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Abstract: Locally dually flat weak Landsberg (a, 8)-metrics in the form of F :agzﬁ(ﬁ) were
a

studied, where « is a Riemannian metric and 8 is a 1-form. And locally dually flat (a,8)-metrics

(P
F—aqS(a

) with relatively isotropic mean Landsberg curvature were characterized, where ¢ =

$(s) is a polynomial ins .
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from the investigation of the so-called flat

0 Introduction . . "
information structure

A Finsler metric F
Locally dually flat Finsler metrics are studied =F(x,y) on a manifold M is called locally dually

in Finsler information geometry and naturally arise flat if at every point there is a coordinate system
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(2") in which the geodesic spray coefficients are in

the following form
. 1 .
GZZ*?g”H}J D

where H = H(x,y) is a C™ scalar function on
TM\{0} satisfying H(x,dy) =A*H (x,y) for all
A > 0. Such a coordinate system is called an
adapted coordinate system.

The first example of non-Riemannian dually

flat metrics is the Funk metric given as follows!

E—(lx |? E—Ax,")
ST =0 T =
()
1—| x |*
This metric is defined on the unit ball B C R" .

Recently, there are many results on the locally

F =

dually flat Finsler metrics. Ref. [ 2] characterized
locally dually flat and locally projectively flat
Finsler metric and found some equations that
characterized locally dually flat Randers metrics.
Ref. [ 3] studied and gave a characterization of
locally dually flat (@, f8)-metrics on an n-
dimensional manifold M (n = 3) .

In Finsler geometry. there are several
important non-Riemannian quantities, one of them
being the distortion 7 is a primary quantity. The
vertical derivative of 7 on tangent spaces gives rise
to the mean Cartan torsion I =z, »dx™ , and the
horizontal derivative of I along geodesics is called
the mean Landsberg curvature ] =1, y* , thus J /I
is regarded as the relative growth rate of the mean
Cartan torsion along geodesic. We call a Finsler
metric F is of relatively isotropic mean Landsberg
curvature if F satisfies | +cFI =0, wherec=c(x)
is a scalar function on the Finsler manifold. In
particular, when ¢ =0, Finsler metrics with J] =0
are called weak Landsberg metrics. Refs. [4, 8]
studied and characterized (a, §)-metrics with
relatively isotropic mean LLandsberg curvature, and
obtained some useful results.

In this paper, we first study and characterize
locally dually flat weak Landsberg (a.,f8)-metrics
and obtain the

which are not Riemannian,

following theorem:

B

Theorem 0. 1 Let F =a¢(—
a

) be an (a,f)-

metric on an n-dimensional manifold M (n = 3).
Suppose F is not Riemannian and ¢ satisfies one of
the following:

@ ¢ (s) is a polynomial of s with ¢"(0) =0;

@ ¢(s) is an analytic function with ¢'(0) =
$”(0) =0;

@ ¢"(0) # 0,

sChy —kys?) (¢p" —s5¢'2 —s5pp”) —

("2 +¢p") +hi1p (g —sp’) # 03
where £, ,k, and k; are constants. Then, if F is a
locally dually flat weak Landsberg metric, F must
be locally Minkowskian,

The third condition in Theorem 0. 1 is to make
locally dually flat (a,f)-metric satisfy Egs. (15)~
(17), and these are very important for the proof of
Theorem 0. 1. In other words, if a locally dually
flat (@, B)-metric can not satisfy any condition of
O ~ @ (for example Randers metrict*)), then
Egs. (15)~(17) can not be held. Moreover, there

are many functions ¢(s) satisflying the third

condition, for example ¢(s) =¢' , ¢(s) =1 i . +

s #=—1) ,ect.
Further, we study locally dually flat (a,)-
metrics with relatively isotropic mean Landsberg

curvature. We have the following theorem.

Theorem 0.2 Let F :ags(ﬁ) be an (a,f)-
a
metric on an n-dimensional manifold M (n = 3).

¢ (s) :2 a;s' is a polynomial in s satisfyinga, =0

i=0
ora;, #0007 <<n), If Fislocally dually flat

with  relatively isotropic mean Landsberg

curvature, then it must be locally Minkowskian.

