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3一致超图中线性哈密顿圈的Ore条件

余 磊

(中国科学技术大学数学科学学院,中科院吴文俊数学重点实验室,安徽合肥230026)

摘要:1960年,Ore证明了如下结果:如果一个n 点图的任意两个独立点的度和不小于n,那么它包含一个

哈密顿圈.将这个结果推广到3一致超图上,并得到一个近似最优的结果.
关键词:Ore条件;超图;哈密顿圈;度

0 Introduction
Givenk≥2,ak-uniformhypergraph(k-graph

forshort)consistsofavertexsetVandanedgeset

E⊆
V
k  .For1≤l≤k-1,ak-graphiscalledanl-

cycleifitsverticescanbeorderedcyclicallysothat
eachofitsedgesconsistsofkconsecutivevertices
andeverytwoconsecutiveedgesshareexactlyl
vertices.A (k-1)-cycleisoftencalledatight
cyclewhilea1-cycleisoftencalledaloosecycle.
Wesaythatak-graphcontainsaHamiltonl-cycle

if it contains an l-cycle as a spanning
subhypergraph.

ForasetA ⊆V (H ),letH [A]bethe
subgraphinducedbyA.FortwovertexsetsS,
R⊆V(H)with|S|<k,letNH(S,R)={T:T⊆
RsuchthatS∪T∈E(H)}anddegH (S,R)=
|NH(S,R)|.Bythedefinitionshere,degH(S)=
degH(S,V(H)).IfS={v},writedegH(v,R)
fordegH({v},R).Theminimumd-degreeδd(H)
ofH istheminimum ofdegH (S)overalld-
elementvertexsetsSinH.Thesubscriptwillbe
omittediftheunderlyinghypergraphisclearfrom
thecontext.



Ore[1]showedthatagraphG withσ2(G)≥n
isHamiltonian,hereσ2(G)=min{d(u)+d(v):
u,vareindependent}.TangandYan[2]generalized
thistheoremtok-graphs.

Definition0.1 LetH beak-graph,S,T∈
V

k-1  ,wesayS,T areindependentifthere

existsnosuchedgeethatS∪T⊂e.Set

σ2(H)=min{deg(S)+deg(T):S,T ∈
V(H)
k-1  ,

SandTareindependent}.
  Theorem0.1[2] Foreveryk≥3,γ>0,there
existsn0suchthateveryn≥n0verticesk-graphH
withσ2(H)≥(1+γ)ncontainsatightHamilton
cycle.

Westudyasimilarproblem byconsidering
looseHamiltoncyclesin3-graphs.

Theorem0.2[3] Thereisanintegern0such
thatevery3-graphH onn≥n0verticeswithn
evenandδ2(H)≥n/4containsalooseHamilton
cycle.

Theorem0.3[3] Letγ>0,thenthereexists
n0suchthateveryn≥n0vertices3-graphH withn
evenand σ2(H)≥(1/2+γ)n containsaloose
Hamiltoncycle.

Thisboundisapproximately bestpossible
sinceitwasshowninRef.[3]thatthereexistsa3-
graphH onnverticeswithδ2(H)≥(n-2)/4,
whichcontainsnolooseHamiltoncycle.

ToproveTheorem0.3,wewillusetheso-
calledabsorbingmethod.

Wesaythata3-graphHisa(loose)pathif
itsverticescanbeorderedasv1,v2,…,v2m+1so
thatE(H)={{v2i+1,v2i+2,v2i+3}:i=0,…,m-
1}withendpoints{v1,v2m+1}.

ApathP withendpointsv1andv2issaidto
absorbU⊆V\V(P)ifthereisapathQinH with
endpointsv1 andv2 andsuchthatV (Q)=
V(P)∪U.

1 ProofofTheorem0.3
ToproveTheorem0.3,weneedthefollowing

lemma.
Lemma1.1 Givenγ>0,letH beann

vertices3-graphwithσ2(H)≥
1
2+γ  nandwith

nsufficientlylarge,thenforanyK ∈
V(H)
2  

withdeg(K)<n/4and0<α<1/40000,there
existsapathPinHsuchthat

(Ⅰ)|V(P)|≤αn.
(Ⅱ)K⊂V(P),{u,v}∩K=Ø,whereu,v

aretheendpointsofP.
(Ⅲ)AnyvertexsetU⊂V\V(P)with|U|≤

α2n,|U|∈2NNcanbeabsorbedbyP.
Thefollowinglemmaprovidesacollectionof

paths covering nearly all the vertices in
hypergraph.

Lemma1.2(Pathcoverlemma[4]) Forevery
γ,ε>0,thereexistn0,psuchthatevery3-graph
H= (V,E)onn>n0 verticeswithδ2 (H)≥
(1/4+γ)nthefollowingholds.Thereisafamily
ofdisjointpathsP1,…,Pq(q≤p),whichcovers
allbutatmostεnverticesofH.

