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foreveryminimumvertexＧcutS ,thedigraphD－SiseithernonＧstronglyconnectedwithatleast
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有向图是极大连通的和超连通的充分条件

洪振木１,福克曼􀅰鲁茨２,徐俊明３

(１．安徽财经大学金融学院,安徽蚌埠２３３０３０;２．亚琛工业大学数学系,亚琛５２０５６德国;

３．中国科学技术大学数学科学学院,安徽合肥２３００２６)

摘要:设D 是顶点集为V(D)的有限简单有向图．V(D)中的顶点v的度d(v)被定义为v的出度d＋ (v)和

入度d－ (v)中的最小值．如果有向图D 的最小度为δ,连通度为κ,则κ≤δ．如果κ＝δ,则称有向图是极

大连通的．对极大连通的有向图D 的每个最小点割S ,如果D－S 要么是非强连通的且至少有一个平凡的

强连通分支,要么是平凡的,则称D 是超连通的．通过弧数给出有向图或二部有向图在最小度给定时是极



大连通的或超连通的充分条件,并举例说明这些条件中的下界是紧的．
关键词:有向图;连通度;极大连通;超连通

０　Introduction
LetDbeafiniteandsimpledigraphwiththe

vertexsetV(D)andarcsetE(D)．Wedefinethe
orderofDbyn＝n(D)＝|V(D)|andthesizebym
＝m(D)＝|E(D)|．Foranyvertexvofadigraph
D ,wedenotethesetofoutＧneighborsandinＧ
neighborsofvbyN＋ (v)＝N＋

D(v)andN－ (v)＝
N－

D(v),respectively．Foravertexv∈V(D),the
degreeofv ,denotedbyd(v)＝dD(v),isdefined
astheminimumvalueofitsoutＧdegreed＋ (v)＝
d＋

D(v)＝|N＋ (v)|anditsinＧdegreed－ (v)＝
d－

D(v)＝|N－ (v)|．TheminimumoutＧdegreeand
minimuminＧdegreeofadigraphDaredenotedby
δ＋ (D)andδ－ (D),respectively．Inaddition,let
δ＝δ(D)＝min{δ＋ (D),δ－ (D)}betheminimum
degreeofD ．IfDisadigraphandX ⊆V(D),

thenD[X]isthesubdigraphinducedbyX ．IfX
andYaretwosubsetsofV(D),thenwedenoteby
(X,Y)thesetofarcswithtailinXandheadinY ．
ThecompletedigraphK∗

n isthedigraphofordern
suchthatforeverypairofdistinctverticesuandv
thereexistthearcsuvandvu ．A digraphDis
calledabipartitedigraphifV(D)canbepartitioned
intotwodisjointsubsetsAandBsuchthateacharc
connectstwoverticesbetweenA andB ．Sucha
partition {A,B}is called a bipartition ofthe
digraphD ．ThecompletebipartitedigraphK∗

p,q

hasthebipartition{A,B}with|A|＝pand|B|＝
qsuchthatforeverypairofverticesu∈Aandv∈
Bthereexistthearcsuvandvu ．

AdigraphDisstronglyconnectedorsimply
strongifforeverypairu,vofverticesthereexists
adirectedpathfromutovinD ．Letκ＝κ(D)be
the connectivity of D ,thatis,the smallest
numberofvertices whosedeletionresultsin a
digraphthatiseithernonＧstronglyconnectedor
trivial．Itiseasilyshownthatκ(D)≤ δ(D)．
HenceDissaidtobemaximallyconnectedwhen
κ(D)＝δ(D)．

A maximallyconnecteddigraphDissaidtobe
superＧconnectedorsuperＧκifforeveryminimum
vertexＧcutS ,thedigraphD －SiseithernonＧ
stronglyconnectedwithatleastonetrivialstrong
componentortrivial．

