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Abstract:Forapositiveintegerk,thetotal{k}Ｇdominatingfunction(T{k}DF)ofagraphG
withoutisolatedverticesisafunctionffromthevertexsetV(G)totheset{０,１,２,􀆺,k}such
thatforeachvertexv∈V(G),thesumofthevaluesofallitsneighborsassignedbyfisatleast

k．Aset{f１,f２,􀆺,fd}ofpairwisedifferentT{k}DFsofG withthepropertythat∑
d

i＝１
fi(v)≤

kforeachv∈V(G),iscalledatotal{k}Ｇdominatingfamily(T{k}Dfamily)ofG．Thetotal
{k}ＧdomaticnumberofagraphG,denotedbyd{k}

t (G),isthemaximumnumberoffunctionsin
T{k}Dfamily．In２０１３,Arametal．proposedaproblemthatwhetherornotd{k}

t (Cm □Cn)＝３

when４ nmk,andd{k}
t (Cm □Cn)＝４when４|nmk．Itwasshownthatd{k}

t (Cm □Cn)＝３if４

nmkandk≥２or４|nmkand２ nk,whichpartiallyansweredtheaboveproblem．Inaddition,the
total{k}Ｇdomaticnumberofthedirectproductofacycleandapath,twopaths,andtwocycles
wasstudied,respectively．
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笛卡尔乘积和直积图的全{k}控制划分数
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摘要:给定正整数k,不含孤立点的图G 的全{k}控制函数(T{k}DF)是从顶点集V(G)到{０,１,２,􀆺,k}的

映射f 使得对任意的v∈V(G),与v 相邻的点在f 下的赋值之和至少为k．若元素两两不同的全{k}控制函

数集合{f１,f２,􀆺,fd}满足 ∑
d

i＝１
fi(v)≤k对任意v∈V(G),则称该集合为G 的全{k}控制族(T{k}D 族)．

含有函数最多的G 的全{k}控制族的函数数量成为全{k}控制划分数,记为d{k}
t (G)．２０１３年,Aram 等提出



了以下问题:是否当４ nmk 时d{k}
t (Cm□Cn)＝３,当４ nmk 时d{k}

t (Cm □Cn)＝４．这里证明了当４ nmk
且k≥２或４|nmk 且２ nk 时d{k}

t (Cm□Cn)＝３．该结论部分回答了上述问题．更进一步,确定了路和圈、路

和路、圈和圈的全{k}控制划分数．
关键词:全{k}控制划分数;笛卡尔乘积;直积

０　Introduction
Forterminologyandnotationongraphtheory

notgivenhere,wereferthereadertoRef．[１]．
Throughoutthispaper,thegraphswetalkabout
aresimplegraphswithnoisolatedvertex．LetG＝
(V,E)beagraphwithvertexsetV＝V(G)and
edgesetE＝E(G)．Foravertexv∈V(G),the
openneighborhoodNG (v)isthesetNG (v)＝
{u∈V(G)|uv∈E (G)}andthedegreeofv,

denotedbydG (v),isthecardinalityofNG (v)．
ForasetD ⊆V (G),theopen neighborhood
NG(D)isdefinedtobe ∪u∈D NG (u)andthe
closedneighborhoodisNG[D]＝NG(D)∪D．The
minimumandmaximumdegreeofagraphG are
denotedbyδandΔ,respectively．WritePnandCn

forapathandacycleonnvertices,respectively．
Forarealnumberx,write x forthegreatest
integer notgreaterthan x,and x forthe
smallestintegernotlessthanx．

ForgraphsG andH,theCartesianproduct
G□H isagraph withvertexsetV (G □H )＝
V(G)×V(H)andtwovertices(u,v)and(u′,v′)

areadjacentifandonlyifu＝u′andvv′∈E(H)

orv＝v′anduu′∈E(G)．TheCartesianproduct
ofacycleCmandapathPniscalledacylinderand
theCartesian productoftwocyclesiscalleda
torus．The directproductG × H isthe graph
definedbyV(G×H)＝V(G)×V(H )andtwo
vertices(u,v)and(u′,v′)areadjacentifandonly
ifuu′∈E(G)andvv′∈E(H)．Throughoutthis
paper,weassumethatV(G)＝{０,１,２,􀆺,n－１}

foranygraphG ofordern．ThenV(G□H )＝
V(G×H)＝{(i,j)|i∈V(G),j∈V(H )}．For
convenience,we assume that V (G □H )＝
V(G×H)＝{xi,j|i∈V(G),j∈V(H)},where
xi,j＝(i,j)．

