>lwy, with [=e¢ and u, for a

Collaboration of

minimum photon energy w, =10 MeV in the r rest

frame, are"'?,

Bexp (z = avy) = 1. 847(15)(52), X 102 (7)
exp (z— pavy) = 3.69(3)(10), X 107% (8)
where the first error is statistical and the second is
systematic. These results are substantially more
precise than the previous measurements of the Cleo
Collaboration"®’, The experimental values in Egs.
(7), (8) must be compared with our predictions
for the exclusive branching ratios in Tab. 1. For
r vy decays, the branching ratio measurement
and prediction agree within 1. 1 standard deviations
(1. 1o).
theoretical values for ¢ — ewy decays differ by
2.02(57)X107*, i. e. by 3.56.

discrepancy deserves further researches.

On the contrary, the experimental and
This puzzling
The branching ratio of the radiative decay p—

ewy was measured long ago for a minimum photon

energy wo =10 MeV in the 4 rest frame''"’,

Prexp (e — avy) = 1.4(4) X 1072 9
This measurement agrees with our theoretical
prediction, and new precise results are expected to
be published in the near future by the MEG and
PIBETA collaborations!®",

As a further application of our calculation, we
studied the impact of the radiative corrections in
the phase space region where the neutrino energies
(E, and E,) are small. As already mentioned in the
introduction, this peculiar region is of particular
significance for the experiments searching for
charged lepton flavour violation. Indeed the SM
decays in (1), (2) are indistinguishable from the
signal, p—ey or r—1y, except for the energy
carried out by neutrinos. This SM background can
be suppressed only via a very precise determination
of the final state momenta: the total visible energy
of the ey final state (or /y) must be as close as
possible to the 4 mass (or the r mass).

The upper panel of Fig. 1 shows, for the muon
decay (1), the SM prediction at NLO of the
branching fraction Z#™ (H,..), defined as the
integral of (5) over the phase space region
satisfying E=E, + E, =m, — E, — E, < H,... We
note that at NLO also a second soft photon —
assumed to be below the detection threshold w, and
We

calculated and included these second soft photon

therefore invisible — can be emitted.
effects in Z™ (H,..) adopting the same technique
described in Ref. [ 28] for the numerical evaluation
of the exclusive and inclusive branching fractions in

Tab. 1.

Tab. 1 Branching ratios of radiative .. and r leptonic decays with minimum photon energy vy =10 MeV

T —>ewy T vy [ ewy
Do 1. 834X107? 3.663X10°° 1. 308 X102
B —1.06(1),(10)5 X107* —5.8(1),(2)xX107° —1.91(5),(6)x X107
TS —1.89(1),(19)y X107? —9.1(1), (3N X107° —2.25(5),(DHxX1071
Gptne 1. 728(10)4,(3), X 1072 3.605(2) ¢ (6), X103 1. 289(1), X107*
xe 1. 645(19),(3),. X107* 3.572(3) 1, (6), X107 1. 286(1), X107°7
[Note] Inclusive and exclusive (%"/™) predictions are separated into LO contributions (%) and NLO

Inc/Exc

corrections ( A%

Uncertainties were estimated for uncomputed NNLO corrections (N),

numerical errors (n), and the experimental errors of lifetimes (7). The first two types of errors

were combined to provide the final theoretical uncertainty (th).
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Fig. 1 Top panel: NLO branching ratio of (1) as a function
of the invisible energy cut I, . Lower panel: the ratio

of NLO corrections with respect to the LO branching ratio.
The purple band represents the assigned theoretical error

due to uncomputed NNLO corrections.

The lower panel of Fig. 1 presents the ratio of
NLO corrections with respect to the LO branching
ratio. The radiative

relative order of the

corrections can be as large as 8 ~ 12% for an
1~6 MeV. The purple

band represents the theoretical

invisible energy cut .=
error due to
uncomputed NNLO corrections and it is estimated
to be

NI()(Emax E

(a/rr) In rln === fw1(>(Emax)-

2 The 7 lepton electromagnetic form
factors

In the next sections we will report on the
possibility to determine the r dipole moments via
radiative leptonic r decays. We recall that the most
general vertex function describing the interaction
between initial and final states of an on-shell ¢
lepton, with four-momenta p and p’ respectively.,

and a photon can be written in the form

I,(¢") = ie{7,[Fu(g) +Fulg)y ]+

2 q [lev(q )_FZA((] )}’5]} (10)

where ¢=>0 is the positron charge, m, the mass of
=i/2[y,.7.] and g=p’—p is the ingoing
four-momentum of the off-shell photon. The

the 7, o,

functions Foy (¢*) and F,y (¢°) are related, in the

limit g0, to the measurable quantities Fy, (0) =
a, and For (0)=d_.(2m./e), where a, and d. are the
anomalous magnetic moment and electric dipole
moment of the 7, respectively. Deviations of the ¢
dipole moments from the SM values can be
analyzed in the framework of dimension-six gauge-
invariant operators. Out of the complete set of 59
independent gauge invariant operators in Refs. [ 36-
37 ], only two of them can directly contribute to
the 7 ¢ —2 and EDM at tree level (i. e., not
through loop effects) :
y = (Zfo/‘“fze)algoW,{, (1D
= (ot ¢B,, (12)
where ¢ and [, = (v, 7.) are the Higgs, and the
left-handed SU(2) doublets, ¢’ the Pauli matrices,
W), and B,