Sufficientconditionsfor (diＧ)graphsto be
maximally connected or superＧconnected were
givenbyseveralauthors,seeforexamplethe
surveypaper[１]．In １９７１,Gellerand Harary[２]

pointedoutthatconnectivityofgraphshasbeen
extensively investigated but connectivity of
digraphs has been completed neglected．As a
generalizationofaresultinRef．[３],Gellerand
Harary[２]provedthatκ(D)≥２δ(D)＋２－n(D)

foreachnonＧcompletedigraphD ．Extensionsand
othersuchresultscanbefound,forexample,in
Refs．[４Ｇ６]．

However,thereseemstobenoresultinthe
literatureshowing that digraphs ofsufficiently
large size are maximally connected or superＧ
connected．Inthispaperwewillfillthisgap．

Intermsofsize,wepresentsomesufficient
conditionsfordigraphswithgivenminimumdegree
tobemaximallyconnectedorsuperＧconnectedin
thispaper．Wegiveresultsongeneralandbipartite
digraphs．Examples will demonstrate that the
lowerboundsontheseconditionsaresharp．

１　Maximallyconnecteddigraphs
Theorem１．１　Letk≥２beaninteger,andlet

Dbeastronglyconnecteddigraphofordern ,size
m ,minimumdegreeδ≥kandconnectivityκ．If

m ＞n(n－１)－(δ－k＋２)(n－δ－１),

thenκ≥k．
Proof　Supposetothecontrarythat１≤κ ≤

k－１．LetSbeaminimumvertexＧcut,andletX１,

X２,􀆺,Xp (p≥２)bethevertexsetsofthestrong
componentsofD －S ．Thenthereexistsanindex
i∈{１,２,􀆺,p}suchthateachvertexinXihasno
outＧneighborsinD－(S ∪Xi)．Assume,without
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lossofgenerality,thati＝１．Thisimpliesthat

δ|X１|≤ ∑
x∈X１

d＋ (x)≤|X１|(|X１|－１＋κ)

andthus|X１|≥δ＋１－κ．LetY＝∪
p

i＝２
Xi ．Then

thereexistsanindexj ∈ {２,３,􀆺,p}suchthat
eachvertexinXj hasnoinＧneighborsinD －
(S ∪Xj)．Thisyields

δ|Xj|≤ ∑
x∈Xj

d－ (x)≤|Xj|(|Xj|－１＋κ)

andso|Xj|≥δ＋１－κ．Wededucethat
δ＋１－κ≤|X１|≤n－κ－|Xj|≤

n－κ－(δ＋１－κ)＝n－δ－１
andhence

|X１||Y|＝|X１|(n－κ－|X１|)≥
min{(δ＋１－κ)(n－κ－(δ＋１－κ)),

　　(n－δ－１)(n－κ－(n－δ－１))}＝
(n－δ－１)(δ＋１－κ)．

SincetherearenoarcsfromX１toY ,andsince
κ≤k－１,itfollowsthat

m ≤n(n－１)－|X１||Y|≤ 　　　　　　
n(n－１)－(n－δ－１)(δ＋１－κ)≤
n(n－１)－(n－δ－１)(δ＋２－k),

acontradictiontothehypothesis．Thereforeκ≥k．
Thespecialcasek＝δinTheorem１．１leadsto

thefollowingcorollary．
Corollary１．１　LetDbeastronglyconnected

digraphofordern ,sizem ,minimumdegreeδ≥２
andconnectivityκ．If

m ＞n(n－１)－２(n－δ－１),

thenDismaximallyconnected．
The next family of digraphs shows that

Theorem １．１as wellasCorollary１．１arebest
possibleinthesensethat

m＝n(n－１)－(δ－k＋２)(n－δ－１)