AsubsetS ofverticesofG withoutisolated

verticesisatotaldominatingsetifNG (S)＝V．
The total domination number γt(G)is the
minimumcardinalityofatotaldominatingsetof
G．AtotaldomaticpartitionisapartitionofVinto
total dominating sets,and the total domatic
numberdt(G)isthelargestnumberofsetsina
totaldomaticpartition．Thetotaldomaticnumber
wasintroducedinRef．[２]．

Letk bea positiveinteger,atotal {k}Ｇ
dominatingfunction (T {k}DF)ofagraphG
withoutisolatedverticesisafunctionffromthe
vertexsetV(G)totheset{０,１,２,􀆺,k}suchthat

foranyvertexv∈V(G), ∑
u∈NG(v)

f(u)≥k．The

weightofaT {k}DF f isthevalueω(f)＝

∑
v∈V(G)

f(v)．Thetotal{k}Ｇdominationnumberof

G,denotedbyγ{k}
t (G),istheminimumweightof

aT{k}DFofG．Notethatγ{k}
t (G)istheclassical

totaldominationnumberγt(G)whenk＝１．The
total{k}Ｇdominationnumber wasintroducedin
Ref．[３]．A set {f１,f２,􀆺,fd }ofpairwise
differentT{k}DFsofG withthepropertythat

∑
d

i＝１
fi(v)≤kforeachv∈V(G),iscalledatotal

{k}Ｇdominatingfamily(T{k}Dfamily)ofG．The
total{k}ＧdomaticnumberofagraphG,denoted
byd{k}

t (G),isthemaximumnumberoffunctions
inaT{k}Dfamily．Thetotal{k}Ｇdomaticnumber
iswellＧdefinedandd{k}

t (G)≥１forallgraphsG
withoutisolatedvertices,sincethesetconsisting
ofthefunctionf:V(G) {０,１,２,􀆺,k}definedby

f(v)＝kforeachv∈V(G),formsaT{k}D
familyonG．Thetotal{k}Ｇdomaticnumberwas
introducedinRef．[４]andhasalsobeenstudiedin
Ref．[５]．Arametal．[６]presentedboundsforthe
totalkＧdomaticnumber,andstudiedthetotalkＧ
domaticnumber ofCm □Pn and Cm □Cn．In
addition,theyproposedthefollowingproblemon
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d{k}
t (Cm□Cn)．

Problem０．１[６]　Proveordisprove:LetG＝
Cm □Cn beatorusofordernm．if４ nmkthen
d{k}

t (G)＝３,andd{k}
t (G)＝４otherwise．

Themainresultofthispaperisasfollows．
Theorem０．１

d{k}
t (Cm□Cn)

＝３,if４ nmkandk≥２;

＝３,if４|nmkbut２ nk;

＝４,if４|mand４|n;

≤４,otherwise．

ì

î

í

ï
ïï

ï
ïï

　　ItcanbeseenthatTheorem ０．１partially
answeredProblem０．１．Inaddition,wealsostudy
thetotal{k}Ｇdomaticnumberofthedirectproduct
ofacycleandapath,twopaths,andtwocycles,

respectively．

１　TheproofofTheorem０．１
Thefollowinglemmas willbeusedin our

proofs．
Lemma１．１[５] 　LetG beagraph without

isolatedverticesandδ＝δ(G)．Ifδ|k,then
d{k}

t (G)≥δ－１,andifδ k,thend{k}
t (G)≥

k/k
δ ．

Lemma１．２[４]　ForeverygraphG without
isolatedvertices,

d{k}
t (G)≤δ(G)．

Moreover,ifd{k}
t (G)＝δ(G),thenforeach

functionofanyT{k}Dfamily{f１,f２,􀆺,fd}and

forallverticesvofdegreeδ(G), ∑
u∈NG(v)

fi(u)＝k

and∑
d

i＝１
fi(u)＝kforeveryu∈NG(v)．

Lemma１．３[４]　ifG＝Cm □Cn suchthat４
nmk,thend{k}

t (G)≤３．
Proposition１．１　Letm≥１andn≥１．ifG＝

C４m□C４n,thend{k}
t (G)＝４．

Proof　AccordingtoLemma１．２,wehave
d{k}

t (G)≤δ(G)≤４．Definefs:V(G) {０,１,􀆺,

k},s＝１,２,３,４asfollows:

f１(xi,j)＝　　　　　　　　　　　　　　　　
k,ifi≡０,１(mod４)andj≡０(mod４);

k,ifi≡２,３(mod４)andj≡２(mod４);

