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有限群的可补的Sylow子群
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摘要:研究Sylow子群的可补性与群结构的关系,得到了一些关于合成因子构造的结果,推广了Heliel的

一个结果.
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0 Introduction
Allthegroupsinthispaperarefinite.Mostof

thenotationarestandard,asinRefs.[1-2].Letπ
beasetofprimenumbers,|G|betheorderofa
groupGandπ(G)denotethesetofallprime
divisorsof|G|.Further,assumethatH/Kisa
compositionfactor(chieffactor)ofG.Ifp∈π(H/K),

thenH/Kiscalledapd-compositionfactor(chief
factor)ofG.

AsubgroupH ofagroupGissaidtobe
complementedinGifthereexistsasubgroupKof
GsuchthatG=HK andH∩K=1.In1937,
Hall[3]showedthatGissolvableifandonlyifall
SylowsubgroupsofGarecomplementedinG.In
1982,AradandWard[4]provedthatGissolvable



ifandonlyifeverySylow2-subgroupandevery
Sylow3-subgrouparecomplementedinG.In
1999,Ballester-BolinchesandGuo[5]provedthata
finitegroupGissupersolvableifitcontainsa
normalgroupN suchthatG/Nissupersolvable
andallsubgroupsof N ofprime orderare
complementedinG.In2015,QianandTang[6]

investigated the structure of G under the
assumptionthatallsubgroupsofPwithorderpm

arecomplementedinG,wheremisagiveninteger
satisfying1≤m ≤-1+logp|P|andPisaSylow
subgroupofG.

Recently, Monakhov and Kniahina[7]

establishedthatifeverysubgroupofPoforderp
iscomplementedinG,thenPiscomplementedin
G.Buttheconverseisnottrue.Forinstance,
supposethatG =PSL(2,8),every Sylow 3-
subgroupofGiscomplementedinG,butevery
subgroupoforder3ofGisnotcomplementedin
G.Naturally,weshallconsiderthefollowing
questionwhichisamotivationofourresearch.

Whatisthestructureofagroupwhenwe
consider the complementability of Sylow
subgroupsoffinitegroups?

Further,weobtainthefollowingresults:
Theorem0.1 LetGbeagroup,p∈π(G).

Suppose that every Sylow p-subgroup is
complementedinG.IfGisnotp-solvable,then
everynonabelianpd-compositionfactorofGis
isomorphictooneofthefollowinggroups:

①Ap,p≥5isaprime.
②PSL(2,11)andp=11,M23andp=23,

M11andp=11.
③PSL(n,q),pa=(qn-1)/(q-1),nisa

prime.
Theorem0.2 LetGbeagroup,r∈π(G),

π=π(G)\{r}.SupposethateverySylowp-
subgroupofGiscomplementedinG foreach
primep∈π.Theneverynonabeliancomposition
factorofGisisomorphictoPSL(2,7).

Theorem0.3 LetGbeagroup,andletr,t∈
π(G),π=π(G)\{r,t}.SupposethateverySylow
p-subgroupiscomplementedinGforeachprime

p∈π.Theneverynonabeliancompositionfactor
ofGisisomorphictooneofthefollowinggroups:
①PSL(2,5),② PSL(2,7),③ PSL(2,8),
④ PSL(3,3).

Theorem0.4 LetG beagroup,r,t,v
∈π(G),π=π(G)\{r,t,v}.Supposethatevery
Sylowp-subgroupiscomplementedinGforeach
p∈π.Theneverynonabeliancompositionfactor
ofGisisomorphictooneofthefollowinggroups:
①A7;②M11;③PSL(3,q),q=3,5,8,17;④
PSL(2,q),q=5,7,8,11,16,31,127.

1 Preliminaries
Forthesakeofconvenience,wefirstlisthere

someresultswhichwillbeusedinthesequel.
Lemma1.1[8,Lemma2.1] LetGbeagroupand

NbeanormalsubgroupofG.Thenthefollowing
statementshold:

①IfHiscomplementedinG,H≤M≤G,
thenHisalsocomplementedinM.

②IfN≤H andHiscomplementedinG,
thenH/NiscomplementedinG/N.

③Letπbeasetofprimes,Nanormalπ'-
subgroupandH aπ-subgroupofG.ThenHis
complementedinG ifandonlyifHN/N is
complementedinG/N.

