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求二次型哈密顿量简正坐标的泊松括号方法

林　权１,范洪义２

(１．武夷学院机电工程学院,福建武夷山３５４３００;２．中国科学技术大学材料科学与工程系,安徽合肥２３００２６)

摘要:研究发现寻求二次型哈密顿量 H 的简正坐标W 可以归结于求解由两个相继的泊松括号运算组成的

久期方程,从此方程解出W 就能同时给出简正频率．通过几个二次型哈密顿量的例子说明了此方法的优点．
关键词:二次型哈密顿函数;泊松括号运算;简正坐标;简正频率

０　Introduction
InclassicalanalyticalmechanicsthePoisson

bracketisusedtoexpressHamiltonequationand
Poissontheoreminaconciseway[１Ｇ２]．Inthispaper
wepresentanewapplicationofPoissonbracket,

e．g．,weshallsearchfornormalcoordinatesof
quadratic Hamiltonian byestablishingasecular
equation with two consecutive Poisson bracket
(PB)operations．Normalcoordinatesaresuchthat
make a Hamiltonian in separable form of
independentoscillators．



Generally,therearetwomethodsforfinding
normal coordinates, one is by changing the
coordinatescalesanddiagonalizingthenewkinetic
energy matrix[３Ｇ４],theotherisbychangingthe
coordinatescalesandusingarbitraryrowofadjoint
matrixofthefrequencyeigenmatrix[５Ｇ６]．Theyare
quite different from our new method to be
presented in this paper．Our new ideais to
establish the secular equation for normal
coordinateswithtwoconsecutivePoissonbracket
(PB)operations．Thensolvingthisequation will
alsoleadtonormalfrequencies．Somecomplicated
examplesofcoupledoscillatorsarepresentedto
show ournew method’s merit．Thisisa new
approach to obtaining normal coordinates of
classicaldynamicsystems,andthereforeenriches
theclassicalLagranianＧHamiltoniantheory．

１　Thesecularequationfornormal
coordinates
Thesecularequation weproposeinvolvestwo

Poissonbracketoperationsinuninterruptedsuccession
{H,{H,W}}＝λW (１)

where H is a quadratic Hamiltonian,W is a
classicaldynamicvariablewearesearchingfor,it
isnotexplicitlytimedependent,andlooksasifit
isan “eigenvalue”ofthetwoconsecutivePoisson
bracketoperations．

WewanttomanifestthatonceWisfound,it
denotesnormalcoordinate whichiscapable of
diagonalizingtheHamiltonianH ．

AccordingtotimeevolutionofW
dW
dt ＝∑

i

ƏW
pi

ṗi＋
ƏW
qi

q̇i
æ

è
ç

ö

ø
÷ (２)

andusingtheHamiltoncanonicalequation

q̇i＝
ƏH
Əpi

,̇pi＝－
ƏH
Əqi

(３)

aswellasthedefinitionofPoissonbracket

{f,g}＝∑
i

Əf
Əqi

Əg
Əpi

－
Əf
Əpi

Əg
Əqi

æ

è
ç

ö

ø
÷ (４)

wecanreform (２)asaPoissonbracket
dW
dt ＝∑

i

ƏW
Əqi

ƏH
Əpi

－
ƏW
Əpi

ƏH
Əqi

æ

è
ç

ö

ø
÷＝{W,H}(５)

　　Differentiatingthisequationwithtimeagain

weobtain
d２W
dt２ ＝

d
dt

dW
dt ＝∑

i

Ə̇W
Əqi

ƏH
Əpi

－
Ə̇W
Əpi

ƏH
Əqi

æ

è
ç

ö

ø
÷ (６)

andstillusing(５)wesee
d２W
dt２ ＝∑

i

ƏH
Əpi

Ə
Əqi

{W,H}－
ƏH
Əqi

Ə
Əpi

{W,H}＝

{{W,H},H}＝{H,{H,W}} (７)

whichinvolvestwoconsecutive Poisson bracket
operations．IfwecanfindsomeWsatisfying

{H,{H,W}}＝{{W,H},H}＝λW (８)

whereλispositive．Eq．(１)becomes
d２W
dt２ ＝λW (９)

whereWisqualifiedtobenormalcoordinatesfor
H ．To explain this,let us write down the
Lagrangianforaquadraticphysicalsystem

L＝
１
２ ∑

l

i＝１
mi̇xi

２－∑
l

i,j＝１
Kijxixj[ ] (１０)

intermsofnormalcoordinatesQiitjustexhibits

theformoflＧindependentoscillators[７]

