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Abstract: Let D be the degree diagonal matrix of G, A be the adjacency matrix of G, Q=D+ A be

the signless Laplacian matrix of G. Let &(G) be the signless Laplacian spectral radius of G. Here

the degree of graph was extended to k-degree, and average degree to k-average degree of a graph.

A new upper and a new lower bound for the signless spectral radius of a graph G was obtained.

Comparisons were made of the result with several classical results on the &(G).

Key words: graph; Laplacian spectral radius; signless Laplacian spectral radius; k-degree;
average k-degree

CLC number:0157. 1 Document code: A doi:10.3969/j. issn. 0253-2778. 2015. 12. 002

2010 Mathematics Subject Classification: 05C50

Citation: Zhao Hongting, Zhang Hailiang. New upper and lower bound for the signless Laplacian spectral radius

[J]. Journal of University of Science and Technology of China, 2015,45(12):972-975,988.

BHNEFSNERTIEFEH—1T#HLTH

RERE, KR’
LSRR 4R K EBOEFRE B B 23002612, 63 2% B . WRILIGHE 317000)

WE:DABMYGEFINAAEE,AABGAZEER. Q=D+ANENRFTHTHEMERE. QMR KA
MEEEOHRAR GHAF T ELHEF 2 X ZHFEG 2, P2 EFMANR 2 LES P L E A
B THGETAATESEMEF 2O —AHG L TR RERAL B G LN Lo 2R FRAT T A
KW M EE S BAEF 2 AFTEGEN SR AP A

. {0 | vv; € E(G)} denoted the neighbors of v, and
0 Introduction
d; be the degree of a vertex wv. Let D =
Let G be a simple graph, V(G) and E(G) be Diag(d, .ds,***»d,) be the diagonal degree matrix
the vertex set and edge set of G, respectively. Ais of G. L=D— A and Q= D+ A be the Laplacian

the adjacency matrix of G. For v € V(G), N(wv)= matrix and signless Laplacian matrix, respectively.
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New upper and lower bound for the signless Laplacian spectral radius 973

Let o(G, p (G) and & (G) be the largest
eigenvalues of matrices A, L and Q. In graph
theory, we call these eigenvalues the adjacency
spectral radius, the Laplacian spectral radius and
the signless spectral radius. The 2-degree is

defined to be the sum of degrees of the vertices

2 d;, and the

v € NCo)

adjacent to v; denoted by di¥ =

average 2-degree of v is defined to d¥ =d® /d..

Recursively, we can define the k-degree of v by

dP = 2 d$* V' and the average k-degree of v

o, € N
denoted by d® =d? /di* V.

Up to now, many upper and lower bounds
have been given for three spectral radius, see Refs.
[4-15]. In this paper, we give an upper bound and
a lower bound for the signless Laplacian spectral
radius of simple graphs with respect to k-degree
and average k-degree of G.

By using the similar transformation to the

matrices, we obtained

min{ di+d; + J( d; —2 dj)2 4+ 445P d;k)

G <

(ditdit Jodi— dp* +ad a®
max 2 ’

v, € E(G)

for the signless Laplacian matrix of G. Moreover,
equality holds for a particular value of k if and only
if Gis a bipartite graph and &(G) =d,+d'" for all
3, € V(G). At the end of this paper we give an
example and compare it with some of the bounds

which were given by other results.

1 Basic lemmas

In this section we give some basic results of
nonnegative irreducible matrix and some classical
bounds of Laplacian and signless Laplacian
matrices of graph G.

Lemma 1.1 The maximal eigenvalue of an
irreducible nonnegative matrix is a simple positive
real number and the associate eigenvector is strictly

positive.

LLemma 1. 1 is the best known and most
important part of Perron-Frobenius theory in
nonnegative matrix theory.