Lemma1.2[7,Lemma3] Supposethatasimple
groupGistheproductofabiprimarysubgroupA
withap-subgroupBforsomeprimep.ThenGis
isomorphictooneofthefollowinggroups:

①PSL(2,5)=A4Z5.
②PSL(2,7)=S4Z7= (Z7 Z3)D8.
③SL(2,8)=(E23 Z7)Z9.
④PSL(3,3)=AZ13,|A|=24·33.
Lemma1.3[9,Theorem1] LetGbeanonabelian

finitesimplegroup.Ifthereexistsaprimep,a
positiveintegeraandasubgroupHofGsuchthat
|G∶H|=pa,thenoneofthefollowingholds:

①G≌An,H≌An-1,wheren=pa.
②G≌PSL(n,q),|G∶H|=(qn-1)/

(q-1)=pa,wherenisaprime.
③G≌PSL(2,11),H≌A5.
④G≌M23,andH≌M22.
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⑤G≌M11,andH≌M10.
⑥G≌PSU(4,2)≌PSp4(3),and H≌

24∶A5.
Lemma1.4[10,Lemma3.8.2]  Let A,B be

subgroupsofagroupGandKanormalsubgroup
ofG.If(|G∶A|,|G∶B|)=1,then

K=(K ∩A)(K ∩B).
  Lemma1.5[1,Lemma1.2] LetU,VandW be
subgroupsofagroupG.Thenthefollowing
statementsareequivalent:

①U∩VW=(U∩V)(U∩W).
②UV∩UW=U(V∩W).
Lemma1.6 Letp beaprimeandU a

subnormalsubgrouporaquotientgroupofG.If
everySylowp-subgroupofGiscomplementedin
G,then every Sylow p-subgroup of U is
complementedinU.

Proof AssumethatUp isa Sylow p-
subgroupofUandUp=P∩UforsomeSylowp-
subgroupPofG.IfUisasubnormalsubgroupof
G,withoutlossofgenerality,then we may
assumethatU isa normalsubgroup ofG.
Further,bythehypothesis,Piscomplementedin
G,i.e.,G=PBandP∩B=1.ThenU=U∩G=
U∩PB=(U∩P)(U∩B)=Up(U∩B)byLemma
1.4,thatis,UpiscomplementedinUandevery
Sylowp-subgroupofUiscomplementedinU.
IfUisaquotientgroupofG,thenwemayset

U=G.SinceeverySylowp-subgroupofUisPfor
someSylowp-subgroupPofG,everySylowp-
subgroupofUiscomplementedinU byLemma
1.5.

Lemma1.7 Supposethatanonabeliansimple
groupG whichsatisfiesthatπ(G)= 4anda
Sylowp-subgroupofGiscomplementedinGonly
foroneprimedivisorpbelongstoπ(G).ThenG
isisomorphictooneofthefollowinggroups:①
A7;② M11;③ PSL(3,q),q=5,8,17;④
PSL(2,q),q=11,16,31,127.

Proof Firstly,byRefs.[11,Theorem1and
Theorem2]and[9,Theorem1],wecanverify
thatG isisomorphictooneofthefollowing
groups:A7,M11,PSL (3,5),PSL (3,8),

PSL(3,17),PSL(2,11),PSL(2,16),PSL(2,
31).

Next,byRef.[9,Theorem1],weconsider
thegroupG≌PSL(2,2n-1),2n-1≥19isa
Mersenneprime.Further,n>3isaprimeandn=
6k±1,kisapositiveinteger,G≌PSL(2,26k±1-1)
andG≌PSL(2,127)byRef.[11,Theorem2].

Lemma1.8[3] Gissolvableifandonlyifall
SylowsubgroupsofGarecomplementedinG.

2 Proofoftheorems
ProofofTheorem0.1 LetUbeanonabelian

pd-composition factor of G. Then U is a
nonabeliansimple group with p ∈π(U).By
Lemma1.6,Ualsosatisfiesthehypothesis.Now
therequiredresultfollowsbyLemma1.3.

