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MacWilliams identities of linear codes over M ,..(R,)
with respect to RT metric

YAO Ting, SHI Minjia, LIU Yan
(School of Mathematical Sciences of Anhui University. Hefei 230601, China)

Abstract: The definitions of the Lee complete p weight enumerator and the exact complete p
weight enumerator over M, (R,) (1 =0, w;u; = u;ju;) were given, and the MacWilliams identities
with respect to the RT metric for these two weight enumerators of linear codes over M,x,(R,)
were obtained, respectively. Finally, two examples were presented to illustrate our obtained
results.
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= studied MacWilliams identities over different

0 Introduction , o
alphabets. It is worth mentioning that Xu has
Error correcting codes have been extensively contributed to MacWilliams identities with respect
used in the field of computer security and to RT(p) weight enumerator over different rings in
communication, and the MacWilliams identity Refs.[1-3]. In Ref. [4]., Rosenbloom has studied
plays an important role in the theoretical study of RT(p) weight of codes over finite fields. A variety

error correcting codes. Therefore, many literatures of weight enumerators and MacWilliams identities
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for linear codes over F, + vF;+ <« F, were obtained
in Ref. [5]. Siap investigated the MacWilliams
identities with respect to complete weight
enumerators over different alphabets in Refs. [ 6-
8]. Liu etc. discussed the exact complete p weight
enumerators over M,x, ( F, + uF, + oF, + uvF,)
(F, be a finite field with p elements) in Ref. [9].
Our aim in this article is to study the Lee
complete p weight enumerator and the exact
complete p weight enumerator over M., (R,),
where Ri=Fo [ s wzs 5w}/l =0, Wi, = uju;)
and determine the MacWilliams identities with
respect to these two weight enumerators. For
more information on ring R,, see Ref. [10]. Both
the two weight enumerators are superior to
complete p weight enumerator, and contain more
information of codewords, which may play an
important role in encoding and decoding linear
codes over M,«,(R,). Tt is worth mentioning that
Ref. [1] and Ref. [ 9] are special cases of this

article.

1 Preliminary

Let R = R, = Fz[ulvuzf"vuk]/(u? = 0,

wu; = wu) = { Z cata | ca € Fu}, where
AS (T, ok
Ua :Hui, Ww =0, wu; = uju;s Fy be the binary
i€ A

field. Traditionally, we write up=1. Let M,x ,(R)
denote the set of all nX s matrices over R. Let p=
Cposprsees pe1) € My, (R). Then the RT weight
of p is defined by
Wo(p) — max{i:p; Z 0} +1, p7ﬁO.

0, p=20

The RT distance between p and q is defined as
ops=Wx (p— q)s where p, ¢ &€ M, (R).
yw,) T € M, (R,
s piv—1) € My« ,(R). Define

Furthermore, let Q= Cw s wy s+

where ;= (pios pi1 s

the RT weight of Qas Wy(Q) = > Wy(w). The
i=1

RT distance between  and & is p(Q, &) =
Wl — ), where Qs € M,«,(R). Note that
RT is a metric on R, and for s=1, the RT metric

is just the usual Hamming metric.

A linear code C over M,«, (R) is an R-
submodule of M, ,(R). The set
WO =1{Qe C| Wy =+ |,
where 0<<Xr<Cns is called the p weight spectrum of a
code C, and the p weight enumerator is defined by

Wel2) = E W.(O) < = 2 LN

=0 aec

Let ax=Cpys prs=s=sps 1) and ar=Cqys Qs

q—1)» where w, aw € Mix,(R). Then the inner

product of @ and a, is defined by (w, w) =
s—1

ZP;QM i» and this is extended to the inner

i 0

product of @, and 2, € M,«,(R) as {(Q;, &> =

D@ s where & = Cars aps s w,) 7, B =

i1

Comspizs s )™ € My , (R, and ;= Cpigs piy»
s Pt pti=Cqios Qi sttt s Q1) € Mix (R

Definition 1.1 The dual code of C is defined
as Ct={0, € M. .(R) [(Q, Q)=0, VQ € C}.
C* is also a linear code over M, (R).

The ring of n X s matrices over R can be
identified with the ring of n X 1 matrices which
have polynomial entries. Before we give the
definition of the complete weight enumerator, we
first define the following map:

V. My, (R) = M, (RLx]/(x))
P=(P,Py,,P)7" —
(P P, (x) s+ P,(2))T

The map defined above is an R-module
isomorphism.

