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两个σ-超可解子群的积

毛月梅,马小箭

(山西大同大学数学与统计学院,山西大同037009)

摘要:设Nσ 是指所有σ-幂零群所有构成的群类,并记GNσ 是G 的σ-幂零群上根.我们称群G 是σ-超可解

的,如果G 的含于GNσ 的主因子是循环的.群G 的子群H 称为与子群T 是完全c-置换的,如果存在元素x
∈<H,T>满足 HTx=TxH.利用子群的完全c-置换性研究两个σ-超可解群的积所构成的有限群的结构.
关键词:有限群;σ-幂零群;σ-超可解群;σ-次正规;完全c-置换

0 Introduction
Throughoutthispaper,allgroupsarefinite

andG alwaysdenotesafinitegroup.Ifnisan
integer,thesymbolπ(n)denotesthesetofall
primesdividingn;asusual,π(G)=π(|G|),the

setofallprimesdividingtheorderofG.
Inwhatfollows,σ= {σi|i∈I}issome

partitionofallprimesPP,thatis,PP=∪
i∈I

σiand

σi∩σj=Øforalli≠j.Wewrite
σ(G)={σi|σi ∩π(G)≠Ø}.

  FollowingRefs.[1-2],thegroupGissaidto



beσ-primaryif|σ(G)|≤1.AchieffactorH/Kof
G issaidto beσ-centralin G if (H/K )
(G/CG(H/K))isσ-primary.RecallalsothatGis
σ-solubleifeverychieffactorofGisσ-primary;σ-
nilpotentifeverychieffactorofGisσ-central.We
useSσandNσtodenotetheclassesofallσ-soluble
groupsandσ-nilpotentgroups,respectively.GNσ

denotestheσ-nilpotentresidualofG,thatis,the
intersectionofallnormalsubgroupsN ofG with
σ-nilpotentquotientG/N.

Moreover,asetHofsubgroupsofGissaidto
beacompleteHallσ-setofGifeverynon-identity
memberofHisaHallσi-subgroupofGforsome
σiandHcontainsexactlyoneHallσi-subgroupfor
everyσi∈σ(G).LetH= {H1,…,Ht}bea
completeHallσ-setofG.Hissaidtobeaσ-basis
ofGifHiHj=HjHiforalli,j.Gissaidtobeσ-
fullifGpossessesacompleteHallσ-set;aσ-full
groupofSylowtypeifeverysubgroupofGisa
Dσi-groupforallσi∈σ(G).Recently,Guoet
al.[3]introducethedefinition ofσ-supersoluble
group:thegroupGissaidtobeσ-supersolubleif
everychieffactorofGbelowGNσiscyclic.They
also give some important results about σ-
supersolublegroups.Inthispaper,weuseUσto
denotetheclassofallσ-supersolublegroups.

AsubgroupHofGissaidtobecompletelyc-
permutablewithT inG[4]ifthereexistsx ∈
<H,T>suchthatHTx=TxH,where<H,T>is
thesubgroupofG generatedbyH andT.By
usingtheconceptofcompletelyc-permutable,

someconditionsunderwhichtheproductG=AB
oftwosupersolublesubgroupsA andBisstill
supersoluble[5].Therefore,similartotheabove
discussion, by applying completely c-
permutablity,wemaystudytheproductG=AB
whichAandBaretwoσ-supersolublesubgroups.
Inthispaper,wedeterminethestructureofthe
above group. Some new criterions of σ-
supersolublegroupswillbegiven.

Weproveherethefollowingresultsinthis
lineresearches.

Theorem0.1 SupposethatGhasacomplete

Hallσ-setH={H1,H2,…,Ht}suchthatHiis
supersolublewheneverHi∩GNσ≠1.LetG=AB,
where A and B are normal σ-supersoluble
subgroupsofG.IfG'isσ-nilpotentor(|G:A|,

|G:B|)=1,thenGisσ-supersoluble.
Theorem0.2 SupposethatGhasacomplete

Hallσ-setH={H1,H2,…,Ht}suchthatHiis
supersolublefori=1,2,…,t.LetG=AB,where
AandB areσ-subnormalsubgroupsofG.IfA
andB areσ-supersolubleandeveryσ-subnormal
subgroupofA iscompletelyc-permutablewith
every subgroup of B in G,then G is σ-
supersoluble.

Theorem0.3 SupposethatGhasacomplete
Hallσ-setH={H1,H2,…,Ht}suchthatHiis
supersolublefori=1,2,…,t.LetG=AB,where
AandB areσ-subnormalsubgroupsofG.IfA
andBareσ-supersolubleandeveryprimarycyclic
subgroupofA iscompletelyc-permutablewith
primarycyclicsubgroupofBinG,thenGisσ-
supersoluble.

Allunexplainedterminologiesandnotations
arestandard.ThereaderisreferredtoRefs.[6-8]

ifnecessary.

