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FFq+uFFq+vFFq+uvFFq上的自对偶和LCD双循环码

卢亚琪,施敏加,伍文婷,肖阿琴

(安徽大学数学科学学院,安徽合肥230601)

摘要:主要研究q为素数的方幂时非链环FFq+uFFq+vFFq+uvFFq,u2=v2=0,uv=vu上长度为2n的双循环

码.对于给定的正整数n,给出了自对偶和LCD双循环码个数的精确计算公式.利用保距的Gray映射,构造

了q为偶数时有限域FFq上长度为8n的自对偶码和LCD码.基于给定的n 和q的精确计数公式,由随机编

码理论和Artin猜想,得到了关于所研究码的相对距离的修订VarshamovGilbert界.
关键词:双循环码;自对偶码;LCD码;Artin猜想

0 Introduction
Linearcomplementarydual(LCD)circulant

codesarelinearcodesthat meettheir duals
trivially.In1992,Massey[1]introducedLCDcodes

andshowedtheasymptoticallygoodpropertyof
LCD codes. Quasi-cyclic complementary dual
codeswerestudiedinRef.[2].Recently,self-dual
doublecirculant(negacirculant)codesandself-
dualfournegacirculantcodesoverfinitefields,and



doublecirculantself-dualand LCDcodesover
GaloisringshavebeenstudiedinRefs.[3-6],the
authorsderivedthemodifiedVarshamov-Gilbert
boundsontherelativedistanceofthecodes
considered,buildingonexactenumerationresults
forgivennandq.Butthecaseovernon-chainrings
arenotaswell-studiedyet.

Codesoverthenon-chainringR=FFq+uFFq+
vFFq+uvFFq,u2=v2=0,uv=vu,wereconsidered
byalotofliteratures,suchasRefs.[7-8].The
aimofthisworkistostudydoublecirculantself-
dualcodesanddoublecirculantLCDcodesoverthe
ringR.ThemaintoolistheChineseRemainder
Theorem(CRT)approachtoquasi-cycliccodesas
introducedinRef.[9],andgeneralizedtoquasi-
twistedcodesinRef.[10].Basedonthetheory
developedinRef.[11],weextendthemethodto
theringR.BytheGraymapinRef.[7],wealso
derivethemodifiedVarshamov-Gilbertboundson
therelativedistanceofthecodesconsidered,
buildingonexactenumerationresultsforgivenn
andq.

Thematerialisorganisedasfollows.The
nextsectioncontainsthepreliminariesofthering
R.WeusetheCRTtostudyalgebraicstructureof
double circulant codes and derive the main
enumerationresultsinSection2.Section3is
dedicatedtoasymptoticboundsontherelative
distanceofthedoublecirculantcodes.Section4
concludesthepaper.

1 Preliminaries
1.1 TheringFFq+uFFq+vFFq+uvFFq

ConsidertheringR=FFq+uFFq+vFFq+uvFFq,
whereu2=v2=0,uv=vu.Itisanon-chainring
whichhasmaximalideal<u,v>.LetR*betheset
whichconsistsofallunitsinR,thatistosay,
R*=R\<u,v>.Thefollowingresultgivesthe
numberofsquarerootsof-1inR.

Proposition1.1 (i)Letqbeapowerof2.
Thenthenumberofsquarerootsof-1inRisq3.
(ii)Letqbeapowerofanoddprimewithq≡1
(mod4).Thenthenumberofsquarerootsof-1

inRis2.
Proof (i)Assumeqisapowerof2,forr=

a+bu+cv+duv∈R,ifr2=a2=-1,thena=1
andb,c,d∈FFq.Thusthenumberofsquareroots
of-1inRisq3.

(ii)Assumeqisapowerofanoddprimewith
q≡1(mod4),forr=a+bu+cv+duv∈R,then
r2=a2+2abu+2acv+2(ad+bc)uv.Notethat
r2=-1ifandonlyifa2=-1andb=c=d=0,
thusthenumberofsquarerootsof-1inRis2.
1.2 Norm function and trace function over

finitefields
Givenapositiveintegerm,thereexistsan

extensionfieldFFqm .Forx∈FFqm,thetraceTr(x)
ofxoverFFqisdefinedby

Tr(x)=x+xq+…+xqm-1
.