1 Preliminary

Let M be an n-dimensional smooth manifold.
We denote by TM the tangent bundle of M and by
(x,y) = (x',y") the local coordinates on the
tangent bundle TM . A Finsler manifold (M,F) is



%114 On a class of locally dually flat (a,f)-metrics 887
a smooth manifold equipped with a function F': 0 ¢ (6 —s¢) T (9)
= 7 o~ S
TM\{0} — [0,90) , which has the following 2¢[(p —s5¢) + (b* —57)¢"]
properties: = ¢’ 10
R 2 .2 V4
(DRegularity: F is smooth in TM\{0} 2LCp —54) + (" —57)¢"]
i ] 2 i

@Positively homogeneity: F (x,Ay) =AF (z,y), hereb' =a"b; andb® =b; b .

forA > 0; Let
_ . 2 __ .2 /
@ Strong convexity: the Hessian matrix of A=14sQ+ 0" —sHQ, 1
1 Vi an

F*, (g, (xsy) :?[szyiyj ) is positive definite on — /BT =T AY i I ¢:| J
TM\{0} . We call F and the tersor g the Finsler d=—(A+14+sQ)(Q—sQ) —
metric and the fundamental tensor of M b2 —sHA+sQq", hij=b; —a'sy; (12)
respectively. The mean Landsberg curvature of the (a,8)-metric

In Finsler geometry, (a,8)-metric is a class of
important Finsler metric. By definition, an (a,83)-

metric is expressed as the following form,

F:mﬁ(.\‘)’ Szg (2)

where a :m is a Riemannian metric and
B=0b:(x)y"is a I-form, ¢ =¢(s) is aC™ positive
bosby) satisfying
$(s)—s5¢"(s)+ (B> —5)¢"(s) >0, | s |<b<b,
3
. It is known that FF =a¢ (s) is a

function on an open interval (—

where b= 1| 8, I .
Finsler metric if and only if || 8. | .
e M,

metric is a Randers metric.

< b, for any x
In particular, if ¢ (s)=1+s , then (a,8)-
Let G'(x,y) and
Gi(x,y) denote the spray coefficients of F and a »
respectively. To express formulate for the spray
coefficients G' of F' in term of @ and 8, we need to

introduce some notations. Let b;; be a covariant

derivative of b; with respect toa . Denote
1
(b D) sy —?(bi‘j —b;) (4D
S;' :a“S/,jv Sj :bl Sijo T :[)I rij (5)
ro:rjyj, S():Sjyjy rooirib,-yiyj (6)
In fact, we can express the spray coefficients G’ as
follows"!

ZQ/QSO —|‘7’oo) % +
\P\(* ZGQSO _’_Too)lf

G’ =Gi +aQsh +O(—
%)

where
’

$

=1 - (8)
Q=

F :ou/)(ﬁ) is given by!"

fl 2a*

Ji= 22 A bz [ +n+DQ—sQ)H] -

(7‘0+5o)h + [‘P1+3 ](7’00

— ;50 +
*ZQQS]’)*

- Z(XQSO )h]' +

a[—aQ S()hj +QQ((X S
QZA Sjo —|—a2(r]-0

(r(>o*2aQso)yj]2} (13)

A

2 Some lemmas

To prove Theorems 0. 1 and 0. 2, we need
some lemmas.

Lemma 2. 1

If 5*Q + s = 0, then $(s)

=k /b> —s? , in this case F is Riemannian.
Lemma 2. 2" If ¢ = 4(s) satisflies ¥, =0,
then F is Riemannian.
Let J =J.b" , by Eq. (13) we get

Lemma 2. 3"/ For an (a, f3)-metric F =

ou;S(ﬁ) , the quantity J is given by
a

1

m{‘lfl(roo

J=— —2aQsy) +a¥y (ry +50)}

aH

where T, =2(n +1)(Q —sQ") —Q—BA*@ .

Lemma 2.4 Let F = ang(ﬁ) be an (a,p)-

metric on an n-dimensional manifold (n = 3).
Suppose F' is not Riemannian and ¢ satisfies one of

the following:
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(H,) ¢(s) is a polynomial of s with ¢ (0) =0, Sij:l(bje[_biﬁj)9 ]
(H,) ¢(s) is an analytic function with ¢"(0) = 3 L 18)

$”(0) =0,
(Hy) ¢/ (0) # 0,
sChy —kys?) (¢p" —s5¢'2 —s5pd”) —
(¢ +¢¢") +hip(p—sp) F 05
where k,,k,,ks are constants. Then F is locally

dually flat on M if and only if @ and j3 satisfy

1
510:§(551—0{J,) (15)
2 )
00 :g[eﬂ_(el [7[)012] (16)
G :%(20y‘+51a2) an

where 0 =0, (x)y' is a 1-form on M and 0’ =a "0, .
In fact, there are many functions ¢ (s) which
are solutions of assumption (Hj;), let ¢(s) =