Let plo=pFpat+poia "ER x]/ ().
Let the " (0<CI<<s— 1) coefficient of p(x) be
defined by ¢,( p(x))= p,, and the inner product of
(o, qC) € RLa]/(x") defined as ( p(a), q(a)) =
¢ 1(pC)gqCx)). Let P(x)=(P,(x), Py (x), e,
P.(xo)7, Qo =(Q (), Q(x),,Q, ()T €
M1 (RLCx]/Ca)) s where Pi(ax) = pio+ piy at e
+pic T, QO =qotqgiatrFq, a7 €
Rl x]/(x), 1<<i<<n. The inner product of P(x)

and Q(x) defined above in terms of polynomials

becomes (P(2),Q(x)) = > (P, (2),Q(2) =
i=1

E ce1 (Pi(2)Qi(2)). The Hamming weight of an

i=1
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element o€ R is denoted by w(a) and it is equal to
zero if @=0, and 1 otherwise.

Definition 1.2 Let Y, .= Cy oo s yi,s 19
Vo0 s Yueo1)s P=C(pii) s € My, (R), where
1<<i<in, 0 <X j << s — 1. Define the complete p

weight enumerator of a code C over M,»,(R) as

wl ) wl p. ) wlp o) wlp, 1)
W(‘(Ym) — E y P10 ey 1,5 1 ..,ymon,o cee gt P 1

1.0 1,51
peC

When n=1 and s= m, we define the complete p

nys—1

weight enumerator of a code C over R as

WC(Y) - Eyf‘(!?o) y;(pl) ces y'w(pm 1) s

m
peC

Where p:('po,P“”‘,Pm 1)€Rm, Y:(yly"yZ,"'?
V)«
Definition 1. 3

Vo

AZ {1k}

Let o( 2

ACT{T oo k)

CAUA) = Cios
caur € R, where ¢, denote a coefficient

of ww* ws ca € F,. Define map y: R—>C",

(@ =(—1", Y a€ R The y is a characteristic
of ring R.

2 Lee complete p weight enumerator

In this section, we will discuss the Lee
complete p weight enumerator over M,x, (R),
which has the advantage of containing more
information about the codewords of a code over
M, C(R).

identity with respect to the Lee complete p weight

Next we will prove a MacWilliams

enumerator over M, (R).
Definition 2. 1  Define Gray map &,: R"—

F" . @,Catbug) = (Dt () By (@) + By (D)) -
where a+ bu, € Ry Ya. b€ R} ,. Especially,
when k=1, then & (a+bw =(b,at+b). For Vo€
R, the Lee weight of « is defined as w; (a) =
w (P, (), where wy () is a Hamming weight of
a over [,
Definition 2, 2
p=Cpus prs-

weight enumerator of a code C over R by

Lee(Y) = D)y gt gty ()

m
peC
LetY, = (3/1,0 9 "t Vi1 9 " s V00 *tT 0 Ynos—1 )

P=(pii)wx: € Mx . (R), where 1<{i<<n, 0<<j<C

s—1. Define the Lee complete p weight enumerator

Let Y= (}’1 s Vos * s ym) and

*s pu 1). Define the Lee complete p

of a code C over M,x,(R) by
Lee(Y,) =

WL CPo) L L 1) o L Lo s L P )
Z 1,0 Vs Yo Vs 1
rec

(2)

In particular, when n=1 and s= m in this
definition, by interchanging the subscripts if
necessary, then Eq. (2) is none other than Eq.
(.

Similar to the proof of Lemma 2 in Ref. [ 3],
we can get the following lemmas.

Lemma 2. 1 Let C be a linear code over
M, (R) and P(x), Q(x) € M, (R[Lx]/Cx)).
Then we have
0, ifQe C-
| Cl. ifQe C

Using Lemma 2.1, we obtain the following

D1 A UP( . Qa))) =

P(oeC

lemma which plays an important role in the main
results of this article.
Lemma 2. 2 Let C be a linear code over

M, .(R)s f: My, (RL2]/(x))—>C[Y,], then

S Q) = D) FP(o),
Qmeck | Clu5ee
where
f(P() =
D Z((P(2) Q) + F(Q).