The leading non-standard effective lagrangian

are the gauge field strength tensors.

relevant for our study is therefore given by

Yr = [Czw ZW + C fg +h. c ] (13)

After the electroweak symmetry breaking, the two
operators mix and give additional, beyond the SM,
contributions to the ¢ anomalous magnetic moment
and EDM;

L;T ZZZ \/7‘UR€[COS 6W 113 — sin 6W

Wl (D

d. = ﬁvlm[cos OwCi —

where v =246 GeV. Deviations of the ¢ dipole

sin OwCiy (15)

moments from the SM values could be then
determined,

o0

7 decays.

possibly down to the level of

*), via precise data on r pair production and

3 Experimental determination

The present resolution on the 7 anomalous
magnetic moment is only of (10 )P, more than
an order of magnitude larger than its precise
SM prediction™”

a™M = 117721(5) X 10°° (16)
In fact, while the SM value of a, is known with a
tiny uncertainty of 5 X 107%, the r short lifetime

has so far prevented the determination of a, by
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measuring the ¢ spin precession in a magnetic field,
like in the electron and muon g — 2 experiments.
The present PDG limit on the r g —2 was derived

in 2004 by the Delphi collaboration from e" ¢ —

+r7 total cross section measurements at «/;

e et
between 183 and 208 GeV at LEP2 (the study of «,
via this channel was proposed in Ref. [40]). The
measured values of the cross-sections were used to
extract limits on the r g —2 by comparing them to
the SM values, assuming that possible deviations
were due to non-SM contributions to a,. The

obtained limit at 95% CL it

—0.052 << a, << 0.013 (17)
which can be also expressed in the form of central
value and error as a,=—0. 018(17)[%,

The reanalysis of Ref. [41] of various LEP
and SLLD measurements — mainly of the ¢ ¢ —
7 cross sections — allowed the authors to set

the indirect 20 confidence interval

—0.007 << a, < 0. 005 (18)
a bound stronger than that in Eq. (17). This
analysis assumed d, =0. Like earlier ones, it also
neglected radiative corrections, but the authors
checked that the inclusion of initial-state radiation
did not affect significantly their bounds.

The EDM interaction violates the discrete CP
symmetry. In the SM, with massless neutrinos,
the only source of CP violation is the CKM-phase.
Therefore, a fundamental lepton EDM must arise
from virtual quarks linked to the lepton through
the W boson and also be sensitive to the imaginary
The leading

contribution is naively expected at the three-loop

part of the Vixy matrix elements.

level, since two-loop diagram is proportional to
|V |?. The problem was first analyzed in some
detail in Ref. [42], but it was subsequently shown
that the three-loop diagrams also yield a zero EDM
contribution in the absence of gluonic corrections
to the quark lines!*. For this reason, lepton
EDMs are predicted to be extremely small in the
SM, of the O(10 % ~10"*) ¢ » em'*", which is far
below the capabilities.

current experimental

Indeed, present experiments can only probe d, ~

0107 )e « cm. Also for the electron, ., <C
0.87X10 *e » em'™! while d,M~0(10 *)e « cm
— it is hard to imagine improvements in the
sensitivity by ten orders of magnitude! The
present PDG limit on the EDM of the ¢ lepton at
95% CL is

—2.2<<Re(d.) << 4.5(10 "¢« cm). |

—2.5< Im(d,) < 0.8(10 "¢+ cm) |
it was obtained by the Belle Collaboration™**

1o,

following the analysis of Ref. [47] for the impact
of an effective operator for the r EDM in the
process e e =7 7 .

At the LHC, bounds on the 7 dipole moments
are expected to be set in ¢ pair production via Drell-
Yan"***J or double photon scattering processest™™.
The best limits achievable in pp — 7 ¢ are
estimated to be comparable with present existing
ones if one assumes that the total cross section for
r pair production will be measured at the 14%
level. A possible improvement is expected in the
pp—pp r r analysis, via the subprocess yy—
77, where the Delphi bound (17) might be

%1 Earlier

ameliorated by one order of magnitude
proposals can be found in Refs. [51-52]].