L＝
１
２ ∑

l

i＝１
Q̇i

２－∑
l

i＝１
ωi

２Qi
２[ ] (１１)

　　ByusingtheLagrangianequation
d
dt

ƏL
Ə̇Qi

－
ƏL
ƏQi

＝０ (１２)

weknowthatQiobeystheNewtonequation

d２Qi

dt２ ＝ωi
２Qi (１３)

　　ComparingEq．(９)withEq．(１３),onecansee
thatWreallyrepresentsnormalcoordinatesforH ,

andλinEq．(９)justcorrespondstoωi
２inEq．(１３)．

Therefore,solvingthesecularequation (１)can
leadtonormalcoordinates．Thisisanewapproach
to obtaining normal coordinates of classical
dynamicsystems．

２　Poissonbracketmethodforobtaining
normalcoordinatesofthreecoupled
oscillators
The Hamiltonian of three coupled

oscillatorsis[８Ｇ９]

H ＝
p２

１

２m ＋
p２

２

２M ＋
p２

３

２m ＋　　　　　　　
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１
２kx２－x１( ) ２＋

１
２kx２－x３( ) ２ (１４)

wherekisthespringconstant．The massinthe
middleisM ,theothertwo massesarem ．The
fundamentalPoissonbracketsare

{x１,H}＝
ƏH
Əp１

＝
p１

m
,

{x２,H}＝
ƏH
Əp２

＝
p２

M
,{x３,H}＝

p３

m

ü

þ

ý

ï
ïï

ï
ï

(１５)

And

{p１,H}＝－
ƏH
Əx１

＝kx２－x１( ) (１６)

{p２,H}＝－
ƏH
Əx２

＝－kx２－x１( ) ＋kx３－x２( )

(１７)

{p３,H}＝－
ƏH
Əx３

＝kx２－x３( ) (１８)

　　AssumingthenormalcoordinateWforthisH
takestheform

W ＝x１＋fx２＋gx３ (１９)

wheref,g areto bedetermined．Accordingto
Eqs．(１２)and (１３),substituting (１４)intothe
secularequations(１)and(８),wehave

λW ＝{{W,H},H}＝　　　　　　　　　

{p１

m
,H}＋f

p２

m
,H{ } ＋g

p３

m
,H{ }＝

１
mkx２－x１( ) ＋

f －kx２－x１( ) ＋ x３－x２( )[ ] ＋g＝

－k[ １
m －

f
M

æ

è
ç

ö

ø
÷ x１＋ －１

m ＋
２f
M －

g
m

æ

è
ç

ö

ø
÷ x２＋

g
m －

f
M

æ

è
ç

ö

ø
÷x３ ] (２０)

　　Comparing(２０)with(１９),weconcludethat
their corresponding coefficients must be
proportionaltoeachother,so

１∶f∶g＝　　　　　　　　　　　　　　
１
m －

f
M

æ

è
ç

ö

ø
÷∶ －１

m ＋
２f
M －

g
m

æ

è
ç

ö

ø
÷∶

g
m －

f
M

æ

è
ç

ö

ø
÷ (２１)

orequivalently
１∶f∶g＝　　　　　　　　　　　　　　　　
M －fm( )∶ －M ＋２fm－gM( )∶ gM －fm( )

(２２)

fromwhichwehavetwoindependentequations

M －fm
gM －fm ＝

１
g

(２３)

－M ＋２fm－gM
gM －fm ＝

f
g

(２４)

FromEq．(２３)wesee
g＝１,orf＝０ (２５)

　　Whenf＝０,Eq．(２４)reducesto－M －gM
gM ＝

０,sog＝－１;Ontheotherhand,wheng＝１,Eq．
(２４)becomesto

－２M ＋２fm＝f M －fm( ) (２６)

inthiscase

f＝－２,orf＝
M
m

(２７)

　　Insum,wehavethreegroupsofsolutions
f＝０,g＝－１ (２８)

f＝
M
m

,g＝１ (２９)

f＝－２,g＝１ (３０)

　　SubstitutingthemintoEq．(１９)respectively
givesthenormalcoordinates

W ＝x１－x３ (３１)

W ＝x１＋
M
mx２＋x３ (３２)

W ＝x１－２x２＋x３ (３３)

　　Ontheotherhand,respectivelysubstituting
thethreesolutionsinto(２０)yields

λW ＝－
k
m x１－x３( ) (３４)

λW ＝０ (３５)

λW ＝－k １
m ＋

２
M

æ

è
ç

ö

ø
÷ x１－２x２＋x３( ) (３６)

whichindicatesthatthenormalfrequenciesare

ω１＝
k
m

,ω２＝０,ω３＝
k
m １＋

２m
M

æ

è
ç

ö

ø
÷ (３７)