０,otherwise;

ì

î

í

ïï

ïï

f２(xi,j)＝　　　　　　　　　　　　　　　　
k,ifi≡０,１(mod４)andj≡２(mod４);

k,ifi≡２,３(mod４)andj≡０(mod４);

０,otherwise;

ì

î

í

ïï

ïï

f３(xi,j)＝　　　　　　　　　　　　　　　　
k,ifi≡０,１(mod４)andj≡１(mod４);

k,ifi≡２,３(mod４)andj≡３(mod４);

０,otherwise;

ì

î

í

ïï

ïï

f４(xi,j)＝　　　　　　　　　　　　　　　　
k,ifi≡０,１(mod４)andj≡３(mod４);

k,ifi≡２,３(mod４)andj≡１(mod４);

０,otherwise．

ì

î

í

ïï

ïï

　　Itiseasytocheckthat{f１,f２,f３,f４}isa
T{k}DfamilyonG．Hence,d{k}

t (G)≥４,and
thusd{k}

t (G)＝４．Thiscompletestheproof．
Proposition　１．２　ifk≥２,４ nmkandG＝

Cm□Cn,thend{k}
t (G)＝３．

Proof　Itsufficestoshowd{k}
t (G)≥３by

Lemma１．３．Inviewof４ nmk,wehave４ k,

whichisequivalenttoδ(G)k．ByLemma１．１,we

concludethatd{k}
t (G)≥ k/ k

δ(G) ．Letk＝４s＋t

where１≤t≤３since４ k．Therefore,

d{k}
t (G)≥ (４s＋t)/４s＋t

４ ＝　　　　　

(４s＋t)/(s＋
t
４

) ＝
４s＋t
s＋１ ＝４＋

４－t
s＋１ ．

　　Ifs≥２,inviewof１≤t≤３,thens＋１≥４－t,

andthusd{k}
t (G)≥３bytheaboveinequality．It

impliesthatd{k}
t (G)≥３fork≥９and４ nmk．

Ifs＜２,inviewof４ k,thenk＝２,３,５,６,７．

Itisroutinetocheckthatd{k}
t (G)≥ k/

k
δ(G) ＝３

whenk＝３,６,７．Inordertocompletetheproof,itis
necessarytoshowthatd{k}

t (G)≥３whenk＝２,５．
Whenk＝２,then２ m and２ n．Define

functionsf,gandhfromV(G)to{０,１,􀆺,k}as
follows:

f(xi,j)＝
１,i≡０(mod２)and０≤j≤n－１;

０,otherwise;{
g(xi,j)＝　　　　　　　　　　　　　　　　　　
１,i≡１(mod２),i＝m－１and０≤j≤n－１;

０,otherwise;{
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h(xi,j)＝
１,０≤i≤m－２and０≤j≤n－１;
０,otherwise．{

Clearly,{f,g,h}isaT {k}D familyonG．
Hence,d{k}

t (G)≥３．
Whenk＝５,then４ mn．
If２|mn,assumethat２|m．Definefunctions

f,gandhfromV(G)to{０,１,􀆺,k}asfollows:

f(xi,j)＝
３,i≡０(mod２)and０≤j≤n－１;
０,otherwise;{

g(xi,j)＝　　　　　　　　　　　　　　　　　　
３,i≡１(mod２),i＝m－１and０≤j≤n－１;
０,otherwise;{
h(xi,j)＝２,０≤i≤m－１and０≤j≤n－１．
Clearly,{f,g,h}isaT {k}D familyonG．
Hence,d{k}

t (G)≥３．
If２ mn,definefunctionsf,g andhfrom

V(G)to{０,１,􀆺,k}asfollows:

f(xi,j)＝
２,i≡０(mod２)and０≤j≤n－１;
１,otherwise;{

g(xi,j)＝
１,i≡０(mod２)and０≤j≤n－１;
２,otherwise;{

h(xi,j)＝２,０≤i≤m－１and０≤j≤n－１．
Clearly,{f,g,h}isaT {k}D familyonG．
Hence,d{k}

t (G)≥３．Thiscompletestheproof．
Proposition１．３　IfG＝Cm □Cnsuchthat４|

nmkand２ nk,thend{k}
t (G)＝３．

Proof　ByLemma１．２,d{k}
t (G)≤４．Suppose

tothecontrarythatd{k}
t (G)＝４．LetFbeatotal

{k}Ｇdominatingfamilyandf∈F．ByLemma１．２,

∑
x∈NG(xi,j)

f(x)＝k．Itfollowsthat

mnk＝ ∑
v∈V(G)

