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Sufficient conditions for digraphs to be maximally
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Abstract: Let D be a finite and simple digraph with vertex set V(D) . For a vertexv € V(D) ,
the degree d (v) of v is defined as the minimum value of its out-degree d (v) and its in-degree
d (v) .l Dis a digraph with minimum degree ¢ and connectivity ¥ » thenx << 6. A digraph is
maximally connected if « =6 . A maximally connected digraph D is said to be super-connected if
for every minimum vertex-cut S , the digraph D — S is either non-strongly connected with at least
one trivial strong component or trivial. Here some sufficient conditions for digraphs or bipartite
digraphs with given minimum degree to be maximally connected or super-connected were
presented in terms of the number of arcs, and some examples were given to demonstrate that the
lower bound on these conditions are sharp.

Key words: digraph; connectivity; maximally connected; super-connected

CLC number: O157.5 Document code: A doi:10.3969/j.issn.0253-2778.2018.08.002
2010 Mathematics Subject Classification: 05C40

Citation: HONG Zhenmu, VOLKMANN Lutz, XU Junming. Sufficient conditions for digraphs to be maximally
connected and super-connected[ J]. Journal of University of Science and Technology of China, 2018,48
(8):612-617.

HEIRAC AR ot &« B IR AR UL A ) PR R AR K Y R Y A 4 SRR LT . P BB AR HOR R a2
#.2018.48(8):612-617.

ARERRXKEBNMEBEENT D FH

HEHRALEBTE - ERLBERNAS
LB 2 K2 a2 B . 22RO 2330305 2 B Tl K22 5025 5 L W3R 52056 ff 5
3P R 4 R R MO R b AR 230026)
WE. EDATRSEEAVID) WARGEAGB. VD) PHTRE v Ed(v) HMEXL A v B EdT (v) Fo
NEd (o) PR R AMBDWRDEAS, B EAe, WMe<S . oRe=0, WHA®A LR

K@) MR EBGA@E D GHEARDEFS , R D —S ZAREFREBHELESH— /LW
Rk L X, BAAFM, Wik D 2R %@, BERMLEA @B R HA @ E AR DAL T TR

Received: 2018-03-08; Revised: 2018-07-11
Foundation item: Supported by NNSF of China (11601002, 11571044), the University Natural Science Research Project of Anhui
Province (KJ2016A003).
Biography: HONG Zhenmu, male, born in 1987, PhD/ lecturer. Research field: Combinatorics and graph theory. E-mail: zmhong@
mail.ustc.edu.cn

Corresponding author: XU Junming, Prof. E-mail: xujm@ustc.edu.cn



% 84

Sufficient conditions for digraphs to be maximally connected and super-connected 613

REBGRARZBE A5 FAF, FFRBIILAZ L FAF P TRAEL.

XEW: AR EBE MR ER;HER

0 Introduction

Let D be a finite and simple digraph with the
vertex set V(D) and arc set E(D) . We define the
order of D by n=n(D)=| V(D) | and the size by m
=m(D)=| E(D) | . For any vertex v of a digraph
D , we denote the set of out-neighbors and in-
neighbors of v by N* (v) =N}, (v) and N~ (v) =
N (v) , respectively. For a vertexv € V(D) , the
degree of v , denoted by d (v) =d |, (v) , is defined
as the minimum value of its out-degree d™ (v) =
dh(v) =] N7 (v) | and its in-degree d = (v) =
dp(v)=| N~ (v) | . The minimum out-degree and
minimum in-degree of a digraph D are denoted by
0T (D) and 6~ (D) , respectively. In addition, let
0 =0(D) =min{é" (D),6 (D)} be the minimum
degree of D . If D is a digraph and X & V(D) ,
then D[ X ] is the subdigraph induced by X . If X
and Y are two subsets of V(D) , then we denote by
(X,Y) the set of arcs with tail in X and head inY .
The complete digraph K, is the digraph of order n
such that for every pair of distinct vertices « and v
A digraph D is
called a bipartite digraph if V(D) can be partitioned

there exist the arcs uv and vu .

into two disjoint subsets A and B such that each arc
connects two vertices between A and B . Such a
partition {A,B} is called a bipartition of the
digraph D . The complete bipartite digraph K, ,
has the bipartition {A,B} with | A |[=p and | B |=
q such that for every pair of verticesu € A andv &
B there exist the arcs uv and vu .