Forx ∈FFqm,thenorm N(x)ofxoverFFqis
definedby

N(x)=x(qm-1)/(q-1).
  Infact,forthenormfunction,eachnonzero
elementinFF*qhasapreimageofsize(qm-1)/(q-1)

inFF*
qm .Forthetracefunction,eachnonzero

elementinFF*
qhasapreimageofsizeqm-1inFF*

qm .
1.3 Codes

AlinearcodeCoflengthnoverRisanR-
submoduleofRn.Forx =(x1,x2,…,xn),y=
(y1,y2,…,yn)∈C,theEuclideaninnerproduct

ofxandyisdefinedas[x,y]=∑
n

i=1
xiyi.Thedual

codeofCdenotedbyC⊥,isdefinedby
C⊥={y∈Rn|[x,y]=0,∀x∈C}.

  AlinearcodeCoflengthnoverRiscalleda
self-dualcodeifC=C⊥.Moreover,alinearcodeC
oflengthnoverRiscalledanLCDcode(alinear
codewithcomplementarydual)ifC ∩C⊥={0},
whichisequivalenttoC􀱇C⊥=Rn.
LetFFqbethefinitefieldoforderq,whereqis

apowerofaprimep,i.e.,q=plwithapositive
integerl.Inparticular,whengcd(2,l)=2,for
z=z1+uz2+vz3+uvz4∈Rwithz1,z2,z3,z4

∈FFq,theconjugationofzoverRisdefinedbyz=
z1q +uz2q +vz3q +uvz4q,andtheHermitian
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innerproductisdefinedby [x,y]H = [x,y],
wherex,y∈R.

Here,weuseacirculantmatrixtodescribea
doublecirculantcode.AmatrixAoverRissaidto
becirculantifitsrowsareobtainedbysuccessive
shiftsfromthefirstrow.AcodeCisadouble
circulantcodeoverRifitsgeneratormatrixGwill
beoftheformG=(I,A),whereIistheidentity
matrixofordernandAisacirculantmatrixof
ordern.
1.4 Graymap

TheGraymapϕfromRtoFF4qisdefinedby
ϕ(a+ub+vc+uvd)=    
(d,c+d,b+d,a+b+c+d)

inRef.[7].Infact,theGraymapϕisabijection
fromRtoFF4q,anditisadistance-preservingmap,
whichcanbeextendednaturallyintoamapfrom
RntoFF4nq asϕ((x1,x2,…,xn))=(ϕ(x1),ϕ(x2),
…,ϕ(xn)),wherexi∈Rfor1≤i≤n.

Theorem1.1 Letqbeapowerof2,thenwe
havethefollowingproperties.

(i)IfCisaself-dualcodeoflengthnoverR,
thenϕ(C)isaself-dualcodeoflength4noverFFq.

(ii)IfCisanLCDcodeoflengthnoverR,
thenϕ(C)isalsoanLCDcodeoflength4nover
FFq.

Proof Forx=(x1,x2,…,xn),y=(y1,y2,
…,yn)∈C,wherexi=ai+biu+civ+diuv,yi=
a'i+b'iu+c'iv+d'iuvwithai,bi,ci,di,a'i,b'i,c'i,
d'i∈FFq,for1≤i≤n.IfCisself-dual,then

[x,y]=∑
n

i=1
(aia'i+(aib'i+a'ibi)u+(aic'i+a'ici)v+

(aid'i+bic'i+cib'i+dia'i)uv)=0.
Itmeansthat

∑
n

i=1
aia'i=∑

n

i=1
(aib'i+a'ibi)=∑

n

i=1
(aic'i+a'ici)=

∑
n

i=1
(aid'i+bic'i+cib'i+dia'i)=0.

Ontheotherhand,accordingtothedefinitionof
Graymapϕ,wehave

[ϕ(x),ϕ(y)]=∑
n

i=1
(aia'i+(aib'i+a'ibi)+

(aic'i+a'ici)+(aid'i+bic'i+cib'i+dia'i))=0.

Itimpliesthatϕ(C⊥)⊆ϕ(C)⊥.SincetheGray
mapϕisabijectionfromRntoFF4nq ,thenϕ(C⊥)=
ϕ(C)⊥.IfCisanLCDcodeoverR,thenC∩C⊥=
{0}.Itfollowsthatϕ(C ∩ C⊥)⊆ ϕ(C)∩
ϕ(C⊥).SinceϕisabijectionfromRntoFF4nq ,we
findthatϕ(C)∩ ϕ(C)⊥=ϕ(C)∩ ϕ(C⊥)=
ϕ(C∩C⊥)={0}.Thusϕ(C)isanLCDcodeof
length4noverFFq.