∑
u∈NG(v)

f(u)＝４∑
u∈V(G)

f(u)＝４ω(f)．

　　Let∑
n－１

j＝０
f(xi,j)＝ki．Thuski－１＋２ki＋ki＋１＝

nkforeachi＝１,２,􀆺,m－１,namely,ki－１＋ki＋
ki＋ki＋１＝nk．Withoutlossofgenerality,assume

k０＋k１ ≥
nk
２

,k１＋k２ ≤
nk
２ ．

　　Notethat４|nmkand２ nkimpliesthat４|m．
Sowehave

k２＋k３ ≥
nk
２

,k３＋k４ ≤
nk
２

,

􀆺

km－２＋km－１ ≥
nk
２

,km－１＋k０ ≤
nk
２

,

whichimpliesthatω(f)＝∑
m－１

i＝０
ki ≥

m
２

nk
２ ＞

mnk
４

,

acontradiction．Sod{k}
t (G)≤３．

Nowdefinefunctionsf,gandhfromV(G)
to{０,１,􀆺,k}asfollows:

f(xi,j)＝　　　　　　　　　　　　　　　　
k,ifi≡０,１(mod４)andj≡０(mod４);
k,ifi≡２,３(mod４)andj≡２(mod４);
０,otherwise;

ì

î

í

ïï

ïï

g(xi,j)＝　　　　　　　　　　　　　　　　
k,ifi≡２,３(mod４)andj≡０(mod４);
k,ifi≡０,１(mod４)andj≡２(mod４);
０,otherwise;

ì

î

í

ïï

ïï

h(xi,j)＝　　　　　　　　　　　　　　　　
k,０≤i≤m－１andj≡１(mod２);
０,otherwise．{

　　Now {f,g,h}isaT {k}D familyonG．
Therefored{k}

t (G)≥３．Theresultfollows．
Remark１．１　 Theorem ０．１followsdirectly

fromPropositions１．１~１．３．

２　 Total {k}Ｇdomatic numbersof
Pm×Pn,Cm×PnandCm×Cn

Proposition２．１　d{k}
t (Pm×Pn)＝１．

Proof　LetG＝Pm ×Pn．Notethatδ(G)＝１
andd{k}

t (G)≥１forallgraphsG withoutisolated
vertices．Theresultfollowsdirectlyfrom Lemma
１．２．

Proposition２．２　if２ k and４ m,then
d{k}

t (Cm×Pn)＝１．
Proof　 Let G ＝ Cm × Pn．Supposethat

d{k}
t (G)＝２(＝δ(G))．Then ∑

v∈NG(xi,j)
f(v)＝kfor

anyf∈F,whereFisaT {k}D familyonG．
Hence,

∑
v∈NG(x１,０)

f(v)＝f(x０,１)＋f(x２,１)＝k,

∑
v∈NG(x２,０)

f(v)＝f(x１,１)＋f(x３,１)＝k,

∑
v∈NG(x３,０)

f(v)＝f(x２,１)＋f(x４,１)＝k,

􀆺

∑
v∈NG(xm－１,０)

f(v)＝f(xm－２,１)＋f(x０,１)＝k,

∑
v∈NG(x０,０)

f(v)＝f(xm－１,１)＋f(x１,１)＝k．

Summinguptheabove m equations,we have
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２(f(x０,１)＋f(x１,１)＋􀆺＋f(xm－１,１))＝mk．Since
２ kand４ m,wehave２|mandm＝２(mod４)．
Theaboveequationsalsoimplythatf(x０,１)＝
f(x４,１)＝f (x８,１ )＝ 􀆺 ＝f (xm－２,１ )．Since
f(xm－２,１)＋f (x０,１ )＝k,we have ２|k,a
contradiction．