The Belle II experiment at the upcoming high-
luminosity B factory SuperKEKB"*) will offer new
opportunities to improve the determination of the ¢
electromagnetic properties. The authors of Ref.
[54] proposed to determine the Pauli form factor
Fo (¢*) of the ¢ via ¢" ¢~ production in e’ e
collisions at the T resonances (7(1S), 7(2S) and
T(3S)) with a sensitivity of O(107°) or even

better. The center-of-mass energy at super B

factories is s ~Myus =10 GeV, so that the form
factor F3 (¢*) is no longer the anomalous magnetic
moment. Furthermore, the contributions to the
e e —r ¢ cross section arise not only from the
usual s-channel one-loop vertex corrections, but
also from box diagrams, which should be somehow
subtracted out. The strategy proposed in Ref. [ 54 ]
to eliminate the contamination from the box
diagrams has been to measure the observables on

top of the T resonances: in this kinematic regime
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the (non-resonant) box diagrams are numerically
negligible and only one-loop corrections to the yrr
vertex are relevant.

However, it is very difficult to resolve the
narrow peaks of the T (1S,2S,3S) in the ¢ ¢
decay channel — the 7(4S) decays almost entirely
in B B— because of the natural irreducible beam
energy spread associated to any e’ e synchrotron.
If we compare the total width for the 7" resonances
(I't,~ (20~50)keV) with the SuperKEKB beam
energy spread ow =5. 45 MeV™/, we note that at
the Belle II the "z events produced with beams

at a centre of mass energy s ~M; are mostly due
to non-resonant interaction, The situation at Belle
was similar (the energy spread at KEKB was gy =
5.24 MeVP) . Eventually, the measurement of

* ¢ cross section on top of the T

the e ¢ —>1¢
resonances will not eliminate the contamination of

the box diagrams.

4 ¢ dipole moments via r — [yw
decays

The effective Lagrangian (13 ) generates

additional non-standard contributions to the
differential decay rate in Eq. (3). For a = they can
be summarised in the shifts

G—>G+aG,,

J—>J+ad..

K—K-+aK,,

L—>L¥F (m./e)d.L,
Tiny terms of O(a?), O(d?) and O(a.d.) were

neglected. Deviations of the 7 dipole moments from

(20)

the SM values can be determined, possibly down to
the level of O(107*) comparing the SM prediction
for the differential rate in Eq. (3), modified by the
terms G,, J,» K, and L,, with sufficiently precise
data.

The possibility to set bounds on a, via the
radiative leptonic 7 decays in (2) was suggested
long ago in Ref. [57]. In that article the authors
proposed to take advantage of a radiation zero of
the LLO differential decay rate in (3) which occurs

when, in the r rest frame, the final lepton / and

the photon are back-to-back, and / has maximal
energy. Since a non-standard contribution to «,
spoils this radiation zero, precise measurements of
this phase-space region could be used to set bounds

Carlo

simulation in Belle experiment conditions shows no

on its value. However, our Monte
significant improvement of the existing limits; the
a, upper limit (UL) that can be achieved with the
whole Belle statistics, about 0. 9 X 10° ¢ pairs, is
only UL(a,)~25%],

A more powerful method to extract a, and d.
consists in the use of an unbinned maximum
likelihood fit of events in the full phase space. In

T 7 events

this approach we considered ¢ e —¢
where both 7 leptons decay subsequently into a
particular final state: ¢ (signal side) decays to the
radiative leptonic mode, the other " (tag side)
decays to some well known mode with a large
branching fraction. As a tag decay mode we chose
= —>p v>r 7n'v, which also serves as spin
analyser and allows us to be sensitive to the spin
dependent part of the differential decay width of
the signal decay wusing effects of spin-spin
correlation of the z leptons™®’. With this technique
we analyzed a data sample of (/Twy,7"7"v) events
corresponding to the total amount of data available
at Belle and the one planned at the Belle 1I
experiment,

The feasibility

improvement is expected from Belle data. However

study shows that no

the experimental sensitivity on a, at the Belle II
= 0.012°%°1, can already be
competitive with Delphi results in (17). On the

experiment, g

other hand, the expected sensitivity on the ¢
EDM, 5;=6. 1 X107 ¢ « ecm™%,
than the most precise measurement of d, done at
[46]

is still worse

Belle in r pair production

5 Conclusion

We studied at the NLO in the SM the
differential decay rates and branching ratios of ;—
eyw and —>Iyw (I=y,e) decays. Our prediction

for {=y agrees within 1. 1 with the recent Babar
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measurements of % (z— pyw), for a minimum
photon energy threshold w, = 10 MeV. On the
contrary the measurement of % (r—>eyw) differs
from our prediction by 3.5s. This puzzling
discrepancy deserves further researches.

Radiative z leptonic decays can be employed to
measure the ¢ dipole moments at B factories.
Deviations of the r g —2 and EDM from the SM
predictions can be determined via an effective
Lagrangian approach.

Our dedicated feasibility study showed that
the measurement of the ¢ anomalous magnetic
moment at Belle II can be already competitive with
the current bound from Delphi experiment, while
the expected sensitivity to the r EDM is still worse

than the most precise measurement done at Belle.
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