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Realization of quantum gates in rotating single crystal
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Abstract: Quantum gates in solid-state nuclear magnetic resonance (NMR) under magic-angle

spinning (MAS) was realized. First, all anisotrope interactions of the sample were averaged out

under the MAS. Then, the special pulse sequences or conditions were used to recover the

interactions used to realize controlled operations. The advantage of this method for them in liquid

NMR is that the pulse sequences of controlled operations are simplified, because they do not need

complicated decoupling sequences, and the evolution time of the pulse sequences is shorter.

Finally, the quantum operations were simulated, and the results are in complete agreement with

the theoretical predictions.
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0 Introduction

( NMR)

quantum computing experiments, quantum gate

In nuclear magnetic resonance
operations have been realized by eliminating all
qubit interactions except the one that is intended to

construct a special quantum gate. The Hamiltonian
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of the liquid NMR system can be easily utilized
complete a needed quantum logic gate!™ in high
accuracy. But the J couplings in liquid are usually
smaller than the dipole-dipole couplings in solid
state NMR, so the total time of pulse sequences
implementing logical gates in liquid state is longer.

If we can use solid state NMR to realize quantum
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logical gates by using the dipole-dipole coupling
interactions, the total time will be greatly reduced.
Another problem is the usage of the pseudo-pure
states because the polarization is much smaller
than 1, but recent studies on dynamic nuclear
polarization ( DNP)™ have revealed that high
nuclear spin polarization close to 1 can be realized
in solid state at an appropriate temperature. So we
want to realize gates in solid state NMR. But the
Hamiltonian form in solid state is much more
complicated, as the anisotropic interactions and the
couplings between the system and the environment
are usually large. To solve these problems, we can
first use magic-angle spinning (MAS) to average
the anisotropic interactions and the coupling
between the system and the environment to zero if
the spin rate is large enough. Then, using the
recoupling pulse sequencest™ to recouple the
interactions to be used for completing the desired
quantum logical gates. Recently, some Japanese
scientists made a preliminary study on this
problem!™, and we follow their work to figure out
several important conditions to realize the quantum
gates, and then simulate these quantum gates with

Matlab and SIMPSON!,

1 Theory

The Hamiltonian in rotating solid-state NMR
is time-dependent. Let us consider the simplest
system, an isolated two spin-1/2 heteronuclear
system, I and S, in the rotating solid. The
Hamiltonian of dipolar interaction ist"

His(t) = ws(t) « 25.1. (D
Here, wis(t) is time-dependent component due to

MAS, and it is written as

U)Is(t) —_ ?Eb}ssin(Zﬁ)cos(w,t + Co — 7) -

%znssinqgcos(zw,t F2e—21 (D)

where bjs is the dipolar coupling constant

e —— o Y1Ysh
s = 3 .

4r }"35

w, is a sample spinning rate, ¢, is the initial phase

of the rotor which is a sample container. «, £, 7
are the Euler angles between the dipolar interaction
tensor’s principal axil frame and the rotor’s rotor

U9 When the spinning rate of the rotor

frame
exceeds the magnitude of the dipolar coupling
between spins I and S, according to the average

[ the dipolar interaction does

Hamiltonian theory
not affect the system in the first order. But if we
want to construct a quantum gate in the SI
system, we need the coupling between spins S and
I. so RF field with intensity w, is shined on spin S
or I. When oy = w,, that is, the RF field is at the
resonance offset for S or I, the average
Hamiltonian in RF interaction frame is

His = i S.(I. —il) + wis"S.(L. +1il,) (3)

Here,

U)(L%) = Iﬁbm SIH(ZB) ei(%77) s
wis! =— Iﬁblssin(Z,B)e i v

We can make the initial phase of the rotor ¢

»

satisfy % then the average Hamiltonian

is obtained

H-%s1. D
2
where Gy = — [2bssin(28). Then, we can use the

average Hamiltonian in RF interaction frame to
construct quantum gates, such as CNOT, SWAP
gate, controlled-Z, controlled-phase, in the SI
system. Fig. 1 illustrates the pulse sequences. The
controlled-Z gate is a special controlled phase gate
when the phase shift 0is = in Fig. 1(c).