A digraph D is strongly connected or simply
strong if for every pair u,v of vertices there exists
a directed path fromu tov in D . Letk =« (D) be
the connectivity of D , that is, the smallest
number of vertices whose deletion results in a
digraph that is either non-strongly connected or
trivial. It is easily shown that «(D) << 6(D).
Hence D is said to be maximally connected when

k(D) =0(D) .

A maximally connected digraph D is said to be
super-connected or super-« if for every minimum
vertex-cut S, the digraph D — S is either non-
strongly connected with at least one trivial strong
component or trivial.

Sufficient conditions for (di-) graphs to be
maximally connected or super-connected were
given by several authors, see for example the
In 1971, Geller and Harary*

pointed out that connectivity of graphs has been

survey paper.

extensively investigated but connectivity of
digraphs has been completed neglected. As a
generalization of a result in Ref.[ 3], Geller and
Harary'® proved that (D) = 28(D) + 2 — n(D)
for each non-complete digraph D . Extensions and
other such results can be found, for example, in
Refs.[4-6].

However, there seems to be no result in the
literature showing that digraphs of sufficiently
large size are maximally connected or super-
connected. In this paper we will fill this gap.

In terms of size, we present some sufficient
conditions for digraphs with given minimum degree
to be maximally connected or super-connected in
this paper. We give results on general and bipartite

digraphs. Examples will demonstrate that the

lower bounds on these conditions are sharp.

1 Maximally connected digraphs

Theorem 1.1

D be a strongly connected digraph of order n , size

Let £ = 2 be an integer, and let

m , minimum degree 6 = k and connectivity ¥ . If

m>nn—1)—0W06—k+2)n—86—1),
thenk =k .

Proof Suppose to the contrary that 1 << k <<
k —1. Let S be a minimum vertex-cut, and let X,
Xy, X, (p =2) be the vertex sets of the strong
components of D — S . Then there exists an index
i €{1,2,--,p} such that each vertex in X; has no
out-neighbors in D — (S U X;) . Assume, without
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loss of generality, thati =1. This implies that

SIX < Dd (<X, | (X, |—1+r

r€ X1

»
and thus | X, |=0+4+1—«. LetY=U X, . Then

i=2

there exists an index j € {2,3,-+,p} such that

each vertex in X; has no in-neighbors in D —

(S U X;) . This yields
01X, 1< 20d @ <X, [ (X, |=1+x

T€X;

andso | X; |=6+1—«. We deduce that
O+l—e<| X, [<n—r—|X; |<
n—k—@+1—k)=n—080—1
and hence
X Y =X == X D =
min{(§+1—x)(n—x—(+1—k)),
n—0—1Dn—k—(—8—1))}=
n—0—DW+1—x).
Since there are no arcs from X, to Y , and since
x <<k —1, it follows that
m<nn—1—| X, [|Y[<
nn—1)—m—06—D@+1—x) <
nn—1D—m—86—DG@+2—F),
a contradiction to the hypothesis. Thereforex =% .

The special case # =6 in Theorem 1.1 leads to
the following corollary.

Corollary 1.1 Let D be a strongly connected
digraph of ordern , sizem , minimum degreed =2
and connectivity & . If

m>nn—1)—2n—06—1,
then D is maximally connected.

The next family of digraphs shows that
Theorem 1.1 as well as Corollary 1.1 are best
possible in the sense that

m=nn—1—0WG—Fk+2)n—86—1
does not guarantee thatx =% .