2 Algebraicstructureofdoublecirculant
codes
Inthissection,letnbeanoddintegerwith

gcd(n,q)=1.Letf(x)=anxn+an-1xn-1+…+
a1x +a0 withan ≠ 0.Thenthereciprocal
polynomialf*(x)off(x)isdefinedbyf*(x)=

xnf(
1
x
)=a0xn +a1xn-1 + … +an-1x +an.

Furthermore,f(x)iscalled self-reciprocalif
f*(x)=f(x).Now,theploynomialxn -1∈
R[x]canberepresentedintheform

xn-1=α(x-1)∏
s

i=2
gi(x)∏

t

j=1
hj(x)h*

j (x),

overR withα ∈ R*,wheregi(x)isaself-
reciprocalbasicirreduciblepolynomialwithdegree
2eifor2≤i≤s,andh*

j (x)isthereciprocalbasic
irreduciblepolynomialofhj(x)withdegreedjfor
1≤j≤t.BytheCRT,weget

R[x]
(xn-1)≃

R[x]
(x-1)􀱇 􀱇

s

i=2
R[x]/(gi(x))  􀱇

􀱇
t

j=1
(R[x]/(hj(x))􀱇R[x]/(h*

j (x)))  ≃

R􀱇 􀱇
s

i=2
FFq2ei+uFFq2ei+vFFq2ei+uvFFq2ei  􀱇

(􀱇
t

j=1
((FFqdj+uFFqdj+vFFqdj+uvFFqdj)􀱇

(FFqdj+uFFqdj+vFFqdj+uvFFqdj))):=

R􀱇 􀱇
s

i=2
R2ei  􀱇 􀱇

t

j=1
(Rdj 􀱇Rdj

)  .

  Obviously,alloftheseareextentionringsof
R.This decomposition naturally extends to

R[x]
(xn-1)  2as

R[x]
(xn-1)  2≃R2􀱇 􀱇

s

i=2
(R2ei

)2  􀱇   

      􀱇
t

j=1
((Rdj

)2􀱇(Rdj
)2)  .
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AlinearcodeCoflength2over
R[x]
(xn-1)

canbe

decomposedintheformofC ≃C1 􀱇 􀱇
s

i=2
Ci  􀱇

􀱇
t

j=1
(C'j􀱇C″j)  ,whereC1isalinearcodeoverR

oflength2,CiisalinearcodeoverR2eiforeach
2≤i≤s,andforeach1≤j≤t,C'jandC″jare
bothlinearcodesoverRdjoflength2,whichare
calledtheconstituentsofC.

Theorem2.1 Letnbeapositiveoddinteger.
Assumethatthefactorizationofxn -1intobasic
irreduciblepolynomialsoverRisoftheform

xn-1=α(x-1)∏
s

i=2
gi(x)∏

t

j=1
hj(x)h*

j (x),

withα∈R*,n=1+∑
s

i=2
2ei+2∑

t

j=1
dj.Then

(i)ifqisapowerofanoddprimewithq≡1
(mod4),thetotalnumberofself-dualdoublecirculant

codesoverRis2∏
s

i=2
q3ei(qei +1)∏

t

j=1
q3dj(qdj -1);

(ii)ifqisapowerof2,thetotalnumberof
self-dual double circulant codes over R is

q3∏
s

i=2
q3ei(qei +1)∏

t

j=1
q3dj(qdj -1).

Proof (i)Weproveitbycountingtheir
constituentcodes.UsingProposition1.1 (ii),
thereare2self-dualcodesC1oflength2overR,
whosegeneratorsare(1,η),(1,-η),where
η2=-1,η∈FFq.ForconstituentcodesCiofC,
supposethat(1,βi)isthegeneratorofCi,andlet
βi=a+ub+vc+uvd∈R2ei

,then
[(1,βi),(1,βi)]H =1+βiβi=0.

Henceweget1+(a+ub+vc+uvd)(aqei +ubqei +
vcqei +uvdqei)= 0,andthus (1+aqei+1)+
u(abqei+baqei)+v(acqei +caqei)+uv(adqei +
bcqei+cbqei+daqei)=0.