Note that the desired average Hamiltonian is
in the dipolar interaction frame, but the propagator
of period 7, here is in RF interaction frame. If we
want the correct quantum gate in the labratory the
frame or in the rotating frame, the propagator
Uor of period 7 in the RF interaction frame must
be equal to Uy in the rotating frame. However,
the relationship between the propagators in the

s L1

two frames is

1 ;
U(%QT = Ugr(t) Ué“llt\'()'l" (5)
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90° 90°90° W, = ws T W an
If the rotor’s spin rate meets Eq. (11), without
S Y YI-Z . . . .
any RF field in the delay period. Define
90° U(t) = expl—i(wsS, + ol t),
o= [ ] then the interaction frame Hamiltonian is
| = A
! Hi (0 = (UD) " His (DU (1) =
rl=2m’G1 D(t) I:Sz*l(efﬂwll Sf+ e"A'”’LS‘ )
(a) CNOT gate 4
90° 90°90° 90°90° 90°90° (12)
where Aw= ws — w;. Then we can get an average
S|y Y| X Y|X -Y| X
Hamiltonian with the following form
20300 20300 i H=Ss+1s) (13)
- - = 8 -
1979y x| T Lyx| 97 |2 . . .
With this average Hamiltonian, the pulse
5=24G, 6=2mG, 0=272G, sequences can be designed as shown in Fig. 2 to get
(b) SWAT gate the propagator which is the same as that in
T+6 heteronuclear SI system in the rotating frame. So,
o H 2
D0° — the pulse sequences of CNOT gate, SWAP gate,
§ z z controlled phase gate in the homonuclear system is
: the same as those used in heteronuclear except that
90°42 90°¢2; 90°90° . . . .
the evolution period 7 is replaced by Fig. 2.
7 =, =0,
YiX 71X - X
90° 2 @1 90°
7=27G, n=27G, | [ ]
(c) controlled phase gate s Y z Z |-Y
Fig. 1 The pulse sequence of CNOT gate, SWAP gate and
controlled phase gate in IS heteronuclear system 90° ?2 180° %2 180° 90°
Here, Uxd () and 7 is 1 Y Z |- Z|X|-Y
. T|=21D‘G[ T[=275“G1
URF(t) - exp{*lwl I»,t} ( 6 )
u = 2n/G C7) Fig.2 The component of controlled gates

So Urd (1) =1. According to Egs. (6), (7) and

w = w,» we have

T = 4nrw (8)

where n is integer. Then
w, = 2nGy (9)
When the system is homonuclear, the internal

Hamiltonian of the system ist”

H(t) :(USSz+ UJ[I: +
zwu>L&—ist+Isg

10

We use another recoupling method called rotational

£5]

resonance . The recoupling condition is

in SI homonuclear system

2 Simulation

To verify the theory above, we simulated the
pulse sequence using Matlab. In the experiments,
if we want to verify the CNOT’s pulse sequence
and estimate its fidelity, we can't get the
propagator directly, but have to wuse the
tomography'? technique. Here, in the simulation,
we directly calculate the propagator of the
CNOT pulse sequence given in the program.
According to the numerical calculation of the

propagator-"
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n—1

U0 = [[expi—iHGanay A
=0

where n is the n]umber of infinitesimal time
intervals At spanning the full period from 0 to t=
nAt over each of which the Hamiltonian may be
considered  time-independent. H(p is the
Hamiltonian of the system with pulse sequence at

time .
In the Matlab simulation, we consider a CH

which the
constant between S=C" and I=H" is bis=—27nX

heteronuclear system, in dipolar
20 000 rad/s, the Euler angle between the dipolar
interaction’s principal axil frame and rotor frame is
{ e=arbitrary value, 3=45°, y=0}, and the initial
phase of rotor ¢ is 0. The value of Bis set at 45° to
ensure that ©, = 27/G, is the shortest. According

to Eq. (9), the value of nis 1, and the rotor’s spin

3oy

(a) The real part of simulation of CNOT gate

(b) The image part of simulation of CNOT gate

Fig.3 The results of CNOT gate simulated with Matlab

rate w, can be calculated to be 56.569 kHz. Then
the last value of the CNOT’s propagator of the
system under MAS is calculated as shown in

Fig. 3. Itis a spin I controlling spin S CNOT gate.
The ideal propagator of this CNOT is

1 0 0 O
0 0 0 1
0 0 1 0
0 1 0 0

It can be seen from the result in Fig. 3 that the
simulation has a high accuracy relative to ideal
CNOT matrix. Also, the SWAP, controlled-Z
gate is simulated with Matlab, and the result is
shown in Figs. 4 and 5 respectively.