2 a;s" with constantsa; Z 0(0 << i < n). Itis

i=0
not difficult to verify these ¢ (s) satisfy condition
(H;)P, Thus, the (a, 8)-metrics defined by

$(s) :2 a;s' with constantsa; 7%= 000 << < n)

i=0
are locally dually flat if and only if « and B satisfy
Eqgs. (15)~(17).

n
We assume that ¢ (s) :2 a;s'is a polynomial
=0

ins » wherea; =0ora; Z0(0<:<n), if Fis
locally dually flat. By (H,) and (H;), Egs. (15)
~(17) hold.

Lemma 2. 5% Let F =a¢(s), s _F be an
a

(a,f )-metric with relatively isotropic mean
Landsberg curvature on a manifold of dimension n
(n == 3) . Suppose that the following conditions:
@D ¢(s) is a polynomial in s 3 @ F is not of

Randers type. Then F is a Berwald metric.

3 Proof of theorems
Proof of Theorem (0. 1  Assume that F =

ag (g) is a (@ ,f)-metric satisfying the condition of

Theorem 0. 1, then Egs. (15)~(17) hold. Thus

rij :%(61 bj +(9] b,‘ *Zpa,-j)J

where p(x) =0, b'.
Contracting (18) with 6’ yields
s; :%(ybj —0*0;), r; :%(bzﬁj —ub;)(19)
That is
1 ) 1
0 :g(,aﬁ—bl(?) . 70 :g(lfﬁ —uB) (20)
So
ro+5s0=0 2D
Assume that F is a weak Landsberg metric,
then it satisfies /] =0. Putting (21) into (14), we
get W =0o0rryp—2a Qs,=0. f ¥, =0, by Lemma
2.2, F is Riemannian, this is impossible. Thus
roo — 2aQ 5o =0 (22)
In order to overcome the difficulty in computation,
we take an orthonormal basis at any point x with

respect to a such that

a= |2y, B=by! (23)
i=1

where b = || 8, || .. Then we have the following

coordinate transformation in T, M &7, e: (s u) —>
(yH)
y! :%E, VAi=ut, 2<<A <n (24
b — st
where a = /Z (u™)? , we have
A=2
b — bs —
g =————q, f=—q (25)
bZ 7S2 bZ 752

In this coordinate system, we have the

following expressions:

2 b0 s, b0, bt
ro()—gl:bz_sza _'_ ])2_Sza !)2_S2a ]’
1 bs — b0 — (
so= [ T 20,] J
3 /ht—5? b? —s?

(26)
It follows from Eq. (22) that

2b -,
m(@l 52 */lb */xbsQ +52@1 QS)GZ +
Zbéo P -
——— (G +b6'Q)a =0 @27
3V/b? — st
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Note b # 0 then respect to a » which implies F is locally
01 s — pb — ubsQ + b*6, Qs =0, 29) Minkowskian.
(s +6°Q)0, =0
Letting s =0 and using & # 0 in the first equation of Acknowledgements  We would like to thank

(28), we have u =0. Then (28) is equivalent to
0,(b°Q+5) =0, (s +b°Q)0, =0 (29
Since F is non-Riemannian, by Lemma 2. 1,

b’Q + s 7% 0, then (29) are reduced to

0, =0, 0, =0 29
Plugging (30) into(17)~(18) yields
riy =0, 5; =0, G, =0 3D

We know thata is flat and f is parallel with respect
toa » which implies that F is locally Minkowskian.
Proof of Theorem 0.2 We assume that F' is a
locally dually flat (a, 8)-metric with relatively
isotropic mean Landsberg curvature, ¢ (s) = Z”) a;s'
i=0
is a polynomial on s satisfying a; = 0 or a; #
0(0<<{i<{n), and by Lemma 2. 4, (15)~(17)
hold. In addition, noting ¢ (s) is a polynomial of
degree n(n == 3), so F is not of Randers type, and
by Lemma 2. 5, F is a Berwald metric, which
implies thatr; =0, 5; =0, Then (15) and (16) are
reduced to
B9, —00b,=0, 08— pa® =0 (32)
Contracting the first equation of (32) with &’

yields § = [%,8 Plugging this into the second

equation of (32), we get [%[3? — pa® =0, thus
h

deriving # =0, § =0. Plugging this into (17), we
get G = 0. Now « is flat and 8 is parallel with

the anonymous reviewers for their kind comments

and valuable suggestions.
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