1+aqei+1=0,

abqei +baqei =0,

acqei +caqei =0,

adqei +bcqei +cbqei +daqei =0,

􀮠

􀮢

􀮡

􀪁
􀪁􀪁

􀪁
􀪁􀪁

⇔

N(a)=-1,

Tr(abqei)=0,

Tr(acqei)=0,

Tr(adqei +bcqei)=0.

􀮠

􀮢

􀮡

􀪁
􀪁􀪁

􀪁
􀪁􀪁

  Bythedefinitionofthenormfunctionfrom
FFq2eitoFFqei,thereareqei+1differentchoicesfora.
Similarly,bythedefinitionofthetracefunction
fromFFq2eitoFFqei,sothereareqeidifferentchoices
forb,candd,respectively.Thusthechoicesofβi

areequaltoq3ei(qei +1).
By what wehavealreadyknown,apair

(hj(x),h*
j (x))bothofdegreedj leadsto

countingdualpairsofcodes(fortheEuclidean
innerproduct)oflength2overRdj.Ourgoalis
lookingforthetotalnumberof(β'j,β″j)suchthat
1+β'jβ″j=0,where(1,β'j)and(1,β″j)arethe
generatorsofC'jandC″j,respectively.Wediscuss
thechoicesof(β'j,β″j)byitscharacterizationof

unit.Ifβ'j∈ R*
dj
,thenβ″j=-

1
β'j
,thereare

|R*
dj|=(q

dj -1)q3d
j
choicesfor(β'j,β″j).If

β'j∈ Rdj\ R*
dj
,thenβ'j∈ <u,v>,itisa

contradictionwith1+β'jβ″j=0.
(ii)Itfollowsfrom (i)byconsidering

Proposition1.1(i).
Lemma2.1 ConsidertheconstituentsC1,

Ci,C'jandC″jofC,then
(i)C1isan LCDcodeoverR withthe

generator(1,η)ifandonlyif1+η2∈R*.
(ii)CiisanLCDcodeoverR2ei withthe

generator(1,βi)ifandonlyif1+βiβi∈R*
2ei.

(iii)C'j􀱇C″jisanLCDcodeoverRdj with
C'j=<(1,β'j)>andC″j=<(1,β″j)>ifandonlyif
1+β'jβ″j∈R*

dj.
Proof Itsufficestoprove(i),becausethe

proofsof(ii)and(iii)aresimilartothatof(i).
Supposethat1+η2∈R\R*,then [uv(1,η),
(1,η)]=0,whichimpliesuv(1,η)∈ C⊥

1.It
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meansthatuv(1,η)∈C⊥
1 ∩C1,whichmeansthat

C1 is not an LCD code,a contradiction.
Conversely,supposethat1+η2 ∈ R*,then
a(1+η2)≠0fora∈R\{0}.Hence,a(1,η)∉
C⊥
1.Because(1,η)isageneratorofC1,itfollows
thatC1∩C⊥

1 ={0}.Therefore,C1isanLCDcode
overR.

Theorem2.2 Letnbeapositiveoddinteger.
Assumethatthefactorizationofxn -1intobasic
irreduciblepolynomialsoverRisoftheformxn-1

=α(x -1)∏
s

i=2
gi(x)∏

t

j=1
hj(x)h*

j (x),withα ∈

R*,n=1+∑
s

i=2
2ei+2∑

t

j=1
dj.Thenwehave

(i)ifqisapowerofanoddprimewithq≡1
(mod4),thenumberofLCDdoublecirculant

codesoverRisq3(q-2)∏
s

i=2
q8ei -q7ei -q6ei  ·

∏
t

j=1
q8dj -q7dj +q6dj  ;

(ii)ifqisapowerof2,thenumberofLCD
doublecirculantcodesoverRis

q3(q-1)∏
s

i=2
q8ei -q7ei -q6ei  ·

∏
t

j=1
q8dj -q7dj +q6dj  .

  Proof (i)Wecanalsocountthenumberof
LCDdoublecirculantcodesbycountingconstituent
codesofC.FortheconstituentcodeC1ofC,let
(1,η)bethegeneratorofC1.AccordingtoLemma
2.1(i),weknowthatC1isanLCDcodeifand
onlyif1+η2 ∈R*.Next,wediscusstheunit
characterofηasfollows:

Ifη∈R*,wewriteη=η1+η2u+η3v+η4uv,
whereη1,η2,η3,η4∈FFqandη1≠0,then1+η2=
(1+η21)+2η1η2u+2η1η3v+2(η1η4+η2η3)uv.
Supposethat1+η2∈R*,thenwemusthave1+
η21≠0.Thereforethereare(q-3)q3choicesfor
η.