Lemma 1.2%  If a nonnegative matrix has
TOW SUM 71 s 135 ***s Tus let Y=min r;» R=max r;,
i=1,2,",n, p be the maximal eigenvalue, then

r<<p< R
If Ais irreducible, then each equality holds if and
only if n=r=--=r,

Lemma 1.3 For a connected simple
graph G,

w(G) < &G,
equality holds if and only if G is a bipartite graph.

The following LLemmas 1.4 and 1.5 are lower
bounds and upper bounds for the signless Laplacian
matrix of graph.

Lemma 1.4 Let G be a graph on n
vertices, with vertex degrees di,d;.***,d,. Then

@ min d;<<&(G)<max d;, equality hold on
the either side if and only if G is a regular graph;

@ min(d;+d)<&G<max(d;,+d;), vv, €
E(G). For a connected graph, equality holds in
either side if and only if G is regular or semi-
regular.

Let D= Diag (dy» dy» *

transformation D ' QD to the matrix Q and by

., d,), apply similar

Lammas 1.1 and 1. 2, we can easily have Lemma
1.5.
Lemma 1.5 Let G be a simple connected

graph. Then

&(G) < max d,+ JVd.’+8d,d)
2

»u€ VG |-

Moreover, the equality holds if and only if G is a
regular graph.

In Ref. [16 ], Das gives a bound for the &(G)
when he studies the Laplacian spectral radius of
connected graphs. We cite it here as Lemma 1. 6.

Lemma 1. 6" For a simple connected
graph G,

HG <

Jditdt Jdy— d)? +4d? a@
; .

ma
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uv €© E(G)} ,

with the inequality holding if and only if G is a
bipartite regular graph or a bipartite semi-regular

graph.
2 Main result

In this section, we give another lower bound
and upper bound for the signless Laplacian spectral

radius of G. The inner product of two vectors:
(Qx,x) = 2 (i + x))%.
0,0, € E(G)
Theorem 2.1 Let G be a connected simple

graph. For any positive integer k, we have

ditdi+ J(d—dp? +4dP AP |
2

min{

HG) <

{di +d,+ Jd — dpE+4d®P dP
max 2 1)

uv, € E(G))

Moreover, equality holds for a particular value of k
if and only if Gis a bipartite graph and &(G) =d;+
d® for all v,€V(G).

Proof Let Q be the signless Laplacian matrix
of G, €(G) be the spectral radius of Q, D=
Diag(d{* V. dst Dy eendt V). Let @ =D ' QD.
By Lemma 1. 1 there exists a nonnegative
eigenvector X = (x,, az, ***» x,)" associated with
E(G). Since D 'QD and Q have the same spectral
radius, we have

QX =D'QDX = &®»X (D
Assume that the x; = 1 is the largest coordinate
and x,=max{x;,: v € N(w)}. Then

=)
§Gx = dx + E D & < d a +di* X,

"UJGN(UI) 1
(2)
Similarly, we have
d(_/fl) o
Dz, = dyx,+ Z Wl‘i < d,x,+ d(pk)xl
v’.E N(UP) P
(3)
From (2) and (3), we have
(G — d) (&G — d,) < diPdP (4)

By solving inequality (5) we have

dy+dy+ Cd —d)? +4d P
2

G <

5)
Similarly, we can give a lower bound for the
signless Laplacian spectral radius. Without loss of
generality, we assume that
rn =1=min{x:v € V(G },
x, = min{x;:v; € NCu)}.
By the first row of equation (2), we get
G a =dix+ %1 = dia +diP x,
o€ Ny
(6)
From the gth equation of (2), we get

JE D .

q k)

d(/rnxr = dyx,+dy” x
q

Gz, = dyxg+

€ NCo,)
7))
From (6) and (7), we have
(&(G) —d) (G —d) = dPdP  (8)
By solving this inequality, we get

dy 4+ d, + J(d — d)? +4dP a®
2

8§G) =

9)
Now, suppose that the other side of the inequality
holds, without losing generality, let
&G =

dot do+ J(do—d)? +4dP 4
; :

max{

wv € E(G)} (10)

where x,=1=max{x;: v, €E V(G }, x,=max{x,:
v, € NCw)}. Then all inequalities in the above
argument must be equalities. In particular,
inequality (2) must be an equality. Then ;= x,
for all ; € N(w). Form inequality (3), we have
a;=a,=1 for all v;&€ N(v,).

