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关于Frobenius函子的一个注记

赵志兵

(安徽大学数学科学学院,安徽合肥２３０６０１)

摘要:利用Frobenius函子来刻画Frobenius双模．证明了一个双模是 Frobenius的当且仅当它作为左模和

右模均是有限生成投射的,并且所对应的函子限制到有限生成投射模类上是一个Frobenius函子．利用这种

刻画,得到了关于经典的自同态环定理的一种新的利用函子方法的证明．
关键词:Frobenius函子;Frobenius扩张;自同态环定理

０　Introduction
ThetheoryofFrobeniusextensionsofrings

wasfirststudiedin Ref．[１]．Oneofthe main
resultsinthetheoryistheendomorphism ring
theorem． Frobenius bimodules are natural
generalizationsofFrobeniusextensionsofrings．It
iswellＧknownthataFrobeniusbimoduleinducesa

Frobenius functor between module categories．
Here,werecallthatafunctorisa Frobenius
functorifithasaleftadjointthatisalsoaright
adjoint[２Ｇ３]．Ingeneral,Frobeniusfunctorscanbe
studiedaswellbetweenotherthanpure module
categories．AndweobservethatFrobeniusfunctors
appearinmanycontexts;seeRefs．[３Ｇ４]．

In this note, we obtain some new



characterizationsofFrobeniusbimodulesinterms
ofFrobeniusfunctor．Inparticular,weprovethata
bimoduleisFrobeniusifandonlyifitisfinitely
generated projective on both sides, and the
restrictionofthecorrespondingtensorfunctorto
thesubcategoriesoffinitelygeneratedprojective
modulesisaFrobeniusfunctor．Asanapplication,

wegiveanew proofoftheendomorphism ring
theorembyafunctorialmethod．

１　Frobeuiusfunctors
Inthissection,wecollectsomelemmason

Frobeniusfunctors．ThemainreferencesareRefs．
[３Ｇ４]．

Definition１．１　LetF:C→Dbeafunctor．If
thereexistsafunctorG:D→Csuchthatboth
(F,G)and(G,F)areadjointpairs,thenwecall
FaFrobeniusfunctor,andwesaythat(F,G)isa
FrobeniuspaironCandD．

WehavethefollowingwellＧknownlemma．
Lemma１．１　Let(F,G)beaFrobeuiuspair

onCandD．AssumethatC′⊆CandD′⊆Darefull
subcategoriessatisfyingF(C′)⊆D′andG(D′)⊆
C′．ThentherestrictionsF|C′:C′→D′andG|D′:

D′→C′formaFrobeniuspair．
Lemma１．２　LetF:C→ Dbeafunctorandi:

D→D′afullyfaithfulfunctor．Ifi􀳱FisaFrobenius
functor,soisF．

Proof　Assumethat(i􀳱F,G)isaFrobenius
pair．Weclaimthat(F,G􀳱i)isalsoaFrobenius
pair．ForanyobjectX ∈CandY∈D,wehave
naturalisomorphisms

HomD(F(X),Y)≌
HomD′(i􀳱F(X),i(Y))≌ HomC(X,G􀳱i(Y)),

where the left isomorphism uses the fullyＧ
faithfulnessofiandtherightusestheadjointpair
(i􀳱F,G)．Similarly,wehave

HomC(G􀳱i(Y),X)≌
HomD′(i(Y),i􀳱F(X)))≌ HomD(Y,F(X))．

　　ThefollowingresultcanbededucedfromRef．
[４,１．３(５)]．

Corollary１．１　LetF:C→ Dbeafunctorand

φ:D→D′anequivalenceofcategories．IfFisa

Frobeniusfunctor,soisφ􀳱F．
Proof　TakeaquasiＧinverseφ－１ ofφ．We

observethatFisisomorphictoφ－１􀳱(φ􀳱F)．Then
wearedonebyLemma１．２．

LetR beaunitalring．WedenotebyModＧR
thecategoryofrightRＧmodules,andbyprojＧRthe
full subcategory consisting of finitely generated
projectivemodules．WeuseHomR(－,－)todenote
theHomsetinModＧR．