Thefollowinglemmaisusedtoconnectthe
pathsintoonepath.

Lemma1.3(ReservoirLemma[4]) Forevery
d,ε>0,thereexistsn0suchthatevery3-graph
H=(V,E)onn>n0verticeswithδ2(H)≥dnthe
followingholds.ThereisasetRofsizeatmostεn

suchthatforall2-setS∈
V
2  ,wehavedeg(S,R)≥

dεn/2.
ProofofTheorem0.3 Ifdeg(S)≥n/4forall

S∈
V(H)
2  ,thenbyTheorem0.2H containsa

looseHamiltoncycle.SowecanfixsomeK ∈
V(H)
2  withdeg(K)<n/4.
LetP bethepathguaranteedbylemma1.1

(appliedwithα<γ/4),letu,vbetheendpointsof
P.LetV'=(V\V(P))∪{u,v}andletH'=
H[V']betheinducedsubhypergraphofH on
V'.Then

δ2(H')>
1
4+γ  n-αn>

1
4+

3γ
4  n.

  DuetoLemma1.3withd=1/4,ε=α2/2,we
canchooseasetR⊂V'\{u,v}ofsizeatmostα2n/2

suchthatforeveryS∈
V'
2  ,

deg(S,R)≥
α2n
16-2.
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  SetV″=V\(V(P)∪R)andletH″=H[V″]
betheinducedsubhypergraphofH onV″,then

δ2(H″)>
1
4+γ  n-αn-

α2n
2 >

1
4+

γ
2  n.

  Lemma1.2appliedtoH″withε=α2/2yields
afamilyofdisjointpathsP1,…,Pq,whichcovers
allbutatmost(α2n)/2verticesofH″.UseTto
denotethesetoftheuncoveredverticesinV″.

LetP0:=P,andletPb
i,Pe

ibetheendpoints
ofPi(i=0,1,…,q).Forsufficientlylargen,

deg({Pe
i,Pb

(i+1)(mod(q+1))},R)≥
α2n
16-2>q+1.

  Thereforeforeachi∈{0,1,…,q},wecan
chooseavertexxi ∈R\(∪0≤j<ixj)suchthat
Pe

ixiPb
(i+1)(mod(q+1)isanunusededge.Hence,we

canconnectallthesepathstoformaloosecycleC.
LetU=V\V(C)bethesetofverticesnot

coveredbyC,thenU⊆R∪Tand
|U|≤

α2n
2 +

α2n
2 =α2n.

  SinceCisaloosecycleandn∈2NN,wehave
|U|∈2NN.SoP absorbsU toobtainaloose
HamiltoncycleofH.

2 ProofofLemma1.1

ProofofLemma1.1 ForS∈
V
2  ,a5-set

T={u1,…,u5}issaidtoabsorbSifthereisa
pathin H [T]onfiveverticesandapathin
H[S∪T]onsevenverticesbothwithendpoints
u1andu5.

Claim2.1 Forany2-setS∈
V
2  withS=K

orS∩K=Ø,thereareatleast
n-2
5  /5005-set

T∈
V\K
5  thatabsorbS.

Proof SetS={v1,v2}.
Case2.1 S∩K=Ø.

Forany2-setS'∈
V\K
2  ,sinceS'andKare

independent,wehavedeg(S')>(1/4+γ)n.
SetV'=V\K,wecanselectT={u1,u2,u3,

u4,u5}asfollows.Letu1∈V'\Sbeanarbitrary
vertex,thenu1 hasn-4choices;selectu2∈

(N(u1,v1)\{v2})∩V',thenu2has(1/4+γ)n-3
choices;selectu3∈(N(u1,u2)\{v1,v2})∩V',
thenu3has(1/4+γ)n-4choices;selectu4∈
(N(u2,v2)\{v1,u1,u3})∩V',thenu4 has
(1/4+γ)n-5choices;selectu5∈(N (u3,u4)\
{v1,v2,u1,u2})∩V',thenu5has(1/4+γ)n-6
choices.Thereareatleast

(n-4)
1
4+γ  n-3  1

4+γ  n-4  ·
1
4+γ  n-5  1

4+γ  n-6  /5! ≥
n-2
5  /500

choicesforT.Wehaveu1u2u3,u3u4u5∈E(H)
andu1v1u2,u2v2u4,u4u3u5∈E(H),soT={u1,
u2,u3,u4,u5}isindeeda5-setwhichabsorbS.

Case2.2 S=K.
WeselectT={u1,u2,u3,u4,u5}asfollows.