　　Onemaycheckournewmethod’scorrectness
byotherknownmethods．

３　Poissonbracketmethodforobtaining
normalcoordinatesoflinearbiＧatomic
chainwithunequalmasses
Now wesearchfornormalcoordinatesofa

linearchaincomposedofNＧbiＧatoms,eachbiＧatom
containingtwoironswithunequalmassesm and
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m′,whoseHamiltonianis[１０]

H ＝∑
N

n＝１
[
p２

n

２m ＋
p′n２

２m′＋β
２ xn －x′n( ) ２＋

β
２ xn －x′n－１( ) ２＋β

２ x′n －xn＋１ )
２

( ] (３８)

　 　 Supposing the normal coordinates take
theform

W ＝∑
N

n＝１
fnpn ＋f′np′n( ) (３９)

wherefn ,f′naretobedetermined,Wshouldobey
thesecularequation(４)．UsingEq．(３８)wesee

{pn,H}＝ pn,β
２ xn －x′n( ) ２＋β

２ xn －x′n－１( ) ２{ }＝
βx′n ＋x′n－１－２xn( ) (４０)

{p′n,H}＝βxn ＋xn－１－２x′n( ) (４１)

{xn,H}＝ xn,p
２
n

２m{ }＝
pn

m
,{x′n,H}＝

p′n
m′

(４２)

　　Usingthesewecalculate

{W,H}＝∑
N

n＝１

{fnpn ＋f′np′n( ) ,H}＝

β∑
N

n＝１
[fn x′n ＋x′n－１－２xn( ) pn ＋

f′n xn ＋xn－１－２x′n )( ] ＝

β∑
N

n＝１
(f′n ＋f′n－１－２fn[ ) xn ＋

fn ＋fn＋１－２f′n( )x′n ] (４３)

　　Further,weevaluate

{{W,H},H}＝－β∑
N

n＝１
[ １m f′n ＋f′n－１－２fn( )pn ＋

１
m′fn ＋fn＋１－２f′n( )p′n ] (４４)

　　Comparingthecoefficientsof(４４)withthose
in(３９)andusing(８)wehave

λfn ＝－β
１
m f′n ＋f′n－１－２fn( ) (４５)

λf′n ＝－β
１
m′fn ＋fn＋１－２f′n( ) (４６)

　　Itthenfollows

λ＝－ β
mfn

f′n ＋f′n－１－２fn( ) ＝

－ β
m′f′n fn ＋fn＋１－２f′n( ) (４７)

whichis

１
m

f′n ＋f′n－１

２fn
－１

æ

è
ç

ö

ø
÷＝

１
m′

fn ＋fn＋１

２f′n －１
æ

è
ç

ö

ø
÷ ,

n＝１,２,􀆺,N

ü

þ

ý

ïï

ïï

(４８)

andleadsusto
fn ＝μcos２nθl,f′n ＝νcos(２n＋１)θl (４９)

where

θl ＝
π
N

,１,２,􀆺,２N (５０)

　　SubstitutingEq．(４９)intoEq．(４７)leadsto

λ＝
２β
m １－

ν
μ

cosθl
æ

è
ç

ö

ø
÷＝

２β
m′１－μ

νcosθl
æ

è
ç

ö

ø
÷ (５１)

and
ν
μ

＝
２βcosθl

２β－m′λ＝
２β－mλ
２βcosθl

(５２)

thus
m′λ２－２β(m＋m′)λ＋４β２sin２θl ＝０ (５３)

whosesolutiongivesthenormalfrequency

λ＝β
１
m ＋

１
m′

æ

è
ç

ö

ø
÷±β

１
m ＋

１
m′

æ

è
ç

ö

ø
÷

２

－
４sin２θ
mm′

é

ë
êê

ù

û
úú＝ω２

(５４)

andthenormalcoordinatesforbiＧatomiclinear
chainis

W ＝∑
N

n＝１
μpncos２nθl ＋νp′ncos(２n＋１)θl[ ]

(５５)

４　Poissonbracketmethodforobtaining
normalcoordinatesofanimpeller
model
InthissectionweemploythePoissonbracket

methodtofindnormalcoordinatesofanimpeller
model．Apracticalimpellerisarotatingcomponent
ofacentrifugalpumpwhichtransfersenergyfrom
themotorthatdrivesthepumptothefluidbeing
pumpedbyacceleratingthefluidoutwardsfrom
thecenterofrotation．Here we writedownthe
Hamiltonianofanimpellerwithtwotypesofvanes