Q€M (R[LD/ (D)

Lemma 2.3 Suppose fis fixed in R, then
wr (a Zk w wy (f
ZX(‘BQ)B’L() — -+ I‘(B)(lfy) ,,(?>’

a€ R

k& N .
Proof We only prove the case when k=2 and
the proof is similar when k=3. By Definitions 1. 3

and 2.1, we have

1+, B=0

A+ ad—yw, BEU
D)y =2 A+ PP — i, BEV
“f A+ y(1—ypi BEW

(1—w", B= wuw

:(1+ y)«l wL(B)(l o y)wr‘(ﬂ)’
where U={1,1+w, 1+ w,l+w+w+uwuw’,
Vz{u“uz,ul+u2,u1+u1u2,u2+u1ug,u1+uz+
wiwts W={ltww,1+wt+w,1l+wtwuw,l+
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u2+u1 uz}.
Next, we give a MacWilliams
regarding the Lee complete p weight enumerator
over M, (R).
Theorem 2. 1
M,«,(R), then
w, (q_\)”. w (ap )”. w‘(q”’ ).” w Ca, o 1)
D0 e ey ey i 1 =
Qwect
C D€

n

];[]j [1+y J“‘(P‘ "

t

identity

Let C be a linear code over

n

s 1
TTa+yp” x

Ci 1j 0

Proof Let f(Q(x)) = HH uL<.,,,>

i1l j 0

Lemmas 2.1 and 2. 2, we have

F(P(2) =

> y((P(a), Q<l>>>HH s

Q€ Mg (RL]/ (" LA

E X( (P (), q1.0 ) yﬁfb(‘h‘o) eee

a,0€R

Z X((P](I) s 1. 1‘]:5*1))3,?:1;1‘;1AH>”.

a,, 1€R

D7 (P () s o))yt o oo

40 € R

Z X(<P”(1) s Qs llﬁ l>)y:j1;((i"-»\*1) =
g, 1€R
(1 + Vi, )Zk wp (py ) (1 — yio )wl‘”’l.&l) .
1+ i, H) Tl (1— i, H)%(Plo

25wy (p, w (P, 1)
(1+3’11.o) et (1*3),,.()) Pl e

S .
(14 yu)” L0 (1 — Voo1) L Puo)

nos 1 e n
T T 14y 2%t (1 = gyt —
i=1 j=0

n n s 1 w (p 1)

3 L P 1
NI e
i1 0 ! t 110 1+3’zl

We substitute it into Lemma 2.2 and the
result is as follows.
Let C be a linear code and
=g tqaxt ot gty pla)=py+ praxt
ot par 2 Y, where q(2), p(x) € R[x]/
(x2™), then

(1) In Theorem 2.1, when n=1 and s= m,
by properly interchanging the subscripts, Theorem

Corollary 2. 1

2.1 becomes

wy (qy) wl.(ql),,_ w (g, 1)
2: M Yy Y —

qwect

2 | s
il 11152

(/‘p(r)G(z 1 i=1

)
which is called a MacWilliams identity about the
Lee complete p weight enumerator on a linear code
C over R.

(II) Let s=1 and n=m be in Theorem 2.1,
by interchanging the subscripts if necessary,
Theorem 2. 1 implies

wy (gy)  wp (q) wy (q,_1)
:yl yZ o ym -

qoect

/

T’[ [;yiJ w (piy)
1+
D
weight

HDECT 1

a MacWilliams

enumerator of linear codes over R. Here, note that

identity on the Lee

the inner product in Eq. (4) is just the ordinary

Euclidean inner product.
3 Exact complete p weight enumerator

In this section, we will discuss exact complete
o weight enumerator. We first define the exact
weight and the exact complete p weight enumerator

over M,x, (R).
identity about the

Then, we give a MacWilliams

exact complete p weight

enumerator over M, ,(R).

Definition 3. 1 For V >, caua € R,
AT, ey k)
where ¢y € F,, define exact weight as

w, ( 2

2/(‘
cally) = 2 a2,
AT{1, k} i=1
Definition 3.2 Let P=(p;;).x. € Mx.(R),
where 1<4i<{n, 0<j<{s—1, s V.1 s

Define the exact complete p

Y= Cyroseee

Yo s Vs 1)

weight enumerator of a code C over M,x,(R) by
Ec(Y,) =

WelPo? s W P 1) WP L e Py )
23’1 o Mis1 Yo TV
pecC

(5
In particular, let n=1 and s=m in Eq. (5),

by properly interchanging the subscripts, we get
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the exact complete p weight enumerator of the code
C over R, that is,
w,(py)  w,(py)
E.(Y) = 23’1 0y

pEC
Similar to the proof of Lemma 3 in Ref. [9],

WPy )
m *

we have:
Lemma 3.1 Given BER, Pi(2)=p.o+ pi1x

et pin 12" TERL 2]/ (2", then
ZX(BG)}'“"(“) = I+ y(B A+ B U )) AR

a€ R
k

A+ Buw=—uwy ).
where k€ N7,
Theorem 3. 1
M, . (R), then

w (g o) w (g ) w (q o) w (q )
00 L @l 1) L W 0 e 1)
2 RUY di 1 Yo R

Qoect

n s 1
1‘ HH[lJFX(PM 1 h)yr,h] .
| (/ |P(.r)€(f

t 1 h 0

Let C be a linear code over

[1 + X( Pus1 ol )}':.hzj”‘

[+ %ot nur ugeee W)y .
Proof Let f(Q(x)) = fUQ(x),,

1

Q.(x))™) = H Hy:’;(q"'f) » by Lemmas 2.2 and
i1 o0

3.1, we have
f(P(2) =
>, y((P(2),Q(2))) f(Q(2)) =

Qe Mn><1 (RLZD/ (N

Z X(<P1 (x) ’ql=0>)yi"(;d"0) .