doesnotguaranteethatκ≥k．
Example１．１　Letδ≥k≥２andn≥２δ－k＋３

beintegers．DefineH asthedisjointunionofthe
completedigraphsK∗

δ－k＋２ ,K∗
n－δ－１ and K∗

k－１ by
addingallpossiblearcsbetweenK∗

n－δ－１ andK∗
k－１

andallpossiblearcsbetweenK∗
k－１ andK∗

δ－k＋２ as
wellasallpossiblearcsfrom K∗

n－δ－１ toK∗
δ－k＋２ ．

Thenδ(H)＝δand
m＝n(n－１)－(δ－k＋２)(n－δ－１),

butobviously,κ(H)＝k－１．
Theorem１．２　Letk≥２beaninteger,andlet

D beastronglyconnected bipartitedigraph of
ordern ,sizem ,minimum degreeδ ≥ k and
connectivityκ．If

m ＞nδ＋
１
２ n－２δ＋

k－１
２

æ

è
ç

ö

ø
÷

２

,

thenκ≥k．
Proof　Supposetothecontrarythat１≤κ ≤

k－１．LetSbeaminimumvertexＧcut．Thenthere
existsatleastonestrongcomponentD１ofD －S
suchthateachvertexinD１hasnooutＧneighborsin
D－(S∪V(D１))．LetX＝V(D１)andY＝V(D)－
(S ∪X),then(X,Y)＝Ø ．Let{U１,U２}bethe
bipartitionofV(D),andXi＝X ∩Ui ,Si＝S ∩
Ui ,Yi＝Y ∩Uiforeachi＝１,２(SeeFig．１)．Let
|Xi|＝xi,|Si|＝κi,|Yi|＝yiforeachi＝１,２,

thenn＝|X|＋|Y|＋κ,|X|＝x１ ＋x２,|Y|＝
y１＋y２,andκ＝κ１＋κ２．Ifv１ ∈X１andv２ ∈X２,

thenδ≤d＋ (v１)≤x２＋κ２andδ≤d＋ (v２)≤x１＋
κ１,whichyieldsx１ ＋κ１ ≥δ,x２ ＋κ２ ≥δand
|X|＝x１ ＋x２ ≥２δ－κ．Ifu１ ∈Y１andu２ ∈Y２,

thenδ≤d－ (u１)≤y２＋κ２andδ≤d－ (u２)≤y１＋
κ１,whichyieldsy１ ＋κ１ ≥δ,y２ ＋κ２ ≥δand
|Y|＝y１＋y２ ≥２δ－κ．Thus

２δ－κ ≤|X|,|Y|≤n－２δ．

Fig．１　ThedigraphDinTheorem１．２

　　Since(X,Y)＝Ø ,itfollowsthat
m ≤ 　　　　　　　　　　　　　　　　　　　　
２(|X１|＋|Y１|＋|S１|)(|X２|＋|Y２|＋|S２|)－

|X１||Y２|－|X２||Y１|＝
２(x１＋y１＋κ１)(x２＋y２＋κ２)－x１y２－x２y１．

Set
f(x１,x２,y１,y２)＝

２(x１＋y１＋κ１)(x２＋y２＋κ２)－x１y２－x２y１．
Letx′１＝δ－κ１andx′２＝δ－κ２,thenx１ ≥x′１andx２

≥x′２．Lety′１＝y１＋x１－x′１andy′２＝y２＋x２－x′２,

theny′１≥y１andy′２≥y２．Thuswehavex１＋y１＋κ１

＝x′１＋y′１＋κ１andx２＋y２＋κ２＝x′２＋y′２＋κ２,andso
f(x１,x２,y１,y２)－f(x′１,x′２,y′１,y′２)＝
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x′１y′２＋x′２y′１－x１y２－x２y１＝
(δ－κ１)(y２＋x２＋κ２－δ)－x１y２＋
(δ－κ２)(y１＋x１＋κ１－δ)－x２y１＝