H″＝∑
N

n＝１
[
p２

２n

２m１
＋
p２

２n＋１

２m２
＋

λ
２ X２n －X２n＋１( ) ２＋

λ
２ X２n＋１－X２n＋２( ) ２＋

１
２η１X２

２n ＋
１
２η２X２

２n＋２ ]
(５６)

whereNisimpellervanenumber,λisthespring
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coupling constant between two neighbouring
vanes,ηi (i ＝１,２)isthecoupling constant
betweentwotypes ofvanes with therotating
center,respectively．Using (５６)wecalculatethe
followingPoissonbrackets:
P２m,H″{ } ＝iλX２m＋１＋λX２m－１－X２m(２λ＋η１){ }

(５７)
P２m＋１,H″{ } ＝ λX２m ＋λX２m＋２－X２m＋１(２λ＋η２){ }

(５８)

X２n,H″{ }＝
i
m１

P２n,X２n＋１,H{ }＝
i
m２

P２n＋１

(５９)
　　SupposingtheinvarianteigenvectorforH″is

F＝∑
N

m＝１

(f２mP２m ＋f２m＋１P２m＋１) (６０)

thenusingEqs．(５７)~(５９)weevaluate
{F,H″}＝　　　　　　　　　　　　　　　　　

∑
N

m＝１

{iX２m[f２m＋１λ＋f２m－１λ－f２m(２λ＋η１)]＋

iX２m＋１[f２mλ＋f２m＋２λ－f２m＋１(２λ＋η２)]}
(６１)

Itfollows
{{F,H″},H″}＝　　　　　　　　　　　　　　

∑
N

m＝１
{
P２m[f２m(２λ＋η)－λ(f２m＋１＋f２m－１)]

m１
＋

P２m＋１[f２m＋１(２λ＋η)－λ(f２m ＋f２m＋２)]
m２

} ＝

ω２∑
N

m＝１

(f２mP２m ＋f２m＋１P２m＋１) (６２)

　　ComparingthetwosidesofEq．(６２)wehave
f２m(２λ＋η１)－λ(f２m＋１＋f２m－１)＝　　　　　
f２mm１ω２f２m＋１(２λ＋η２)－λ(f２m ＋f２m＋２)＝

f２m＋１m２ω２ (６３)
　　Theconditionthatthesolutionofω２existsis

１
m１

(２λ＋η１)－
λ(f２m＋１＋f２m－１)

f２m
{ }＝

１
m２

(２λ＋η２)－
λ(f２m ＋f２m＋２)

f２m＋１
{ } (６４)

　　Let
f２m ＝ξcos２mθ,f２m＋１＝ξ′cos(２m＋１)θ (６５)

andsubstituteEq．(６５)intoEq．(６３)wehave
１
m１

(２λ＋η１)－
２λξ′cosθ

ξ{ }＝ω２,

１
m２

(２λ＋η２)－
２λξcosθ

ξ′{ }＝ω２

ü

þ

ý

ï
ïï

ï
ï

(６６)

Therefore

ξ′
ξ

＝
(２λ＋η１)－m１ω２

２λcosθ ＝
２λcosθ

(２λ＋η２)－m２ω２

(６７)

Itthenfollows
m１m２ω４－ω２[(２λ＋η１)m２＋(２λ＋η２)m１]＋

(２λ＋η１)(２λ＋η２)－４λ２cos２θ＝０ (６８)

withthesolution

ω２
±＝

１
２{

２λ＋η１

m１
＋

２λ＋η２

m２
±　　　　　　

２λ＋η１

m１
－

２λ＋η２

m２

æ

è
ç

ö

ø
÷

２

＋
１６λ２cos２θ
m１m２

é

ë
êê

ù

û
úú

１
２

} (６９)

whichisthenormalcoordinatesoftheimpeller
model．

５　Conclusion
In summary,in the context of classical

mechanicswehaveproposedanew approachto
finding normal coordinates of quadratic
Hamiltonianbyestablishingthesecularequation
withtwoconsecutivePoissonbracketoperations．
Thisnew method developstheroleofPoisson
bracketin material mechanics and mechanical
engineering,since it paves an effective route
leadingtonormalfrequencyofdynamicalsystems．
Moreover,wemaycombinethismethodwiththe
techniqueofintegrationwithinorderedproductof
operators[１１]as wellastheinvarianteigenvector
methodinquantumtheory[１２]tofinddiagonalizing
unitaryoperatorsandquantum eigenstates．The
analogy between classical Poisson bracketsand
quantum mechanical commutators has been
demonstratedthroughthispaper．
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