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Abstract: Some new characterizations of Frobenius bimodules in terms of Frobenius functors were

given. It was proved that a bimodule is Frobenius if and only if it is finitely generated projective

on both sides, and that the restriction of the corresponding tensor functor to the categories of

finitely generated projective modules is a Frobenius functor. The characterizations allow us to give

a new proof of the endomorphism ring theorem by a functorial method.
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0 Introduction

The theory of Frobenius extensions of rings
was first studied in Ref.[17]. One of the main
results in the theory is the endomorphism ring
theorem. Frobenius bimodules are natural
generalizations of Frobenius extensions of rings. It

is well-known that a Frobenius bimodule induces a
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Frobenius functor between module categories.
Here, we recall that a functor is a Frobenius
functor if it has a left adjoint that is also a right
adjoint®® . In general, Frobenius functors can be
studied as well between other than pure module
categories. And we observe that Frobenius functors
appear in many contexts; see Refs.[3-4].

In this obtain

note, we some new

Foundation item: Supported by Natural Science Foundation of China (11571329), the Natural Science Foundation of Anhui Province

(1708085MA01) , Project of University Natural Science Research of Anhui Province (KJ2015A101).

Biography: ZHAO Zhibing. male, born in 1979, PhD/lecturer. Research field: Homological algebra. representation theory of algebras.

E-mail: zbzhao@ahu.edu.cn



% 84

A note on Frobenius functors 619

characterizations of Frobenius bimodules in terms
of Frobenius functor. In particular, we prove that a
bimodule is Frobenius if and only if it is finitely
generated projective on both sides, and the
restriction of the corresponding tensor functor to
the subcategories of finitely generated projective
modules is a Frobenius functor. As an application,
we give a new proof of the endomorphism ring

theorem by a functorial method.

1 Frobeuius functors

In this section, we collect some lemmas on
Frobenius functors. The main references are Refs.
[3-4].

Definition 1.1 Let F:¢—>% be a functor. If
there exists a functor G: 9 —> ¢ such that both
(F,G) and (G, F) are adjoint pairs, then we call
F a Frobenius functor, and we say that (F,G) is a
Frobenius pair on ¢ and 9.

We have the following well-known lemma.

Lemma 1.1 Let (F,G) be a Frobeuius pair
on ¢ and 9. Assume that ¢ &€ and 9’ &9 are full
subcategories satisfying F(¢')ES % and G(2) S
¢’. Then the restrictions F |, :¢ ' —% and G| . :
9’ —%¢"' form a Frobenius pair.

Lemma 1.2 Let F:¢> 9 be a functor and i :
9—>9" a fully faithful functor. If i °F is a Frobenius
functor, so is F.

Proof Assume that (i°F,G) is a Frobenius
pair. We claim that (F,G<°i) is also a Frobenius
pair. For any object X € ¢ and Y € ¥, we have
natural isomorphisms

Hom, (F(X),Y) £
Homy (7 « F(X),i(Y)) £ Hom (X ,G * i (Y)),
fully-
faithfulness of i and the right uses the adjoint pair
(i°F,G). Similarly, we have
Hom (G - i (Y),X) &
Homy (i (Y),7i « F(X))) £ Hom,(Y,F(X)).

The following result can be deduced from Ref.
[4,1.3(5)].

Corollary 1.1

where the left isomorphism uses the

Let F:¢> % be a functor and

©:2—>9 an equivalence of categories. If F is a

Frobenius functor, so is ¢°F.
Proof of ¢. We
observe that F is isomorphic to ¢ ' (¢@°F). Then

Take a quasi-inverse ¢ '

we are done by Lemma 1.2.

Let R be a unital ring. We denote by Mod-R
the category of right R-modules, and by proj-R the
full subcategory consisting of finitely generated
projective modules. We use Homg (—, —) to denote
the Hom set in Mod-R.

Let F: Mod-R — Mod-S be a

Frobenius functor. Then

Lemma 1.3

@ F is exact and preserves direct sums and
direct products.

@ F (proj-R) < proj-S.

Proof (O By Ref.[4,Proposition 1.3].

@ Suppose that (F,G) is a Frobenius pair. It
follows from @O that G is exact and preserves
direct sums. We observe the following natural
isomorphisms:

Homs (F(Rg), —) £ Homg (R ,G(—)) £ G.
Hence Homg (F (Ri), —) is exact and preserves
direct sums. It follows that F (R ) is finitely
generated projective as a right S-module. Then we
have F (proj-R)<proj-S.

2 Frobenius bimodules

In this section, we give two characterizations
of Frobenius bimodules.

Let R and S be two unital rings. We identify
left R-modules with right R®-modules. Recall
from Ref.[ 5, Section 2.2 ] that an R-S-bimodule
rPs is called a Frobenius bimodule if both xP and
P are finitely generated projective, and

Homgs (x P .sS) £ Hompg., (PssRg)
as S-R-bimodules.

The implication O—>® of the following result
is implicitly contained in Ref.[5,Proposition 2.4 .

Theorem 2.1 Let xPs be an R-S-bimodule.
Then the following statements are equivalent.

D gPs is a Frobenius bimodule.

@ The tensor functor —&®; P : Mod-R —Mod-
S is a Frobenius functor.

@ Both P and P are finitely generated
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projective, and the restricted tensor functor
— g P : proj-R—>proj-S is a Frobenius functor.