Lemma１．３　LetF:ModＧR → ModＧS bea
Frobeniusfunctor．Then

① Fisexactandpreservesdirectsumsand
directproducts．

②F(projＧR)⊆projＧS．
Proof　① ByRef．[４,Proposition１．３]．
② Supposethat(F,G)isaFrobeniuspair．It

followsfrom ① thatG isexactand preserves
directsums．We observethefollowing natural
isomorphisms:

HomS(F(RR),－)≌ HomR(RR,G(－))≌G．
HenceHomS (F(RR ),－)isexactandpreserves
directsums．ItfollowsthatF (RR )isfinitely
generatedprojectiveasarightSＧmodule．Thenwe
haveF(projＧR)⊆projＧS．

２　Frobeniusbimodules
Inthissection,wegivetwocharacterizations

ofFrobeniusbimodules．
LetRandSbetwounitalrings．Weidentify

left RＧmodules with right RopＧmodules．Recall
fromRef．[５,Section２．２]thatanRＧSＧbimodule
RPSiscalledaFrobeniusbimoduleifbothRPand
PSarefinitelygeneratedprojective,and

HomS(RP,SS)≌ HomRop(PS,RR)

asSＧRＧbimodules．
Theimplication①→②ofthefollowingresult

isimplicitlycontainedinRef．[５,Proposition２．４]．
Theorem２．１　LetRPS beanRＧSＧbimodule．

Thenthefollowingstatementsareequivalent．
① RPSisaFrobeniusbimodule．
② Thetensorfunctor－􀱋RP:ModＧR→ModＧ

SisaFrobeniusfunctor．
③ Both RP and PS arefinitely generated
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projective, and the restricted tensor functor
－􀱋RP:projＧR→projＧSisaFrobeniusfunctor．

Proof　①⇒② Wehavethefollowingnatural
isomorphisms:

－􀱋RP ≌ HomR(RR,－)􀱋RP ≌
HomR(HomRop(PS,RR),－)≌
HomR(HomS(RP,SS),－),

wherethesecondisomorphismfollowsfrom Ref．
[６,Proposition２０．１１]andthethird usesthe
assumption．Then－􀱋SHomS(RP,SS)istheleft
adjointto－􀱋RP．Ontheotherhand,－􀱋RPhas
therightadjointHomS(RP,－)．Thenwearedone
bythefollowingisomorphisms:

－􀱋SHomS(RP,SS)≌ HomS(RP,－􀱋SS)≌
HomS(RP,－),

wheretheleftisomorphismfollowsfrom Ref．[６,

Proposition２０．１０]．
②⇒③ ByLemma１．３①,－􀱋RPisexactand

commuteswithdirectproducts．Then RP isflat
andfinitelypresentedbyRef．[７,Section１２．９],

thatis,RP isfinitely generated projective．By
Lemma１．３②,－ 􀱋RP sendsRR intoprojＧS．
HencePSisfinitelygeneratedprojective．

By②,wehavetheFrobeniuspair(－􀱋RP,

HomS(RP,－))onModＧRandModＧS．ByLemma
１．３②,HomS(RP,－)sendsSSintoprojＧR．Then
therestrictedfunctors－􀱋RP andHomS (P,－)

formaFrobeniuspaironprojＧR andprojＧS by
Lemma１．１．

③⇒① Weneedonlytoshowthat
HomS(RP,SS)≌ HomRop(PS,RR)

asSＧRＧbimodules．Assumethat(－􀱋RP,G)isa
FrobeniuspaironprojＧRandprojＧS．Then

HomS(RP,－)≌ HomS(R 􀱋RP,－)≌
HomR(R,G(－))≌G(－)．

HencewegetG(SS)≌HomS(RP,S)．
Ontheotherhand,wehavethefollowing

naturalisomorphisms:

RPS ≌ HomS(S,R 􀱋RP)≌ HomR(G(S),R)．
Therefore
HomRop(PS,RR)≌ HomRop(HomR(G(SS),R),R)≌