Letd =k =2andn =28 —Fk+3

be integers. Define H as the disjoint union of the

Example 1.1

complete digraphs K; .., » K, ,, and K, , by
adding all possible arcs between K, ;; and K,
and all possible arcs between K, | and K .., as
well as all possible arcs from K, ;| to K, . .
Then6(H) =¢ and

m=nn—1 —@—k+2)n—06—1),

but obviously, k (H) =% — 1.
Theorem 1.2
D be a strongly connected bipartite digraph of

Let £ = 2 be an integer, and let

order n , size m , minimum degree § = k and

connectivity « . If
1 —1)?
m > na—O—L?(n —26+%) iB

thenk =% .

Proof Suppose to the contrary that 1 <<« <<
k —1. Let S be a minimum vertex-cut. Then there
exists at least one strong component D, of D — S
such that each vertex in D, has no out-neighbors in
D—(SUVD,)) .LetX=V(D,)andY=V (D) —
(S U X)), then(X,Y) =0 . Let {U,,U,} be the
bipartition of V(D) , and X, =X N U, , S, =S
U,,Y, =Y N U, for eachi =1,2 (See Fig.1). Let
| X; | =2, |S: |=K:, | Y; |=y, for eachi=1,2,
thenn=| X |+ Y |+«, | X |=2,F+x,, | Y |=
yi +yss andk =k, +k,. v, € X, andv, € X,
thend <d " (v,) <z, +k,andd < d " (v,) <z, +
k1, which yields 1 +x;, =06, 2, +x, = & and
| X |=v14+2,=20—«.lHu, €EY,andu, €Y,,
thend <<d~ (u,) <y, F+x,andd <<d ™ (u;) <y, +
k,» which yields y, +x, =6, y, +k; = 0 and
|Y |=y, + vy, =20 —« . Thus

20—k <| X |, 1Y |<<n—20.

X S Y
U] X1 S1 Y1
U, X2 Sy Y,

Fig.1 The digraph D in Theorem 1.2
Since (X ,Y) =0 , it follows that
m <
20 Xy [+ Y IS DA X, [ Y, [0S, ) —
| X0 Y, [ X Y =
2(x +y1 +re )y +y,tr) —x1y:, — T2V
Set
Sz y1,y:) =
2(x, +y, T,y +x) —x1y: — T2V
Let x/=8 —k, and x»=08 —k,, thenx, =z and x,
>=axh.Letyi=y, +x, —ziand y'o=y, tx, — 2%,
then v/ =y, and y,=>y,.Thus we have z, +y, +x,
=zi+yi+tx andx, +y, +k, =x:+y,+x,, and so
Sz y1y2) _f(I/l »1,2 ’yll 93’/2) =
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2yt ahy iy, —aay =
0 —k)(y; + a2y +6,—08) —x1y: +
(0 —k)(y, +a,+r,—0) —x2y, =
—(x; +x, —)(y, + Kk, — ) —
(xy +Kr; — )y, +x, —0) <O.

Since y 1+ yh=n — 28 and %pq < %(p + ¢

for any real numbers p and ¢ , we deduce that
fhxh iy =
F(O =Ky s0 —kosyhoyh) =
200+ v+ ) —
—Kk)yh— 6 —k)y1=
20" + 0y ) +
l
2
280 +8(n —20) +

KiK; —

1 / /
?(2y1—|—lc1)(2y2—|—l€2) -

1 , , 1
E(ZyHrfcl)(Zszr/cz) iy

K1k, <<
1 , ,
nd +|_?(2y1+lcl )2y + Ky | <K
1 / 4 2
nd Jr|_§(2yl+ 2y k)t | <

nd JrL%(Zn —40+kr—1* |=
no JrL%(n —23+%]_ I
Thus we have

m < f(Trsxosy1sy2) < f(2Tsxhsvisvh) <
n(?JrL%(n —23+%)j,

a contradiction to the hypothesis. Thereforex =% .
The special case £ =6 in Theorem 1.2 leads to
the following corollary.
Corollary 1.2 Let D be a strongly connected
bipartite digraph of order n , size m , minimum
degree § = 2 and connectivity x . If

30 +1)*
. ) 1,

1
m > nd JrL?(n 5
then D is maximally connected.