Ifη∈R\R*,then1+η2∈R*.Itiseasyto
seethatthereareq3choicesforη.

FortheconstituentcodesCiofC,let(1,βi)be
thegeneratorsofCiwith2≤i≤s.ByLemma2.1

(ii),CiisanLCDcodeifandonlyif1+βiβi ∈
R*
2ei.Putβi=βi1+uβi2+vβi3+uvβi4withβi1,βi2,

βi3,βi4∈FFq2ei,thenweget1+βiβi=1+βqei
i1

+1+
u(βi1βqei

i2 + βi2βqei
i1 )+ v(βi1βqei

i3 + βi3βqei
i1 )+

uv(βi1βqei
i4 +βi2βqei

i3 +βi3βqei
i2 +βi4βqei

i1 ).

If1+βiβi∈R*
2ei
,thenweobtain1+βqei+1i1 ≠

0.Therefore,thereareq2ei -qei -1different
choicesforβi1.Thusthereareq8ei -q7ei -q6ei
differentchoicesforβisuchthatCiisanLCDcode.

FortheconstituentcodesC'j􀱇C″jofC,let(1,

β'j)and(1,β″j)bethegeneratorsofC'jandC″jwith
1≤j≤t,respectively.ByLemma2.1(iii),we
getC'j􀱇C″jisanLCDcodeifandonlyif1+β'jβ″j∈
R*

dj.Withoutlossofgenerality,wediscussthe
unitcharacterofβ'jasfollows:

Ifβ'j∈R*
dj
,thenβ″j∈-

1
β'j

+R*
dj
,wenote

that|-
1
β'j

+R*
dj |=|R*

dj |.Therefore,inthis

case,wehave|R*
dj|

2=[(qdj -1)q3dj]2=q8dj -
2q7dj +q6dj.Sothereareq8dj -2q7dj +q6dj
differentchoicesfor(β'j,β″j).
Ifβ'j∈Rdj\R

*
dj
,letβ'j=uβ'j2+vβ'j3+uvβ'j4,β″j=

β″j1+uβ″j2+vβ″j3+uvβ″j4,whereβ'j2,β'j3,β'j4,β″j1,β″j2,β″j3,

β″j4∈FFqdj .Then1+β'jβ″j=1+uβ'j2β″j1+vβ'j3β″j1+
uv(β'j2β″j3+β'j3β″j2+β'j4β″j1),wemusthave1+β'jβ″j∈
R*

dj.Inthiscase,thenumberof(β'j,β″j)that
satisfies1+β'jβ″j∈R*

djisequaltoq
7dj.

Thusthereareq8dj -q7dj +q6djchoicesfor
(β'j,β″j)suchthatC'j􀱇C″jareLCDcodes.

(ii)Thisfollowsfrom (i)andtheresultis
proven.

3 Distancebound
Letqbeaprimitiverootmodulon,wherenis

anoddprime.SinceFFqisasubringofRandh(x)=
xn-1+…+x+1isirreducibleoverFFq.Thenwe
havexn -1=(x-1)h(x)andh(x)isabasic
irreduciblepolynomialoverR.

BytheCRT,wehave
R[x]
(xn-1)≃

R[x]
(x-1)􀱇

R[x]
(h(x))≃
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R􀱇
FFq[u,v,x]

(u2,v2,uv-vu,h(x))≃

R􀱇(FFqn-1+uFFqn-1+vFFqn-1+uvFFqn-1).

LetRbethering
R[x]
(h(x))

,soRisasubringofR.

Lemma3.1 Ifanonzerovectorz=(e,f)∈
Caandfisnotgeneratedbyh(x),whereCaisa
doublecirculantcodeoverR,thenthereareat
mostq3n+1generators(1,a)suchthatz∈Ca.

Proof BytheCRT,(e,f)≃(e1,f1)􀱇(e2,

f2).Since(e,f)∈Ca,thenf=ea,f1=e1a1and
f2=e2a2,wheree1,f1,a1∈Rande2,f2,a2∈
R.Leta1=a11+ua12+va13+uva14,a2=a21+
ua22+va23+uva24,wherea11,a12,a13,a14∈FFq,
a21,a22,a23,a24 ∈FFqn-1.Now,writingR'1=R,
R'2=R,considertwoconstituentsofCa,we
discusstheunitcharacterofeifor1≤i≤2as
follows:

①Ife1=0,f1=e1a1,thena1isanarbitrary
elementinR,thusthereareq4differentchoicesfor
a1.