q,0ER
D) AP g 2 )y e
a, 1 ER
u‘«(qu.o)
Z X((P,,(l‘)sq,y,o»y”.o
4o €R
) s 1 w,(a, 1) —
X P s g )y,

1 €R

s 1
H[1+X(Pl,h)yl,.\ 1 h][1+X(Pl,hul)yl..\ Pl e

h 0

2k 1

[1+X(pl.hul Wt w) Y1 e

s—1
H [1 + X( Prl.h) yn,.\ 1 h][l + X( pn.hul ) yn,.\' 1 }12].”

)
2k

[1 —+ X( Proaty Uz ** w,) Vn, Hfhz :| =

n

s—1
H H [1+ X Pr =) Y JL1+ X Prm—ntr) Yen” oo

t=1 h=0

2k—1

(14 xCpucinw wr w) yr” 1
the result then follows from applying LLemma 2. 2.
Corollary 3. 1
o=@ tqgattqg 2" plo)=p,+ pat
st pora™ PERLa]/ (2™, then
(1) when n=1 and s=m. we have

w,(qy)  w,(q) w, (q, )
5 e % lad,,, 1)
.yl yZ ym -

woect

L Z H I:l + X( P 1)3)1:[1 + X( 2 )ylz:l"'

| C HOECL 1

Let C be a linear code and

2k

[1+X(p,,, g w) vt s

which is called a MacWilliams identity about the
exact complete p weight enumerator on a linear
code C over R.

() when s=1 and n=m, we obtain

5 w, () wlq) o wlaq, )
yl yZ ym -

qoect

L SY T+ e 0 3L+ 3oy v w) yE ]

| ClL&Ee

L

[1+ xCpe1w g e uk)y,f\i 1,
a MacWilliams identity about the exact weight
enumerator of a linear code C over R.

Note The inner product in Eq. (2) is none

other than the ordinary Euclidean inner product.

4 Application examples

In the MacWilliams

identities about Lee complete p weight enumerator

previous  sections,
and exact complete p weight enumerator are given.
In this section, we mainly give some examples to
illustrate the application of the main results.

Let C be a linear code over R, and R, = F, +
wEhtwFh+tuwR (W =w' =0, wu=uwu).
Cis generated by {(1, 1t wuw, w), (0, wu,
uz) }» and the dual code of Cis generated by {Cu »
1+wws 1), Cugs wyus» 0)}. By Definition 2. 2,
we have
Leec(Y) =1+ 3" +2y" y> +y'w'+

vty oyt 2yt st 6yt st
63’123’22 + 12}’123/22 3’32 + 8y 3’23 ysz +
8yiy st + 8y w oy 837y

According to Corollary 2. 1, we have
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Leect (Y) =
1 3 2 3 I*y ul,(plifj)
LS T I L] -
méﬂ Y H 1+,

T+ 2y’ 'y o 'y 2m® '+
6yt oyl oyt 6y st 1237 3 st 8y e s
8})123)2 s +8y12y2 y.’a3 +8y12y23 3’33-
By Definition 3.2, we get
Ec(Y) =
1+ y123’22 + }’38 + et 371153)2133736 + y115y215y3”.
According to Corollary 3.5, we have

F:(jL (Y) -

L SYTT 0+ 5 0 w04 oo i 32T

| C et

(14 % Cpou) v L+ () v ] =

LR T R e e R T SRR VN
On the other hand, all codewords of the code

can be listed, by Definitions 2. 2 and 3. 2. It is easy

to verify that the results are correct.

5 Conclusion

MacWilliams

about the Lee complete p weight enumerator and

This article gives identities
the exact complete p weight enumerator of linear
codes over M,x, ( Ry) (see Theorem 2.1 and
Theorem 3.1). Note that the case where k=2 in
Theorem 3. 1 is identified with the case where p=2
in Theorem 1 in Ref. [9], and Theorem 1.7 in
Ref. [17] is none other than the case of this article

(see Theorem 2. 1) when k=1. Namely, Refs. [1]

and [ 9] are special cases of this article.
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