The next family of digraphs shows that
Theorem 1.2 as well as Corollary 1.2 are best
possible in the sense that

E—1

m =nd JrL%(n —23+TJHJ

does not guarantee thatx = k% .

Example 1.2 letd =k = 2 andn = 46 —

%(k — 1) be integers with2n+%—1= (mod 4) . Set

2n +k—1 2n —k +1
=T s =
4 4

thena =6 ., 6 >0—F+1. Let{X, UY,, X, US
U Y, } be the bipartition of the complete bipartite
digraphs K4 ,.515 » where | X, |=6 ., | X, |=6 —
E+1, 1Y, |=a,|Y,|=band | S |=F —1. Define
H as the digraph obtained from K., 5., by deleting

0

a

the arcs from X, toY, and the arcs from X, toY;.
Thend§(H) =6 and S is a minimum vertex-cut of
H , and
m=200+a)0+b) —b0 —ad—k+1)=
(20 +a+b)0+a(2b+k—1) =
nd +a(2b+k—1) =

778+% (n —za+kT_1]',
but obviously, x(H) =k — 1.

2  Super-connected digraphs

In this section, we prove similar results to
Corollary 1.1 and Corollary 1.2 for super-connected
digraphs.

Theorem 2.1 Let D be a strongly connected
digraph of ordern , sizem , minimum degree d =2
and connectivity « . If

m=>nn—1) —2(n—06—2),
then D is super-connected.

Proof Using Corollary 1.1, we observe that
k=0.lfd >=n—3, thenk =86 =n —3 and thus D is
super- k . Therefore assume in the following that
6 <<n — 4. Suppose to the contrary that D is not
Let S be a minimum vertex-cut, and let
X,,Xy,,X, (p = 2) be the vertex sets of the
strong components of D — S . By the assumption

we note that | X, |=2fori € {1,2,++,p} . There

exists an index i € {1,2,**,p} , sayi =1, such

super-« .

that each vertex in X, has no out-neighbors in D —

(S UX,). Let YZ_Q X, . Since p =2, we deduce

that 2 <] X, |<<n —¢& — 2 and hence
[ X, Y= X | e—0—] X, D)=
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min{2(n —& —2),
n—80—2)(n—86—n—86—2))} =
2(n—06 —2).

Since there are no arcs from X, to Y , it
follows that
m<nn—1—|X, [|Y] <
nn—1 —2(n—356—2).
Im=nn —1) —2(n — & — 2) , then all the
inequalities in the proof must be equalities. This
implies that p =2, | X, =2, | Y |=n —& — 2,
D[X,]=K,.D[S]=K; ,D[Y]=K, s, and
D is the complete digraph without all the arcs from
X, to Y. However, 6(D) = 6 + 1, a
contradiction. Therefore
m<nin—1)—2n—06—2)—1,
a contradiction to the hypothesis. Thus D is super-
connected.
The next family of digraphs shows that
Theorem 2.1 is best possible in the sense that
m=nn—1)—2n—86—2)—1
does not guarantee that D is super-« .

Letd = 2 and n = 6 + 4 be

integers. Define H as the disjoint union of the

Example 2. 1

complete digraphs K, , K, s, and K45 by adding
all possible arcs between K, ;, and K, and all
and K,
exception as well as all possible arcs from K, , , to
K; . Thend(H) =4 and
m=nn—1 —2n—06—2)—1,

however, H is not super-connected.

Theorem 2.2

bipartite digraph of order n , size m , minimum

possible arcs between K with one

Let D be a strongly connected

degree 6 = 2 and connectivity £ . If
m > nd —I—Li[n *QJ : 1,
2 2

then D is super-connected.