Proof (D=>® We have the following natural

isomorphisms:

—X)rP 2 Homg (xR, —) QP X

Homyg (Hompge, (Ps s Rg)s —) L2
Hompg (Homs (x P 5sS) s —)
where the second isomorphism follows from Ref.
[6, Proposition 20. 11 7] and the third uses the
assumption. Then —®sHoms (x P ,sS) is the left
adjoint to —&)gP. On the other hand, —&xP has
the right adjoint Homg (3P, —). Then we are done
by the following isomorphisms:
—X)sHoms (x P »sS) £ Homs (x P, —X)sS) ¥
Homgs (s P+ —)

where the left isomorphism follows from Ref.[ 6,
Proposition 20.10].

@=>@ By Lemma 1.30, —®xP is exact and
commutes with direct products. Then P is flat
and finitely presented by Ref.[7, Section 12.9],
that is, P 1is finitely generated projective. By
Lemma 1.3 @, — @iP sends Ry into proj-S.
Hence Py is finitely generated projective.

By @, we have the Frobenius pair ( —®gP,
Homgs (x P, —)) on Mod-R and Mod-S. By Lemma
1.3®@, Homg (xP,—) sends Ss into proj-R. Then
the restricted functors —&xP and Homs (P, —)
form a Frobenius pair on proj-R and proj-S by
Lemma 1.1.

@=>@ We need only to show that

Homg (xP,sS) £ Homge (PssRg)
as S-R-bimodules. Assume that (—®zP,G) is a
Frobenius pair on proj-R and proj-S. Then
Homs (xPs —) L Homg (R ®rP, —) KX
Homg (R,G(—)) L G(—).
Hence we get G(Ss)2Homs (P ,S).
On the other hand, we have the following
natural isomorphisms:
rPs 2 Homg(S,R ®rP) XL Homi (G(S),R).
Therefore
Homg,, (Ps,Rr) £ Homge, (Homg (G(Ss),R),R) £
G(Ss) £ Homgs(xP,sS) .

where the second isomorphism follows from the

reflexivity of G(Sg).

3 The endomorphism ring theorem

A ring extension R/S is a Frobenius extension
if and only if R is finitely generated projective as a
right S-module and sRz2Homs ()R ,sS) as S-R-
bimodules. Equivalently, sR is finitely generated
projective as a left S-module and Rs &
Homgo, (R sSs) as R-S-bimodules (see Ref. [ 5,
Theorem 1.2].

The following lemma improves slightly Refs.
[5, Theorem 1.2] and [ 3, Theorem 28].

Lemma 3.1 Let R/S be a ring extension. The
following statements are equivalent.

D R/S is a Frobenius extension.

@ The functor —®iR s :Mod-R—>Mod-S is a
Frobeuius functor.

® The functor —®sRy : Mod-S—Mod-R is a
Frobeuius functor.

@ Ry is finitely generated projective as a right
S-module and — ®iRs:

Frobeuius functor.

proj-R — proj-S is a

® 4R is finitely generated projective as a left
S-module and — ®sRy :
Frobeuius functor.

Proof O & @ © @ by the definition of
Frobenius extensions.

@@ and @=® follow from Theorem 2.1.

The following endomorphism ring theorem is
due to Ref.[8].

Theorem 3. 1 Let xPs
bimodule and ¢ = Ends (Ps) the endomorphism

proj-S — proj-R is a

be a Frobenius

ring of Ps, then e/R is a Frobenius extension.

Proof Let —X)ge be the tensor functor from
Mod-R to Mod-e.
— kel yx is a functor from proj-R to proj-e .,
denoted by —&ge still.

Since Py is finitely generated projective as a
right S-module, M QP € addPs for any M &€
proj-R. Hence —&yP is a functor from proj-R to
addPgs, where addPg is a full subcategory of Mod-S

consisting of direct summands of finite direct sums

Clearly, the restriction

of Pg. Let Inc be the including functor from addP g
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to proj-S. Then Inc° (— QP ) = — QP is a And we can straightly check that (— ®ge,

Frobenius functor from proj-R to proj-S by
Theorem 2. 1. It follows from Lemma 1.2 that
—®gP is a Frobenius functor from proj-R
to addPs.

It is well-known that there exists a natural
equivalence ¢ from add Ps to proje which sends T's €
add Ps to Homs (xP,T). We claim that — ®ge L
0o (—@gP). In fact, for any M € proj-R, we have
the following natural isomorphisms:

@ o (—XrP)(M) =Homs (P .M QrP) L

M X Homgs (P ,xP) =M Xxe »
where the second isomorphism follows from Ref.
[ 6,Proposition 20.10].
Therefore,

proj-R to proj-e by Corollary 1.1. Since P and P

—&)ge is a Frobenius functor from

are finitely generated projective,
x€ = Homgs (P ,xP)
is also a finitely generated projective left R-
module. Hence ¢/R is a Frobenius extension by
Lemma 3.1. This completes the proof.
Remark 3.1

categories and functors in Theorem 3.1 can be

The relations of related module

given in Fig.1.

proj-&
-®¢, »
£, ) i ¢1
-®rP. v
proj-R K5y add Psc Inc > proj-S

H()ms(RPs s )

Fig.1 The relations of related module categories

Homs (s P, —)°Ince ¢ ') is a Frobenius pair on
proj-R and proj-¢.
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