Proposition２．３　If２ k and４|m,then
d{k}

t (Cm×Pn)＝２．
Proof　LetG＝Cm ×Pn．Itsufficestoshow

d{k}
t (G)≥２byLemma１．２．Definefunctionsfand

gfromV(G)to{０,１,􀆺,k}asfollows:

f(xi,j)＝　　　　　　　　　　　　　　　　　
k＋１

２
,ifi≡０,１(mod４)andj＝１,n－２;

k－１
２

,otherwise,

ì

î

í

ï
ï

ï
ï

and
g(xi,j)＝　　　　　　　　　　　　　　　　　

k＋１
２

,ifi≡２,３(mod４)andj＝１,n－２;

k－１
２

,otherwise．

ì

î

í

ï
ï

ï
ï

　　Since {f,g}isaT {k}D familyonG,
d{k}

t (G)≥２．Thiscompletestheproof．
Proposition２．４　If２|kthend{k}

t (G)＝２．
Proof　LetG＝Cm ×Pn．Itsufficestoshow

d{k}
t (G)≥２byLemma１．２．Definefunctionsfand

gfromV(G)to{０,１,􀆺,k}asfollows:

f(xi,j)＝

k
２

,if０≤i≤m－１andj＝１,n－２;

k－２
２

,otherwise;

ì

î

í

ï
ï

ï
ï

and

g(xi,j)＝
k
２

,０≤i≤m－１and０≤j≤n－１．

　　Notethat{f,g}isaT{k}DfamilyonG,we
haved{k}

t (G)≥２．Thiscompletestheproof．
From Propositions２．２~２．４,wecangetthe

followingtheoremimmediately．
Theorem２．１

d{k}
t (Cm ×Pn)＝

１,if２ kand４ m;

２,otherwise．{
　　Proposition２．５

d{k}
t (Cm ×Cn)

＝４,if４|mand４|n;

＝４,if２|kand４|mor４|n;

≤３,otherwise．

ì

î

í

ïï

ïï

　　Proof　LetG ＝Cm ×Cn．ByLemma１．２,

d{k}
t (G)≤δ(G)＝４．Weproceedbyconsideringthe

followingthreepossiblecases．
Case１　４|mand４|n．
Definefs:V(G) {０,１,􀆺,k},s＝１,２,３,４,

asfollows:

f１(xi,j)＝　　　　　　　　　　　　　　　　　　
k
２

,ifi≡０,１(mod４)andj≡０,１(mod４);

k
２

,ifi≡２,３(mod４)andj≡０,１(mod４);

０,otherwise;

ì

î

í

ï
ï
ï

ï
ï
ï

f２(xi,j)＝　　　　　　　　　　　　　　　　　　
k
２

,ifi≡０,１(mod４)andj≡０,１(mod４);

k
２

,ifi≡２,３(mod４)andj≡０,１(mod４);

０,otherwise;

ì

î

í

ï
ï
ï

ï
ï
ï

f３(xi,j)＝　　　　　　　　　　　　　　　　　　
k
２

,ifi≡０,１(mod４)andj≡２,３(mod４);

k
２

,ifi≡２,３(mod４)andj≡２,３(mod４);

０,otherwise;

ì

î

í

ï
ï
ï

ï
ï
ï

f４(xi,j)＝　　　　　　　　　　　　　　　　　　
k
２

,ifi≡０,１(mod４)andj≡０,３(mod４);

k
２

,ifi≡２,３(mod４)andj≡０,３(mod４);

０,otherwise．

ì

î

í

ï
ï
ï

ï
ï
ï

　　Clearly,{f１,f２,f３,f４}isaT{k}Dfamily
onG．Hence,d{k}

t (G)≥４,whichfollowsthat
d{k}

t (G)＝４．
Case２　２|kand４|m or４|n．Withoutlossof

generalityassume４|n．
Definefs:V(G) {０,１,􀆺,k},s＝１,２,３,４,

asfollows
f１(xi,j)＝　　　　　　　　　　　　　　　　　　

k
２

,ifj≡０,１(mod４)and０≤i≤m－１;

０,otherwise;

ì

î

í
ïï

ïï

f２(xi,j)＝　　　　　　　　　　　　　　　　　　
k
２

,ifj≡１,２(mod４)and０≤i≤m－１;

０,otherwise;

ì

î

í

ïï

ïï
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f３(xi,j)＝　　　　　　　　　　　　　　　　　
k
２