②Ifei∈R'i*for1≤i≤2,thereexistsonly

onesolutionforai=
fi

ei
.

③Ifei∈<(u,v)>\{0}for1≤i≤2,letei=
uei2+vei3+uvei4with(ei2,ei3ei4)≠(0,0,0)and
fi=ufi2+vfi3+uvfi4for1≤i≤2,wheree12,
e13,e14,f12,f13,f14∈FFq,e22,e23,e24,f22,f23,

f24∈FFqn-1.Sincefi=eiai,wehave
ufi2+vfi3+uvfi4=

(uei2+vei3+uvei4)(ai1+uai2+vai3+uvai4)=
uei2ai1+vei3ai1+uv(ei2ai3+ei3ai2+ei4ai1).
Throughacomparisonofcoefficients,wehave
fi2=ei2ai1,fi3=ei3ai1,fi4=ei2ai3+ei3ai2+
ei4ai1.Inthecaseofe12=0,e13=0,e14≠0,then

a11=
f14

e14
,a12,a13,a14∈FFq.Therefore,thereareat

mostq3choicesfora1.Similarly,thereareatmost
q3n-3choicesfora1whene22=e23=0,e24≠0.

Insummary,thereareatmostq4different
choicesfora1andatmostq3n-3differentchoicesfor
a2.Thentheresultfollows.

Lemma3.2 Ifanonzerovectorz=(e,f)∈
Caandfisnotgeneratedbyh(x),whereCaisa
self-dualdoublecirculantcodeoverR.Then

(i)ifqisapowerofanoddprimewithq≡1
(mod4),thereareatmost2q

3n-3
2 generators(1,a)

suchthatz∈Ca.
(ii)ifqisapowerof2,thereareatmostq

3n+3
2

generators(1,a)suchthatz∈Ca.
Proof UsingthesamenotationsasLemma

3.1.
(i)BasedontheproofofLemma3.1.Inthe

firstconstituentofCa,[(1,a1),(1,a1)]=1+a21=
0.ByProposition1.1(ii),thenthereare2choices
fora1.

InthesecondconstituentofCa,

[(1,a2)(1,a2)]H =1+a2a2=0,
then

1+aq
n-1
2 +1

21 =0,

a21aq
n-1
2

22 +a22aq
n-1
2

21 =0,

a21aq
n-1
2

23 +a23aq
n-1
2

21 =0,

a21aq
n-1
2

24 +a22aq
n-1
2

23 +a23aq
n-1
2

22 +a24aq
n-1
2

21 =0,

􀮠

􀮢

􀮡

􀪁
􀪁
􀪁􀪁
􀪁
􀪁
􀪁

⇔

N(a21)=-1,

Tr(a21aq
n-1
2

22 )=0,

Tr(a21aq
n-1
2

23 )=0,

Tr(a21aq
n-1
2

24 +a22aq
n-1
2

23 )=0.

􀮠

􀮢

􀮡

􀪁
􀪁
􀪁􀪁
􀪁
􀪁
􀪁

Itmeansthatthereare1+q
n-1
2 ,q

n-1
2 ,q

n-1
2 ,q

n-1
2

choicesfora21,a22,a23,a24,respectively.Using

theproofofLemma3.1,thereareq
3n-3
2 choicesfor

a2.

(ii)Thisfollowsfrom(i)andProposition1.1
(i),theresultfollows.

Lemma3.3 Ifanonzerovectorz=(e,f)∈
Caandfisnotgeneratedbyh(x),whereCaisan
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LCDdoublecirculantcodeoverR.Then
(i)ifqisapowerofanoddprimewithq≡1

(mod4),thereareatmost(q-2)q3ngenerators
(1,a)suchthatz∈Ca.

(ii)ifqisapowerof2,thereareatmost
(q-1)q3ngenerators(1,a)suchthatz∈Ca.

Proof UsingthesamenotationsasLemma
3.1.

(i)BasedontheproofofLemma3.1,forthe
firstconstituentofCa,itisanLCDcodeifand
onlyif1+a21∈R*.If1+a21∈R*,then1+a211≠
0,a12,a13,a14 ∈FFq.Thusthereare(q-2)q3

choicesfora1.
ForthesecondconstituentofCa,itisanLCD

codeifandonlyif1+a2a2∈R*.if1+a2a2∈R*,

thenweget1+a21q
n-1
2 +1≠0,a22,a23,a24∈FFqn-1.