The simulation of CNOT which is closer to

real experiments operation is completed by using

(a) The real part of simulation of SWAP gate

(b) The image part of simulation of SWAP gate

Fig. 4 The results of SWAP gate simulated with Matlab
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(a) The real part of simulation of controlled-Z gate

(b) The image part of simulation of controlled-Z gate

Fig. 5 The results of controlled-Z gate simulated with Matlab

SIMPSON in a CH system. Here, initial states
[00Y, | 01>, |10)>, |11) are used, and series of

FIDs are collected after a 90° pulse and after the

intensity

.

pulse sequence of CNOT followed by a 90° pulse.
Both FIDs are RF field of

recoupling on channel C", and then FIDs are

sampled at the

converted into spectra through fast Fourier
transformation (FFT).

From Figs. 6~9, we can see that the spectra
of initial state |00) and |10) are almost the same
using or without using CNOT, and that the
spectra of initial state |01) is the same as that of
initial state | 11) and the spectra of initial state
[11) is the same as that of initial state |01). The
results are consistent with properties of the CNOT
gate, which demonstrates that it is highly feasible
to employ the pulse sequence to implement the
CNOT gate. To further confirm the result, a full
tomography is needed, which will be our future
work.

In the case of the homonuclear system, we can
use C"-labeled glycine, whose spins S and I are
two CY nuclei. The parameters of the sample are
set to be ws=2 000 Hz, w; =18 000 Hz, which is
appropriate for the real condition, w,=16 000 Hz,
and the value of b;s and the Euler angles are the
in the heteronuclear case for

same as those

simplicity. The simulations are done with the pulse
CNOT, SWAP,

controlled phase. The figures of these simulations

sequences, controlled-Z and

are not shown here.

intensity

o

T T T T T T T T T T T
10000 Htﬂ rg()()(l 4000 2000 0 20004000 -6000-8000-10000 Hz

(a) without CNOT pulse

TTTTTTTTY T L B i R R ey Ty
10000 MH.K}\{HIJ(I 4000 2000 0 2000 4000 6000 —8000-10000 Hz

(b) with CNOT pulse

Fig. 6 The spectrums of initial state |00)
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intensity

2000 0

2000 4000 6000 8000  Hz

(a) without CNOT pulse

intensity

10000 8000 6000 4000 2000 O 2000 —4000 -6000| /8000 Mz

(b) with CNOT pulse

Fig. 7 The spectrums of initial state |01)

intensity

intensity

T T T
10000 8 4000 2000

(a) without CNOT pulse

r T T T T T T
0 <2000 ~4000 -6000 8000 Hz

T T T r T T e T T
10000 8 6000 4000 2000 0 =2000 —4000 —6000 ~8000 Hz

(b) with CNOT pulse

Fig. 8 The spectrums of initial state |10)

T T T T T T T T T
10000 8000 6000 4000 2000 0 <2000 4000 <6000 2000 Hz

(a) without CNOT pulse

T I T T 1
<2000 ~4000 <6000 <8000 <10000 Hz

T T T T T
TO000 - B000 (m 4000 2000 0

(b) with CNOT pulse

Fig. 9 The spectrums of initial state |11)

3 Conclusion

In this work, a novel approach has been
proposed to realize quantum operations in the solid

state NMR, and several important conditions are

shown to realize quantum gates in rotating crystal.

The advantage of this approach to realizing

quantum gates in rotating crystal is that the pulse

sequence is simple. For example, C"-labeled

glycine which is composed of two C" nuclei with
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different chemical shift and H' nucleus can be seen
as a homonulear system when the heteronuclear
couplings are decoupled by pulse sequences,
whereas, the decoupling pulse squence is not
needed when we apply MAS with a large spin rate.
On the other hand, the simulations here is a basis
of the experiments in solid state NMR to realize
controlled gate in the future, such as the

tomography experiments in rotating solids.
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