－(x１＋κ１－δ)(y２＋κ２－δ)－
(x２＋κ２－δ)(y１＋κ１－δ)≤０．

　　Sincey′１＋y′２＝n－２δand１
２pq≤

１
８

(p＋q)２

foranyrealnumberspandq,wededucethat
f(x′１,x′２,y′１,y′２)＝

f(δ－κ１,δ－κ２,y′１,y′２)＝
２(δ＋y′１)(δ＋y′２)－

(δ－κ１)y′２－(δ－κ２)y′１＝
２δ２＋δ(y′１＋y′２)＋

１
２

(２y′１＋κ１)(２y′２＋κ２)－
１
２κ１κ２＝

２δ２＋δ(n－２δ)＋
１
２

(２y′１＋κ１)(２y′２＋κ２)－
１
２κ１κ２ ≤

nδ＋
１
２

(２y′１＋κ１)(２y′２＋κ２) ≤

nδ＋
１
８

(２y′１＋２y′２＋κ)２ ≤

nδ＋
１
８

(２n－４δ＋k－１)２ ＝

nδ＋
１
２ n－２δ＋

k－１
２

æ

è
ç

ö

ø
÷

２

．

Thuswehave
m ≤f(x１,x２,y１,y２)≤f(x′１,x′２,y′１,y′２)≤

nδ＋
１
２ n－２δ＋

k－１
２

æ

è
ç

ö

ø
÷

２

,

acontradictiontothehypothesis．Thereforeκ≥k．
Thespecialcasek＝δinTheorem１．２leadsto

thefollowingcorollary．
Corollary１．２　LetDbeastronglyconnected

bipartitedigraphofordern ,sizem ,minimum
degreeδ≥２andconnectivityκ．If

m ＞nδ＋
１
２ n－

３δ＋１
２

æ

è
ç

ö

ø
÷

２

,

thenDismaximallyconnected．
The next family of digraphs shows that

Theorem １．２as wellasCorollary１．２arebest
possibleinthesensethat

m＝nδ＋
１
２ n－２δ＋

k－１
２

æ

è
ç

ö

ø
÷

２

doesnotguaranteethatκ≥k．
Example１．２　Letδ ≥k ≥２andn ≥４δ－

１
２

(k－１)beintegerswith２n＋k－１≡(mod４)．Set

a＝
２n＋k－１

４ －δ,b＝
２n－k＋１

４ －δ,

thena≥δ,b＞δ－k＋１．Let{X１ ∪Y１,X２ ∪S
∪Y２}bethebipartitionofthecompletebipartite
digraphsK∗

δ＋a,δ＋b ,where|X１|＝δ,|X２|＝δ－
k＋１,|Y１|＝a ,|Y２|＝band|S|＝k－１．Define
HasthedigraphobtainedfromK∗

δ＋a,δ＋bbydeleting
thearcsfromX１toY２andthearcsfromX２toY１．
Thenδ(H)＝δandSisaminimumvertexＧcutof
H ,and

m＝２(δ＋a)(δ＋b)－bδ－a(δ－k＋１)＝
(２δ＋a＋b)δ＋a(２b＋k－１)＝

nδ＋a(２b＋k－１)＝

nδ＋
１
２ n－２δ＋

k－１
２

æ

è
ç

ö

ø
÷

２

,

butobviously,κ(H)＝k－１．

２　SuperＧconnecteddigraphs
Inthissection,weprovesimilarresultsto

Corollary１．１andCorollary１．２forsuperＧconnected
digraphs．

Theorem２．１　LetD beastronglyconnected
digraphofordern ,sizem ,minimumdegreeδ≥２
andconnectivityκ．If

m ≥n(n－１)－２(n－δ－２),

thenDissuperＧconnected．
Proof　UsingCorollary１．１,weobservethat

κ＝δ．Ifδ≥n－３,thenκ＝δ≥n－３andthusDis
superＧκ．Thereforeassumeinthefollowingthat
δ≤n－４．SupposetothecontrarythatDisnot
superＧκ．LetSbeaminimumvertexＧcut,andlet
X１,X２,􀆺,Xp (p ≥２)bethevertexsetsofthe
strongcomponentsofD －S ．Bytheassumption
wenotethat|Xi|≥２fori∈ {１,２,􀆺,p}．There
existsanindexi∈ {１,２,􀆺,p},sayi＝１,such
thateachvertexinX１hasnooutＧneighborsinD－