ProofofTheorem0.2 ByLemma1.6and
Lemma1.8,we may assumethatG isa
nonabeliansimplegroup.ByBurnside’spaqb-
Theorem[1],|π(G)|≥3.ThenG ≌PSL(2,7)
sincePSL(2,7)istheonlysimplegroupwith
subgroupsoftwodifferentprimepowerindicesby
Guralnick[9].

ProofofTheorem 0.3 ByLemma1.6,
Lemma1.8andtheproofofTheorem0.2,we
mayassumethatGisanonabeliansimplegroup.
If|π(G)|≥ 4,then G ≌ PSL (2,7)by
Guralnick[9].If|π(G)|=3,thentherequired
resultfollowsbyLemma1.2.

ProofofTheorem 0.4 ByLemma1.6,
Lemma1.8andtheproofsofTheorem0.2and
Theorem 0.3,we mayassumethatG isa
nonabeliansimplegroup.If|π(G)|≥5,thenG≌
PSL(2,7)byGuralnick[9].If|π(G)|=4,then
every nonabelian composition factor of G is
isomorphictooneof①~④inthetheoremby
Lemma1.7.

3 Applications
Firstly,weintroducedtheconceptofc-

supplementedsubgroupswhichisrelatedtoour
corollaries.

Definition3.1[12,Definition1.1] AsubgroupH of
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Giscalledc-supplementedinG,ifthereexistsa
subgroupKofGsuchthatG=HKandH∩K≤
HGwhereHGisthecoreofHinG.

Corollary3.1 LetGbeagroup,p∈π(G).
Supposethat every Sylow p-subgroup isc-
supplementedinG.IfGisnotp-solvable,then
nonabelian pd-composition factors of G are
isomorphictooneofthefollowinggroups:

①Ap,p≥5isaprime.
②PSL(2,11)andp=11,M23andp=23,

M11andp=11.
③PSL(n,q),pa=(qn-1)/(q-1),nisa

prime.
Proof ByRef.[12,Lemma2.1(2)],Op(G)

=1.Further,everyc-supplementedSylowp-
subgroupofGiscomplementedinG.Henceitis
provedbyTheorem0.1.
Inproofsofthefollowingcorollaries,wealso

only consider the condition that every c-
supplemented Sylow p-subgroup of G is
complementedinG thesameastheproofof
Corollary3.1.

Corollary3.2 LetGbeagroup,p∈π(G).
Supposethat every Sylow p-subgroup isc-
supplementedinG.IfGisnotp-solvable,then
everynonabelianpd-chieffactorofGisthedirect
productofsimplegroups,eachbeingisomorphicto
oneof①~③inCorollary3.1.

Corollary3.3 LetGbeagroup,r∈π(G),
π=π(G)\{r}.SupposethateverySylowp-
subgroupisc-supplementedinGforeachprime
p∈π.Theneverynonabeliancompositionfactor
ofGisisomorphictoPSL(2,7).

Whenr=2,wegeneralizedthefollowing
resultofHeliel:

Corollary3.4[13,Theorem1.4] LetGbeagroup.
ThenGissolvableifandonlyifeverySylow
subgroupofoddorderisc-supplementedinG.

Corollary3.5 LetG beagroup,3≠r
∈π(G),π=π(G)\{r}.SupposethateverySylow
p-subgroupisc-supplementedinGforeachprime
p∈π.ThenGissolvable.

Corollary3.6 LetGbeagroup,r∈π(G),

π=π(G)\{r}.SupposethateverySylowp-
subgroupisc-supplementedinGforeachprime
p∈π.TheneverynonabelianchieffactorofGis
thedirectproductofsimplegroups,eachbeing
isomorphictoPSL(2,7).

Corollary3.7 LetGbeagroup,r,t∈π(G),
π=π(G)\{r,t}.SupposethateverySylowp-
subgroupisc-supplementedinGforeachprimep
∈π.Theneverynonabeliancompositionfactorof
Gisisomorphictooneofthefollowinggroups:①
PSL(2,5),② PSL(2,7),③ PSL(2,8),
④ PSL(3,3).

Corollary3.8 LetGbeagroup,r,t∈π(G),
π=π(G)\{r,t}.SupposethateverySylowp-
subgroupiscomplementedinGforeachprimep∈
π.TheneverynonabelianchieffactorofGisthe
directproduct ofsimple groups,each being
isomorphictooneof①~④inCorollary3.7.
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