,ifj≡２,３(mod４)and０≤i≤m－１;

０,otherwise;

ì

î

í

ïï

ïï

f４(xi,j)＝　　　　　　　　　　　　　　　　　
k
２

,ifj≡３,０(mod４)and０≤i≤m－１;

０,otherwise．

ì

î

í

ïï

ïï

　　Clearly,{f１,f２,f３,f４}isaT{k}Dfamily
onG．Hence,d{k}

t (G)≥４,whichfollowsthat
d{k}

t (G)＝４．
Case３　Theothers．
ByCase１,４ m or４ n．Withoutlossof

generality,assume４ m．ByCase２,theremaining
caseis４ nor４|nbut２ k．

Supposetothecontrarythatd{k}
t (G)＝４．Let

F＝ {f１,f２,f３,f４}beatotal {k}Ｇdominating
family．We will prove that,for any f ∈ F,

f(xi－１,j－１)＝f (xi＋１,j＋１ )andf (xi－１,j＋１ )＝

f(xi＋１,j－１),thenweobtainf(xi,j)＝
k
４for０≤

i≤m －１and０≤j≤n－１,whichimpliesthat
|F|＝１,acontradictionwithd{k}

t (G)＝４．SinceG
isvertextransitive,itissufficienttoshowf(x０,０)＝

f(x２,２),f(x０,２)＝f(x２,０)andf(x０,０)＝
k
４．

ByLemma１．２, ∑
x∈NG(xi,j)

f(x)＝k．Hence

f(xi－１,j－１)＋f(xi－１,j＋１)＋　　　
f(xi＋１,j－１)＋f(xi＋１,j＋１)＝k,

wherethesumsinthesubscriptsaremodularm
andn,respectively．Fori＝１,２,􀆺,m －１,０,

wehave
f(x０,j－１)＋f(x０,j＋１)＋f(x２,j－１)＋f(x２,j＋１)＝k,

f(x１,j－１)＋f(x１,j＋１)＋f(x３,j－１)＋f(x３,j＋１)＝k,

f(x２,j－１)＋f(x２,j＋１)＋f(x４,j－１)＋f(x４,j＋１)＝k,
􀆺

f(xm－２,j－１)＋f(xm－２,j＋１)＋f(x０,j－１)＋f(x０,j＋１)＝k,

f(xm－１,j－１)＋f(xm－１,j＋１)＋f(x１,j－１)＋f(x１,j＋１)＝k．
Hencewehave
f(x０,j－１)＋f(x０,j＋１)＝f(x４,j－１)＋　　　　　

f(x４,j＋１)＝􀆺＝f(x４s,j－１)＋f(x４s,j＋１),

wherescanbeanynonnegativeinteger．Since４
m,４s (modm)canbeanypositiveintegerfrom
{１,２,􀆺,m－１}．Therefore,

f(x０,j－１)＋f(x０,j＋１)＝f(x１,j－１)＋f(x１,j＋１)＝
f(x２,j－１)＋f(x２,j＋１)＝􀆺＝

f(xm－１,j－１)＋f(xm－１,j＋１)＝
k
２．

Thisimpliesthat２|kandhencewemusthave４ n
(otherwise, we have ４|n and ２ k, a
contradiction)．Bysymmetryofmandn,wehave
f(xi－１,０)＋f(xi＋１,０)＝f(xi－１,１)＋f(xi＋１,１)＝

f(xi－１,２)＋f(xi＋１,２)＝􀆺＝

f(xi－１,n－１)＋f(xi＋１,n－１)＝
k
２．

Consideri＝１andj＝１,wehavef (x２,０)＝
f(x０,２)andf(x０,０)＝f(x２,２)．Bysymmetry,we
can obtain f (xi－１,j－１ )＝ f (xi＋１,j＋１ )and
f(xi－１,j＋１)＝f(xi＋１,j－１),for０≤i≤m －１and
０≤j≤n－１．Therefore