(S ∪X１)．LetY＝∪
p

i＝２
Xi ．Sincep≥２,wededuce

that２≤|Xi|≤n－δ－２andhence
|X１||Y|＝|X１|(n－δ－|X１|)≥

５１６第８期 SufficientconditionsfordigraphstobemaximallyconnectedandsuperＧconnected



min{２(n－δ－２),
(n－δ－２)(n－δ－(n－δ－２))}＝

２(n－δ－２)．
　　Sincetherearenoarcsfrom X１ toY ,it
followsthat

m ≤n(n－１)－|X１||Y|≤
n(n－１)－２(n－δ－２)．

Ifm ＝n(n －１)－２(n －δ－２),thenallthe
inequalitiesintheproofmustbeequalities．This
impliesthatp＝２,|X１|＝２,|Y|＝n－δ－２,

D[X１]＝K∗
２ ,D[S]＝K∗

δ ,D[Y]＝K∗
n－δ－２ ,and

Disthecompletedigraphwithoutallthearcsfrom
X１ to Y ． However,δ(D) ≥ δ ＋ １, a
contradiction．Therefore

m ≤n(n－１)－２(n－δ－２)－１,

acontradictiontothehypothesis．ThusDissuperＧ
connected．

The next family of digraphs shows that
Theorem２．１isbestpossibleinthesensethat

m＝n(n－１)－２(n－δ－２)－１
doesnotguaranteethatDissuperＧκ．

Example２．１　Letδ ≥ ２andn ≥δ＋４be
integers．DefineH asthedisjointunionofthe
completedigraphsK∗

２ ,K∗
n－δ－２andK∗

δ byadding
allpossiblearcsbetweenK∗

n－δ－２ andK∗
δ andall

possible arcs between K∗
δ and K∗

２ with one
exceptionaswellasallpossiblearcsfromK∗

n－δ－２to
K∗

２ ．Thenδ(H)＝δand
m＝n(n－１)－２(n－δ－２)－１,

however,HisnotsuperＧconnected．
Theorem２．２　LetD beastronglyconnected

bipartitedigraphofordern ,sizem ,minimum
degreeδ≥２andconnectivityκ．If

m ＞nδ＋
１
２ n－

３δ
２

æ

è
ç

ö

ø
÷

２

,

thenDissuperＧconnected．
Proof　UsingCorollary１．２,weobservethat

κ＝δ．Supposeto the contrary thatD is not
superＧκ．LetS bea minimum vertexＧcut．Then
eachstrongcomponentofD －Scontainsatleast
twoverticesandthereexistsatleastonestrong
componentD１ofD－SsuchthateachvertexinD１

hasnooutＧneighborsinD － (S ∪V(D１))．Let

X ＝V(D１)andY＝V(D)－(S∪X),then(X,Y)

＝Ø ．Let{U１,U２}bethebipartitionofV(D),

andXi＝X ∩Ui ,Si＝S ∩Ui ,Yi＝Y ∩Uifor
eachi＝１,２(SeeFig．１)．Let|Xi|＝xi,|Si|＝κi,

|Yi|＝yiforeachi＝１,２,thenn＝|X|＋|Y|＋κ,

|X|＝x１＋x２,|Y|＝y１＋y２,andδ＝κ１＋κ２．Ifv１

∈X１andv２ ∈X２,thenδ≤d＋ (v１)≤x２＋κ２and
δ≤d＋ (v２)≤x１＋κ１,whichyieldsx１＋κ１ ≥δ,

x２＋κ２ ≥δand|X|＝x１＋x２ ≥２δ－κ＝δ．Ifu１ ∈
Y１andu２ ∈Y２,thenδ≤d－ (u１)≤y２ ＋κ２and
δ≤d－ (u２)≤y１＋κ１,whichyieldsy１＋κ１ ≥δ,

