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摘要:刻画了定义在n(n≥3)维流形M 上的局部对偶平坦的弱Landsberg的(α,β)度量F=αϕ(βα
),其中

α= aij(x)yiyj 是一个黎曼度量,β=bi(x)yi 是一个1形式.还刻画了定义在n(n≥3)维流形上局部对

偶平坦且具有相对迷向平均Landsberg曲率的(α,β)度量F=αϕ(βα
),其中ϕ(s)是关于s的多项式.

关键词:局部对偶平坦;(α,β)度量;弱Landsberg;平均Landsberg曲率;闵可夫斯基

0 Introduction
LocallyduallyflatFinslermetricsarestudied

inFinslerinformationgeometryandnaturallyarise

from the investigation of the so-called flat
information structure[1].A Finsler metric F
=F(x,y)onamanifoldMiscalledlocallydually
flatifateverypointthereisacoordinatesystem



(xi)inwhichthegeodesicspraycoefficientsarein
thefollowingform

Gi=-
1
2g

ijHyj (1)

whereH =H(x,y)isaC∞ scalarfunctionon
TM\{0}satisfyingH(x,λy)=λ3H(x,y)forall
λ> 0.Suchacoordinatesystemiscalledan
adaptedcoordinatesystem.

Thefirstexampleofnon-Riemanniandually
flatmetricsistheFunkmetricgivenasfollows[1]

F= |y|2-(|x|2|y|2-<x,y>2)
1-|x|2 ±

<x,y>
1-|x|2

.

ThismetricisdefinedontheunitballBn ⊂Rn .
Recently,therearemanyresultsonthelocally
duallyflatFinslermetrics.Ref.[2]characterized
locallyduallyflatandlocally projectivelyflat
Finsler metricandfoundsomeequationsthat
characterizedlocallyduallyflatRandersmetrics.
Ref.[3]studiedandgaveacharacterizationof
locallydually flat (α,β)-metrics on an n-
dimensionalmanifoldM (n≥3).
In Finsler geometry,there are several

importantnon-Riemannianquantities,oneofthem
beingthedistortionτisaprimaryquantity.The
verticalderivativeofτontangentspacesgivesrise
tothemeanCartantorsionI=τymdxm ,andthe
horizontalderivativeofIalonggeodesicsiscalled
themeanLandsbergcurvatureJ=I;kyk,thusJ/I
isregardedastherelativegrowthrateofthemean
Cartantorsionalonggeodesic.WecallaFinsler
metricFisofrelativelyisotropicmeanLandsberg
curvatureifFsatisfiesJ+cFI=0,wherec=c(x)
isascalarfunctionontheFinslermanifold.In
particular,whenc=0,FinslermetricswithJ=0
arecalledweakLandsbergmetrics.Refs.[4,8]
studiedandcharacterized (α,β)-metrics with
relativelyisotropicmeanLandsbergcurvature,and
obtainedsomeusefulresults.
Inthispaper,wefirststudyandcharacterize

locallyduallyflatweakLandsberg(α,β)-metrics
which are not Riemannian,and obtain the

followingtheorem:

Theorem0.1 LetF=αϕ(βα
)bean(α,β)-

metriconann-dimensionalmanifoldM (n≥3).
SupposeFisnotRiemannianandϕsatisfiesoneof
thefollowing:

①ϕ(s)isapolynomialofswithϕ'(0)=0;
②ϕ(s)isananalyticfunctionwithϕ'(0)=

ϕ″(0)=0;
③ϕ'(0)≠0,

s(k2-k3s2)(ϕϕ'-sϕ'2-sϕϕ″)-
(ϕ'2+ϕϕ″)+k1ϕ(ϕ-sϕ')≠0;

wherek1,k2andk3areconstants.Then,ifFisa
locallyduallyflatweakLandsbergmetric,Fmust
belocallyMinkowskian.

ThethirdconditioninTheorem0.1istomake
locallyduallyflat(α,β)-metricsatisfyEqs.(15)~
(17),andtheseareveryimportantfortheproofof
Theorem0.1.Inotherwords,ifalocallydually
flat(α,β)-metriccannotsatisfyanyconditionof
① ~ ③ (forexampleRandersmetric[2]),then
Eqs.(15)~(17)cannotbeheld.Moreover,there
are manyfunctionsϕ(s)satisfying thethird

condition,forexampleϕ(s)=es,ϕ(s)=
1
1-s+

s(≠-1),ect.
Further,westudylocallyduallyflat(α,β)-

metricswithrelativelyisotropicmeanLandsberg
curvature.Wehavethefollowingtheorem.

Theorem0.2 LetF=αϕ(βα
)bean(α,β)-

metriconann-dimensionalmanifoldM (n≥3).

ϕ(s)=∑
n

i=0
aisiisapolynomialinssatisfyinga1=0

orai≠0(0≤i≤n),IfFislocallyduallyflat
with relatively isotropic mean Landsberg
curvature,thenitmustbelocallyMinkowskian.