Itmeansthatthereareqn-1-q
n-1
2 -1,qn-1,qn-1,

qn-1 choicesfora21,a22,a23,a24,respectively.
UsingtheproofofLemma3.1,thereareq3n-3

choicesfora2.
(ii) This follows from (i) and

Proposition1.1(i).
IfC(n)isafamilyofcodeswithparameters

[n,kn,dn]overFFq.Wesaythatafamilyofcodesis

goodifρδ>0,whereρ=limsup
n→∞

kn

nisrate
,and

δ=liminf
n→∞

dn

nisrelativedistance.

Innumbertheory,Artin’sconjectureon
primitiveroots[12]statesthatagivenintegerq
whichisneitheraperfectsquarenor-1isa
primitiveroot moduloinfinitely manyprimes.

This was proved conditionally under the
generalizedRiemannhypothesis(GRH)[13].

Recalltheq-aryentropyfunctiondefinedfor

0≤t≤
q-1
q byRef.[14,Chapter2.10.3]

Hq(t)=

0,ift=0;

tlogq(q-1)-tlogq(t)-

  (1-t)logq(1-t),if0<t≤
q-1
q .

􀮠

􀮢

􀮡

􀪁
􀪁􀪁
􀪁
􀪁

  Thisquantityisinstrumentalintheestimation
ofthevolumeofhigh-dimensionalHammingballs
whenthebasefieldisFFq.Theresultweareusingis
thatthevolumeoftheHammingballofradiustnis
asymptoticallyequivalent,uptosubexponential
terms,toqnHq(t),when0<t<1,andngoesto
infinity.

Nowwearereadytopresentthemainresults.
Theorem3.1 Letnbeanoddprimewithn>

q,andqbeaprimitiverootmodulon.Thefamily
ofGrayimagesofself-dual(resp.LCD)double
circulantcodesoverRoflength2n,ofrelative

distanceδ,andrate1/2,satisfiesHq(δ)≥
1
16

(resp.Hq(δ)≥
1
8
).Inparticular,bothfamilies

ofcodesaregood.
Proof Letp1beanoddprime,andΩnbethe

sizeofthefamilycodes.Thenumbericalvalueof
λnisequaltotheresultsofLemmas3.2and3.3,

respectively.Forn→∞,UsingTheorems2.1and
2.3,weobtainTab.1asfollows.

Tab.1 Enumerationresultsofself-dualandLCDdoublecirculantcodes

self-dual

Ωn λn

LCD

Ωn λn

q=p1l 2q2n-2+2q
3n-3
2 2q

3n-3
2 (q-2)(q4n-1-q

7n-1
2 -q3n) (q-2)q3n

q=2l q2n+1+q
3n+3
2 q

3n+3
2 (q-1)(q4n-1-q

7n-1
2 -q3n) (q-1)q3n

  AssumethatwecanprovethatΩn>λnB(dn)
isnlargeenough,whereB(r)denotesthenumber
ofvectorsinR2nwithHammingweightoftheirFFq

image<r.Thiswouldimply,byLemmas3.2and
3.3,thattherearecodesoflength2ninthefamilywith
minimumHammingdistanceoftheirFFqimage≥dn.
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Denotebyδtherelativedistanceofthisfamily
ofq-arycodes.Ifwetakednthelargestnumber
satisfyingΩn >λnB(dn),andsupposethata
growthoftheformdn ~8δ0n,then,usingan
entropicestimateforB(dn)~q8nHq(δ0) [14,Lemma2.10.3]

yields,withthesaidvaluesofΩn andλn the

estimateHq(δ0)=
1
16forself-dualcodesand

Hq(δ0)=
1
8forLCDcodes.Theresultfollowsby

observingthat,bydefinitionofδ,wehaveδ≥δ0.

4 Conclusion
Inthispaper,wemainlystudiedself-dualand

LCDdoublecirculantcodesoflength2noverthe
ringFFq+uFFq+vFFq+uvFFq.Theexactenumerations
ofself-dualandLCDdoublecirculantcodeshave
beengiven.Thispaperhaveclearlyprovedthat
these two families of image codes are
asymptotically good overFFq. Moreover,the
complicatedproofsandcalculationsofthisring
mightbeworthystudyingotherringsordefining
bymanyvariables.
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