f(x０,０)＝f(x２,２)＝f(x４,０)＝f(x６,２)＝
f(x８,０)＝􀆺＝f(x４s,０)＝f(x４s＋２,２)．

　　Againby４ m,wehavethat４s(modm)can
beany positiveintegerin {１,２,􀆺,m －１},

andhence
f(x０,０)＝f(x１,０)＝f(x２,０)＝􀆺＝f(xm－１,０)．

　　Sincef (x０,０)＋f (x２,０)＝
k
２

,wehave

f(x０,０)＝
k
４．Thiscompletestheproof．

Proposition２．６　Ifk≥２,and４ m or４ n,

thend{k}
t (Cm×Cn)≥３．

Proof　LetG ＝Cm ×Cn．Withoutlossof

generality,assume４ m．if４|k,thatisδ(G)|k,

thend{k}
t (G)≥δ(G)－１＝３byLemma１．１．

Assume４ k．ByLemma１．１,d{k}
t (G)≥

k/k
４ ．Letk＝４s＋twhere１≤t≤３．Moreover,

d{k}
t (G)≥ (４s＋t)/４s＋t

４ ＝４＋
４－t
s＋１．

Ifs≥２,thens＋１≥４－t,andthusd{k}
t (G)≥

３fork≥９．Henceassumes＜２．Since４ k,we
havek＝２,３,５,６,７．Itisobviousthatd{k}

t (G)≥

k/ k
δ(G) ≥３whenk＝３,６,７byLemma１．１．In

ordertocompletetheproof,itsufficestoshow
thatd{k}

t (G)≥３whenk＝２,５．
Whenm≡１(mod４),definefunctionsf,g
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andhfromV(G)to{０,１,􀆺,k}asfollows:

f(xi,j)＝　　　　　　　　　　　　　　　　　　
k
２

,ifi≡０,１(mod４)and０≤j≤n－１;

k
２ －１,otherwise;

ì

î

í

ï
ï

ï
ï

g(xi,j)＝　　　　　　　　　　　　　　　　　　
k
２

,ifi≡２,３(mod４),

　 　 　i＝m－１and０≤j≤n－１;

k
２ －１,otherwise;

ì

î

í

ï
ï
ï

ï
ï
ï

and
h(xi,j)＝　　　　　　　　　　　　　　　　　　

k
２ －１,ifi＝m－１and０≤j≤n－１;

k
２

,otherwise．

ì

î

í

ï
ï

ï
ï

Notethat{f,g,h}isaT {k}D familyonG,

henced{k}
t (G)≥３．

Whenm≡２ (mod４),definefunctionsf,g
andhformV(G)to{０,１,􀆺,k}asfollows:

f(xi,j)＝　　　　　　　　　　　　　　　　　　
k
２

,ifi≡０,１(mod４)and０≤j≤n－１;

k
２ －１,otherwise;

ì

î

í

ï
ï

ï
ï

g(xi,j)＝　　　　　　　　　　　　　　　　　　
k
２

,ifi≡２,３(mod４),

　 　 　i＝m－２,m－１and０≤j≤n－１;

k
２ －１,otherwise;

ì

î

í

ï
ï
ï

ï
ï
ï

and
h(xi,j)＝　　　　　　　　　　　　　　　　　　

k
２ －１,ifi＝m－２,m－１and０≤j≤n－１;

k
２

,otherwise．

ì

î

í

ï
ï

ï
ï

Since{f,g,h}isaT{k}DfamilyonG,d{k}
t (G)

≥３．
Whenm≡３(mod４),definefunctionsf,g

andhfromV(G)to{０,１,􀆺,k}asfollows:

f(xi,j)＝　　　　　　　　　　　　　　　　　　

k
２

,ifi≡０,１(mod４)and０≤j≤n－１;

k
２ －１,otherwise;

ì

î

í

ï
ï

ï
ï

g(xi,j)＝　　　　　　　　　　　　　　　　　　
k
２

,ifi≡２,３(mod４),

　 　 　i＝０and０≤j≤n－１;

k
２ －１,otherwise;

ì

î

í

ï
ï
ï

ï
ï
ï

and

h(xi,j)＝

k
２ －１,ifi＝０and０≤j≤n－１;

k
２

,otherwise．

ì

î

í

ï
ï

ï
ï

Because {f,g,h}isaT {k}D familyonG,

d{k}
t (G)≥３．

Thiscompletestheproof．
FromPropositions２．５and２．６,wecangetthe

followingtheoremimmediately．
Theorem２．２　Letk≥２．Wehave

d{k}
t (Cm ×Cn)＝　　　　　　　　　　　　　　
４,if４|mand４|n (equalityalsoholdsfork＝１);

４,if２|kand４|mor４|n;

３,otherwise．

ì

î

í

ïï

ïï
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