1 Preliminary
LetMbeann-dimensionalsmoothmanifold.

WedenotebyTMthetangentbundleofMandby
(x,y)= (xi,yi)thelocalcoordinatesonthe
tangentbundleTM .AFinslermanifold(M,F)is
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asmoothmanifoldequippedwithafunctionF:
TM\{0}→ [0,∞),which hasthefollowing
properties:

①Regularity:FissmoothinTM\{0};
②Positivelyhomogeneity:F(x,λy)=λF(x,y),

forλ>0;
③Strongconvexity:theHessianmatrixof

F2,(gij(x,y)=
1
2
[F2]yiyj)ispositivedefiniteon

TM\{0}.WecallFandthetersorgijtheFinsler
metric and the fundamental tensor of M
respectively.

InFinslergeometry,(α,β)-metricisaclassof
importantFinslermetric.Bydefinition,an(α,β)-
metricisexpressedasthefollowingform,

F=αϕ(s),s=β
α

(2)

whereα= aij(x)yiyjisaRiemannianmetricand

β=bi(x)yiisa1-form,ϕ=ϕ(s)isaC∞positive
functiononanopeninterval(-b0,b0)satisfying
ϕ(s)-sϕ'(s)+(b2-s2)ϕ″(s)>0,|s|≤b<b0

(3)
whereb=‖βx‖α.ItisknownthatF=αϕ(s)isa
Finslermetricifandonlyif‖βx‖α<b0foranyx
∈M [5].Inparticular,ifϕ(s)=1+s,then(α,β)-
metricisaRanders metric.LetGi(x,y)and
Gi

α(x,y)denotethespraycoefficientsofFandα,
respectively.Toexpressformulateforthespray
coefficientsGiofFintermofαandβ,weneedto
introducesomenotations.Letbi|jbeacovariant
derivativeofbiwithrespecttoα.Denote

rij=
1
2
(bi|j+bj|i),sij=

1
2
(bi|j-bj|i)(4)

si
j=aihshj,sj=bisij,rj=birij (5)

r0=rjyj,s0=sjyj,r00=rijyiyj (6)

Infact,wecanexpressthespraycoefficientsGias
follows[5]:

Gi=Gi
α+αQsi

0+Θ(-2αQs0+r00)
yi

α +

Ψ(-2αQs0+r00)bi (7)
where

Q= ϕ'
ϕ-sϕ'

(8)

Θ= ϕ'(ϕ-sϕ')
2ϕ[(ϕ-sϕ')+(b2-s2)ϕ″]

-sΨ (9)

Ψ= ϕ″
2[(ϕ-sϕ)+(b2-s2)ϕ″]

(10)

herebi=aijbjandb2=bibi.
  Let

Δ=1+sQ+(b2-s2)Q',

Ψ1= b2-s2Δ
1
2[b2-s2ϕ

Δ
3
2

]'







 (11)

Φ=-(nΔ+1+sQ)(Q-sQ')-     
(b2-s2)(1+sQ)Q″,hj=bj-α-1syj (12)

ThemeanLandsbergcurvatureofthe(α,β)-metric

F=αϕ(βα
)isgivenby[6]

Jj= -1
2α4Δ

{2α
2

b2-s2
[Φ
Δ +(n+1)(Q-sQ')]·   

(r0+s0)hj+
α

b2-s2
[Ψ1+s

Φ
Δ
](r00-2αQs0)hj+

α[-αQ's0hj+αQ(α2sj-yjs0)+
α2Δsj0+α2(rj0-2αQsj)-

(r00-2αQs0)yj]
Φ
Δ
} (13)

2 Somelemmas
ToproveTheorems0.1and0.2,weneed

somelemmas.
Lemma2.1 Ifb2Q +s =0,thenϕ(s)

=k b2-s2 ,inthiscaseFisRiemannian.
Lemma2.2[7] Ifϕ=ϕ(s)satisfiesΨ1=0,

thenFisRiemannian.
LetJ=Jibi,byEq.(13)weget
Lemma2.3[6] Foran (α,β)-metricF =

αϕ(βα
),thequantityJisgivenby

J=-
1
2α2Δ

{Ψ1(r00-2αQs0)+αΨ2(r0+s0)}

(14)

whereΨ2=2(n+1)(Q-sQ')+
3Φ
Δ .

Lemma2.4[3] LetF=αϕ(βα
)bean(α,β)-

metriconann-dimensionalmanifold(n ≥ 3).
SupposeFisnotRiemannianandϕsatisfiesoneof
thefollowing:
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(H1)ϕ(s)isapolynomialofswithϕ'(0)=0,
(H2)ϕ(s)isananalyticfunctionwithϕ'(0)=

ϕ″(0)=0,
(H3)ϕ'(0)≠0,

s(k2-k3s2)(ϕϕ'-sϕ'2-sϕϕ″)-
(ϕ'2+ϕϕ″)+k1ϕ(ϕ-sϕ')≠0;

wherek1,k2,k3areconstants.ThenFislocally
duallyflatonMifandonlyifαandβsatisfy

sl0=
1
3
(βθl-θbl) (15)

r00=
2
3
[θβ-(θlbl)α2] (16)

Gl
α=
1
3
(2θyl+θlα2) (17)

whereθ=θi(x)yiisa1-formonMandθl=alkθk.
Infact,therearemanyfunctionsϕ(s)which

aresolutionsofassumption (H3),letϕ(s)=

∑
n

i=0
aisiwithconstantsai≠0(0≤i≤n).Itis

notdifficulttoverifytheseϕ(s)satisfycondition
(H3)[3].Thus,the (α,β)-metricsdefinedby

ϕ(s)=∑
n

i=0
aisiwithconstantsai≠0(0≤i≤n)

arelocallyduallyflatifandonlyifαandβsatisfy
Eqs.(15)~(17).