Proof Using Corollary 1.2, we observe that
k =0 . Suppose to the contrary that D is not
super-k . L.et S be a minimum vertex-cut. Then
each strong component of D — S contains at least
two vertices and there exists at least one strong

component D, of D — S such that each vertex in D,

has no out-neighbors in D — (S U V(D;)) . Let

X =V(D,) andY=V(D)—(S U X) , then (X,Y)
=@ . Let {U,,U,} be the bipartition of V(D) ,
and X, =X NU;,,S,=SNU,.Y,=YNU, for
each i =1,2 (See Fig.1). Let | X, |=z;» | S: |=«.,
|'Y; |=y,; for eachi=1,2, thenn=| X |+|Y |+« ,
| X |[=2,+x,, | Y |=y,+y:, andd=«, +«,. lf v,
€ X,andv, € X,, thend <d" (v,) <x,+«,and
0 <d' (vy,) <x, +x,, which yields z, +x, =6
x,+Kk,=0and | X |=x,+x,=20—k=5.lu, €
Y, andu, € Y,, thend < d~ (u,) < y, +«, and
0 <d™ (u,) <y, +«,, which yields y, +«, =6 .
y, +x, =0and | Y |=y,+y, =20 —k=75. Thus
2o <|X |, |Y|<n—26.
Since (X,Y) =0 , it follows that
m<<2(] Xy [+]Y, [+ S, D -
(| Xy [+]1Y, [+ S D —
|X1 HYZ ‘*‘Xz HY1 |:
2(xy +y1 tr) (s +ys try) —xiy, — 20y,
Set
flxisxs.y15y2) =
2(xy +y1 Fr) (s vy try) —x1y, — 22y,
Letx|=0—«, and x4=8 —k,, thenx, = x| and
z, = x4 Letyi=y,+x, —xiand yo=y, + 2, —
2. then y1 ==y, and y,=>y,. Thus, we have z, +
v, +hi=x i+ yit+kiandx, +y, +k, =zt yotk,.
With the same proceeding as in the proof of
Theorem 1.2, it is easy to get
m < f(x,X,,¥15Y2) <<
F@haly sy <

1 , /
no _'_Lg(zyﬁ_ 2yz+’C)2 J<

no Jr|_%(2n — 4640 |=
1 30)°
n8—|—L?(H *7j 1,
a contradiction to the hypothesis. Hence, D is
super-connected.
The next two families of digraphs show that
Theorem 2.2 is best possible in the sense that
1 30
m =nd JrL?(n — 7) ]

does not guarantee that D is super-« for

each 8 >=2.
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(a) Let2<{d << 6andn=35+2
be integers. Let {X, UY;, X, U S UY,} be the
bipartition of the complete bipartite digraphs
K550 » where | X, |=| Y, |=I S |=6.| X, |=
| Y, | =1. Define H as the digraph obtained from
K 5.5 by deleting the arcs from X, to Y, and the
arcs from X, to Y,. Then 6(H) =6 and S is a

minimum vertex-cut of H , and

Example 2.2

m =48 + 68 =nd thé(n _%278) Ik

However, H — S contains two copies of K, ,

which shows that H is not super-« .
I
(b) Lct8>4,/€:|_?J, n=230++kand 1 <

s <<k —1beintegers. Let {(X; UY,, X, US UY,}
be the complete
digraphs Ks5.5,, » where | X, |=| Y, |=| S |=¢,
| X, |=sand | Y, |=%k — 5. Define H as the
digraph obtained from K ;.5 by deleting the arcs

bipartition of the bipartite

from X, to Y, and the arcs from X, to Y;. Then
O0(H)=206, m =46* + 30k and S is a minimum

vertex-cut of H . Since L%((B\—Z/e )? |=0, we obtain
né‘+L%(n *%j _ =
2
387 + Ok +L%(36+k —%) |=

36"+ 0k —|—L%(38+2/€)2J:

46* + 30 k +L%(8—2/€)2J=

46 + 30k =m .
However, H — S contains two non-trivial
strong components K . and K, , , which shows

that H is not super-« .
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