Firstlyweselectu2fromV\(N(S)∪S),then
{u2,v1},{u2,v2}arebothindependentwithS,so
deg(u2,v1),deg(u2,v2)>(1/4+γ)n.Selectu1∈
N(u2,v1)\{v2},wehave(1/4+γ)nchoices;select
u3∈N(u2,u1)\{v1,v2},wehave(1/4+γ)n-2
choices;selectu4∈N(u2,v2)\{v1,u1,u3},we
have (1/4+γ)n -2 choices;selectu5 ∈
N(u3,u4)\{v1,v2,u1,u2},wehave(1/4+γ)n-
4choices,sothereareatleast

n-2-
n
4  1

4+γ  n 1
4+γ  n-2  ·

1
4+γ  n-2  1

4+γ  n-4  \5! ≥
n-2
5  /500

choicesforT.Wehaveu1u2u3,u3u4u5∈E(H)
andu1v1u2,u2v2u4,u4u3u5∈E(H),SoT={u1,
u2,u3,u4,u5}isindeeda5-setwhichabsorbS.

Fromnowon,wheneverwementiona5-set
absorbapairv1,v2∈V,wealwaysassumethat
{v1,v2}=Kor{v1,v2}∩K=Ø.

Giventwodistinctverticesv1,v2 ∈V,let

A(v1,v2)bethefamilyof5-setsT∈
V\K
5  that

absorb{v1,v2}.ByClaim2.1,

|A(v1,v2)|≥
n-2
5  /500.
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  LetFbeafamilyobtainedbyselectingevery
5-setfrom

V\K
5  independentlywithprobability

p=
αn

20
n-2
5  

.

  Then|F|satisfiesbinomialdistribution
B

n-2
5  ,p  ,soitsexpectationis

EE[|F|]=
n-2
5  p=

αn
20
,

thevariationof|F|is
Var[|F|]=

n-2
5  p(1-p).

  BytheChebyshev'sinequality,
PP(|F|-EE[|F|]≥EE[|F|])≤
Var[|F|]
EE2[|F|]

=
1-p
n-2
5  p

=o(1),

whichimpliesthat

PP |F|≥
αn
10  =PP(|F|≥2EE[|F|])≤o(1).

  Foranyv1,v2∈V,letX{v1,v2}bethenumber
of5-setsinFwhichabsorb{v1,v2}.ThenX{v1,v2}

hasbinomialdistributionand
EE[X{v1,v2}

]=EE[|A(v1,v2)∩F|]≥
n-2
5  
500 p≥

αn
10000>0

,

bytheChernoff'sbound,

PP X{v1,v2}≤
EE[X{v1,v2}

]

2  ≤
exp-

EE[X{v1,v2}
]

8  =o(1).

  LetYbethenumberofintersectingpairsof5-
setsinF,then

EE[Y]≤5
n-2
5  n-2

4  p2 ≤
α2n
10
,

bytheMarkov'sinequality,wehave

PP(Y >2EE[Y])<
EE[Y]
2EE[Y]=

1
2.

  Therefore,withpositiveprobability,there
existsafamilyF,suchthat

(Ⅰ)|F|≤αn/10.
(Ⅱ)Forany{v1,v2},|A(v1,v2)∩F|≥

αn/20000≥2α2n.
(Ⅲ)Thenumberofintersectingpairsof5-set

inFisatmostα2n/5.
LetF' beobtainedfromFbydeletingall

intersectingsetsandsetsthatdonotabsorbany
{v1,v2},then

(Ⅰ)|F'|≤αn/10.
(Ⅱ)Forany{v1,v2},|A(v1,v2)∩F'|≥

α2n+1.
ForanyS∈F',H[S]containsapathonfive

vertices.Weconnectthesepathstoanewpath.
Supposethat wehaveobtainedapath P' by
connectingsomepathsinF',selectanunusedpath
Q,letu,v betheendpointsofP' and Q,
respectively.Since

deg(u,v)-2-(6|F'|-2)≥
1
4+γ  n-

3αn
5 >0,

wecanselectavertexx∈N(u,v)\(K∪P'∪F'),
anduseuxvtoconnectP'andQ.Wecandothis
untilweobtainapathwhichcoversall5-setsin
F',afterabsorbingK,weobtainapathP,which
containsatmost

|V(P)|≤
αn
10
·5+

αn
10-1  +2≤αn

verticessuchthat{u,v}∩K=Ø,hereu,vare
theendpointsofP.

SupposethatU⊂V\V(P),|U|≤α2n,and
|U|∈2NN,letS1,…,Sq (q≤α2 n/2)bean
arbitrarypartitionofUintosetsofsize2,since
|A(Si)∩F'|≥α2n+1,wecanselectanunused
Ti∈F'foreachSi.ThisimpliesthatPabsorbs
U.Thiscompletedtheproof.
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