G(SS)≌ HomS(RP,SS),

wherethesecondisomorphismfollowsfromthe

reflexivityofG(SS)．

３　Theendomorphismringtheorem
AringextensionR/SisaFrobeniusextension

ifandonlyifRSisfinitelygeneratedprojectiveasa
rightSＧmoduleandSRR ≌HomS(RR,SS)asSＧRＧ
bimodules．Equivalently,SR isfinitelygenerated
projective as a left SＧmodule and RRS ≌
HomSop(RR,SS)asRＧSＧbimodules(seeRef．[５,

Theorem１．２]．
ThefollowinglemmaimprovesslightlyRefs．

[５,Theorem１．２]and[３,Theorem２８]．
Lemma３．１　LetR/Sbearingextension．The

followingstatementsareequivalent．
①R/SisaFrobeniusextension．
② Thefunctor－􀱋RRS:ModＧR→ModＧSisa

Frobeuiusfunctor．
③ Thefunctor－􀱋SRR:ModＧS→ModＧRisa

Frobeuiusfunctor．
④RSisfinitelygeneratedprojectiveasaright

SＧmodule and － 􀱋RRS:projＧR → projＧS isa
Frobeuiusfunctor．

⑤ SRisfinitelygeneratedprojectiveasaleft
SＧmodule and － 􀱋SRR:projＧS → projＧR isa
Frobeuiusfunctor．

Proof　 ① ⇔ ② ⇔ ③ bythe definition of
Frobeniusextensions．

②⇔④and③⇔⑤followfromTheorem２．１．
Thefollowingendomorphismringtheoremis

duetoRef．[８]．
Theorem ３．１ 　 Let RPS be a Frobenius

bimoduleandε＝EndS (PS )theendomorphism
ringofPS,thenε/RisaFrobeniusextension．

Proof　Let－􀱋Rεbethetensorfunctorfrom
ModＧR to ModＧε． Clearly, the restriction
－􀱋Rε|projＧR isafunctorfrom projＧR toprojＧε,

denotedby－􀱋Rεstill．
SincePSisfinitelygeneratedprojectiveasa

rightSＧmodule,M 􀱋RP ∈addPS forany M ∈
projＧR．Hence－􀱋RPisafunctorfromprojＧRto
addPS,whereaddPSisafullsubcategoryofModＧS
consistingofdirectsummandsoffinitedirectsums
ofPS．LetIncbetheincludingfunctorfromaddPS
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toprojＧS．ThenInc􀳱(－ 􀱋RP)＝ － 􀱋RP isa
Frobenius functor from projＧR to projＧS by
Theorem２．１．Itfollowsfrom Lemma１．２that
－􀱋RP is a Frobenius functor from projＧR
toaddPS．

ItiswellＧknownthatthereexistsanatural
equivalenceφfromaddPStoprojＧεwhichsendsTS∈
addPS toHomS (RP,T)．Weclaimthat－􀱋Rε≌

φ􀳱(－􀱋RP)．Infact,foranyM∈projＧR,wehave
thefollowingnaturalisomorphisms:

φ􀳱(－􀱋RP)(M)＝HomS(P,M 􀱋RP)≌
M 􀱋RHomS(P,RP)＝M 􀱋Rε,

wherethesecondisomorphismfollowsfrom Ref．
[６,Proposition２０．１０]．

Therefore,－􀱋RεisaFrobeniusfunctorfrom
projＧRtoprojＧεbyCorollary１．１．SinceRPandPS

arefinitelygeneratedprojective,

Rε＝HomS(P,RP)

is also a finitely generated projective left RＧ
module．Henceε/R isaFrobeniusextensionby
Lemma３．１．Thiscompletestheproof．

Remark３．１　Therelationsofrelatedmodule
categoriesandfunctorsin Theorem ３．１canbe
giveninFig．１．

HomS(RPS,－)

Fig．１　Therelationsofrelatedmodulecategories

　　Andwecanstraightlycheckthat(－ 􀱋Rε,

HomS(RP,－)􀳱Inc􀳱φ－１)isaFrobeniuspairon
projＧRandprojＧε．
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