Let Vi={v:x=1}, Vo ={v:2x=x,) and
2,7 x,. So N(w) €V, and N(v) €V,. Further for
any v, € NCN(w)) there exists a vertex v; € N(uw)
such that vv; € E(G), uy; € E(G). Therefore x;=
1, hence v € Vi, that is N(N(uw)<SV,. By a
similar argument, we can show that N(N(v)) <&
V.. Continuing this procedure, it is easy to see,

since G is connected, that G=V,UV;, and all
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Tab.1 The k-average degree of graph
i=d{V=dfV N(wv) di® d® flise df» a dfv
d(u)=3 U2 s U s U7 8 2.667 24 3 68 2.833
d(w)=3 Ul s Vs > Vg 9 3 26 2. 889 76 2.923
d(uv)=3 Wy ULy U5 9 3 26 2. 889 76 2.923
d(v) =3 Us s U5 0 U7 8 2.667 24 3 68 2.883
d(v)=3 U3 ULy UG 9 3 26 2. 889 76 2.923
d(w)=3 Uy W2y Vs 9 3 26 2. 889 76 2.923
d(w)=2 u s UL 6 3 16 2.667 48 3
subgraphs induced by V, and V, are empty graphs.
Hence G is a bipartite graph. "2 "
Now, we prove that all the coordinates of the
Perron vector are equal. Suppose that x,<<1, v, & v " "
V.. Let v € V, with the minimal degree and v € *
NCo). f dCuv) +dCo)® <d(v)+dCou)?
possible for vv; € E(G), let x;<<1. Then &(G) =
d(v)+dP x, for v € Vi, and 6(G) = d(v) + Vg Vs

c?(‘v])(k)i_ for v € V,. Since &(G) is a unique

x,
largest eigenvalue of Q(G), then
di+dP = di+dP
Lp
For x,<<1, we get
di+di¥ < d; +diP.
That is a contradiction. Therefore x; =1 for v €
V,. By the above argument, we have all that the
coordinates of the Perron vector of Q' are equal.
So DX is an
eigenvalues &(G) D of Q. That is
QUi P s ds " e dS ) =
O Vayadt Vg )t
QU P dst Ve di ) =
(A" d T e d T

didt Y+ Dladt Y = di+dP = &G,

i~ i

eigenvector associated with

Hence
&G = d +d”,
Conversely, it is easy to verify that all
coordinates of the Perron vector are equal. Then
‘G =d,+d". O
In the end of this paper, we give an example
to our bounds. Let G be the graph in Fig. 1. Tab. 1

gives the k-average degree of vertices of graph

in Fig. 1.

Fig. 1 Graph to the example

From our example in Fig. 1, &(G)=5. 855 8.

Tab.2 gives four lower and upper bounds

according to k. From Tab. 2, we can see when k
increase the signless spectral radius &(G) is close to

the real value.

Tab.2 The change of spectral radius with respect to k

&G k=1 k=2 k=3 k=4 k=5 k=6

max 6 6 5.944  5.923 5.9179 5.909

o
o
w
3
Do
o
[
w
3
Do
(33

min 5 5.457 9 5.4295 5.453

In Tab. 3, we give the upper and the lower
bounds according to Theorem 2. 1 and make a

comparison with the other bounds.

Tab.3 The compare of different spectral radius

54e) Lemma 1.5 Lemma 1.6 Lemma 1.7 Theorem 2.1

max 6 6 6 5. 909

min 5 — — 5.453
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