y２ ＋κ２ ≥δand|Y|＝y１＋y２ ≥２δ－κ＝δ．Thus
２≤δ ≤|X|,|Y|≤n－２δ．

Since(X,Y)＝Ø ,itfollowsthat
m ≤２(|X１|＋|Y１|＋|S１|)􀅰

(|X２|＋|Y２|＋|S２|)－
|X１||Y２|－|X２||Y１|＝

２(x１＋y１＋κ１)(x２＋y２＋κ２)－x１y２－x２y１．
　　Set
f(x１,x２,y１,y２)＝　　　　　　　　　　　　
２(x１＋y１＋κ１)(x２＋y２＋κ２)－x１y２－x２y１．
　　Letx′１＝δ－κ１andx′２＝δ－κ２,thenx１ ≥x′１and
x２ ≥x′２．Lety′１＝y１＋x１－x′１andy′２＝y２＋x２－
x′２,theny′１≥y１andy′２≥y２．Thus,wehavex１＋
y１ ＋k１＝x′１＋y′１＋k１andx２＋y２＋k２＝x′２＋y′２＋k２．
Withthe same proceeding asin the proof of
Theorem１．２,itiseasytoget

m ≤f(x１,x２,y１,y２)≤
f(x′１,x′２,y′１,y′２)≤

nδ＋
１
８

(２y′１＋２y′２＋κ)２ ≤

nδ＋
１
８

(２n－４δ＋δ)２ ＝

nδ＋
１
２ n－

３δ
２

æ

è
ç

ö

ø
÷

２

,

acontradictiontothehypothesis．Hence,D is
superＧconnected．

Thenexttwofamiliesofdigraphsshowthat
Theorem２．２isbestpossibleinthesensethat

m＝nδ＋
１
２ n－

３δ
２

æ

è
ç

ö

ø
÷

２

does not guarantee that D is superＧκ for
eachδ≥２．
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Example２．２　(a)Let２≤δ≤６andn＝３δ＋２
beintegers．Let{X１ ∪Y１,X２ ∪S ∪Y２}bethe
bipartition of the complete bipartite digraphs
K∗

２δ,δ＋２ ,where|X１|＝|Y１|＝|S|＝δ,|X２|＝
|Y２|＝１．DefineH asthedigraphobtainedfrom
K∗

２δ,δ＋２bydeletingthearcsfromX１toY２andthe
arcsfrom X２ toY１．Thenδ(H)＝δandSisa
minimumvertexＧcutofH ,and

m＝４δ２＋６δ＝nδ＋
１
２ n－

３δ
２

æ

è
ç

ö

ø
÷

２

．

However,H －S containstwocopiesofK∗
１,δ ,

whichshowsthatHisnotsuperＧκ．

(b)Letδ≥４,k＝
δ
２

,n＝３δ＋kand１≤

s≤k－１beintegers．Let{X１∪Y１,X２∪S ∪Y２}

be the bipartition of the complete bipartite
digraphsK∗

２δ,δ＋k ,where|X１|＝|Y１|＝|S|＝δ,

|X２|＝sand|Y２ |＝k －s．DefineH asthe
digraphobtainedfromK∗

２δ,δ＋k bydeletingthearcs
fromX１toY２andthearcsfromX２toY１．Then
δ(H)＝δ,m ＝４δ２ ＋３δkandSisaminimum

vertexＧcutofH ．Since １
８

(δ－２k)２ ＝０,weobtain

nδ＋
１
２ n－

３δ
２

æ

è
ç

ö

ø
÷

２

＝

３δ２＋δk＋
１
２ ３δ＋k－

３δ
２

æ

è
ç

ö

ø
÷

２

＝

３δ２＋δk＋
１
８ ３δ＋２k( ) ２ ＝

４δ２＋３δk＋
１
８ δ－２k( ) ２ ＝

４δ２＋３δk＝m ．
　 　 However,H －S containstwononＧtrivial
strongcomponentsK∗

δ,sandK∗
δ,k－s ,whichshows

thatHisnotsuperＧκ．
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