Weassumethatϕ(s)=∑
n

i=0
aisiisapolynomial

ins,wherea1=0orai≠0(0≤i≤n),ifFis
locallyduallyflat.By(H1)and(H3),Eqs.(15)
~(17)hold.

Lemma2.5[8] LetF=αϕ(s),s=β
α bean

(α,β)-metric with relatively isotropic mean
Landsbergcurvatureonamanifoldofdimensionn
(n≥3).Supposethatthefollowingconditions:
①ϕ(s)isapolynomialins;② Fisnotof
Randerstype.ThenFisaBerwaldmetric.

3 Proofoftheorems
ProofofTheorem0.1 AssumethatF =

αϕ(βα
)isa(α,β)-metricsatisfyingtheconditionof

Theorem0.1,thenEqs.(15)~(17)hold.Thus

sij=
1
3
(bjθi-biθj),

rij=
1
3
(θibj+θjbi-2μaij)












(18)

whereμ(x)=θlbl.
Contracting(18)withbiyields

sj=
1
3
(μbj-b2θj),rj=

1
3
(b2θj-μbj)(19)

Thatis

s0=
1
3
(μβ-b2θ),r0=

1
3
(b2θ-μβ) (20)

So
r0+s0=0 (21)

  AssumethatFisaweakLandsbergmetric,
thenitsatisfiesJ=0.Putting(21)into(14),we
getΨ1=0orr00-2αQs0=0.IfΨ1=0,byLemma
2.2,FisRiemannian,thisisimpossible.Thus

r00-2αQs0=0 (22)
Inordertoovercomethedifficultyincomputation,
wetakeanorthonormalbasisatanypointxwith
respecttoαsuchthat

α= ∑
n

i=1
(yi)2,β=by1 (23)

whereb=‖βx‖α.Thenwehavethefollowing
coordinatetransformationinTxM [8],φ:(s,uA)→
(yi)

y1=
s

b2-s2
α,yA =uA,2≤A≤n (24)

whereα= ∑
n

A=2
(uA)2 ,wehave

α=
b

b2-s2
α,β=

bs
b2-s2

α (25)

  Inthiscoordinatesystem,wehavethe
followingexpressions:

r00=
2
3
[bθ1s

2

b2-s2α
2+

bsθ0
b2-s2

α- μb2

b2-s2α
2],

s0=
1
3
[ μbs
b2-s2

α-
b2θ1s
b2-s2

α-b2θ0]












(26)
ItfollowsfromEq.(22)that

2b
3(b2-s2)

(θ1s2-μb-μbsQ+b2θ1Qs)α2+

2bθ0
3 b2-s2

(s+b2Q)α=0 (27)
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Noteb≠0then
θ1s2-μb-μbsQ+b2θ1Qs=0,

(s+b2Q)θ0=0  (28)

Lettings=0andusingb≠0inthefirstequationof
(28),wehaveμ=0.Then(28)isequivalentto

θ1(b2Q+s)=0,(s+b2Q)θ0=0 (29)
  SinceFisnon-Riemannian,byLemma2.1,
b2Q+s≠0,then(29)arereducedto

θ1=0,θA =0 (29)
Plugging(30)into(17)~(18)yields

rij=0,sij=0,Gi
α=0 (31)

Weknowthatαisflatandβisparallelwithrespect
toα,whichimpliesthatFislocallyMinkowskian.

ProofofTheorem0.2 WeassumethatFisa
locallyduallyflat (α,β)-metricwithrelatively

isotropicmeanLandsbergcurvature,ϕ(s)=∑
n

i=0
aisi

isapolynomialonssatisfyinga1 =0orai ≠
0(0≤i≤n),andbyLemma2.4,(15)~(17)
hold.Inaddition,notingϕ(s)isapolynomialof
degreen(n≥3),soFisnotofRanderstype,and
byLemma2.5,FisaBerwaldmetric,which
impliesthatrij=0,sij=0.Then(15)and(16)are
reducedto

βθl-θbl=0,θβ-μα2=0 (32)
  Contractingthefirstequationof(32)withbl

yieldsθ = μ
b2β.Pluggingthisintothesecond

equationof(32),wegetμ
b2β

2 -μα2 =0,thus

derivingμ=0,θ=0.Pluggingthisinto(17),we
getGi

α =0.Nowαisflatandβisparallelwith

respect to α, which implies F is locally
Minkowskian.
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