1 Preliminaries
Lemma1.1[1,Lemma2.1] TheclassSσandNσare

closedundertakingdirectproducts,homomorphic
imagesandsubgroups.Moreover,anyextension
ofaσ-solublegroupbyaσ-solublegroupisaσ-
solublegroupaswell.

Lemma1.2[3,Lemma1.3]  Theclass Uσ isa
hereditaryformation.

Lemma1.3[9,TheoremA] IfGisσ-solubleandG
hasaHallΠ-subgroupEforanyΠ,theneveryΠ-
subgroupofGiscontainedinsomeconjugateofE
andpermuteswithsomeSylowp-subgroupofG
forallprimesp.

Lemma1.4[10,Lemma5] LetH,K andN be
pairwisepermutablesubgroupsofG,andsuppose
thatHisaHallsubgroupofG.ThenN∩HK=
(N∩H)(N∩K).

Lemma1.5[1,Lemma2.6;11,Lemma2.1] LetA,K be

014 中国科学技术大学学报 第50卷



subgroupsofGandNbeanormalsubgroupofG.
SupposethatAisσ-subnormalinG.

①IfK≤AandAisσ-nilpotent,thenKisσ-
subnormalinG.

②IfH≠1isaHallΠ-subgroupofGandA
isnotaΠ'-group,thenA∩H ≠1isaHallπ-
subgroupofA.

③AN/Nisσ-subnormalinG/N.
④IfN≤K andK/Nisσ-subnormalinG/

N,thenKisσ-subnormalinG.
⑤IfGisσ-groupandAisσ-nilpotent,then

A≤Fσ(G).
⑥IfGisπ-fullandAisaΠ-group,thenA≤

Oπ(G).
Lemma1.6[3,Lemma1.4] Gisσ-supersolubleif

andonlyifthefollowingassertionshold:

①GNσisnilpotent;

②G'isσ-nilpotent;

③ [GU,GNσ ]= 1 and GU ∩ GNσ ≤
Φ(G)∩ZU(G).

Lemma 1.7[3,Lemma2.9]  Let G be a σ-
supersolublegroupandN beanormalsubgroup
ofG.

①G/Nisσ-supersoluble.
②Ifforsomeσi∈σ(G)wehavethatσi∩

π(G)⊆p,thenGisp-supersoluble.
Lemma1.8[3,Lemma2.10] LetA=G/Op'(G).

ThenGisp-supersolubleifandonlyifA/Op(A)

isanabeliangroupofexponentdividingp-1,pis
thelargestprimedividing|A|andF(A)=Op(A)

isanormalSylowsubgroupofA.
Lemma1.9[12,Theorem2.16]  LetG beap-

supersolublegroup.ThenthederivedsubgroupG'
ofGisp-nilpotent.Inparticular,ifOp'(G)=1,
thenGissupersolubleandhasauniqueSylowp-
subgroup.

Lemma1.10[1,Corollary2.4] IfA,Barenormalσ-
nilpotentsubgroupsofG,thenABisσ-nilpotent.

Lemma1.11[5,Lemma2.8] IfT/Nisaprimary
cyclicsubgroupofAN/N,thenT=<a>N for
somea∈Aofprimepowerorder.

Lemma1.12 LetG beaσ-supersoluble
groupandH={H1,H2,…,Ht}beacomplete

Hallσ-setofGsuchthateveryHiissupersoluble
fori=1,2,…,t.Supposethatpisthelargest
primedivisorof|G|andP istheSylow p-
subgroupofG.ThenPisnormalinGandsoG
satisfiestheSylowtowerproperty,thatis,Gis
soluble.

Proof Withoutlossofgenerality,weassume
thatp∈π(H1).IfGNσ=1,thenGisσ-nilpotent.
HenceHiisnormalinGforeveryi.SinceH1is
supersoluble,P isnormalin H1 andsoP is
normalinG.NowassumethatGNσ≠1andletN
beaminimalnormalsubgroupofGcontainedin
GNσ.Then|N|=q,whereqisaprimedivisorof
|G|.ItisclearthatG/Nsatisfiesthehypothesis
ofthelemmabyinductionon|G|.HencePN/N
isnormalinG/NandsoPNisnormalinG.Ifp
=q,clearly,PisnormalinG.Assumethatp≠
q.ThenPN =P×N byRef.[8,Chapter Ⅳ,

Theorem2.8].ItfollowsthatPisnormalinG.
Letp>p1>p2>…pnbethealldistinctprime
divisorof|G|.NowweconsiderG/P,thenp1is
thelargestprimedivisorof|G/P|.Clearly,G/P
isσ-supersolublebyLemma1.7and

H􀮨={H1P/P,H2P/P,…,HtP/P}
isacompleteHallσ-setofG/P suchthatevery
HiP/Pissupersolublefori=1,2,…,t.Hence
byinduction,PP1isnormalinG,whereP1isthe
Sylowp1-subgroupofG.Therestcanbededuced
byanalogythatthereexistsSylowsubgroupsP2,
P3,…,PnsuchthatPP1P2P3…Pkisnormalin
G,wherek=2,…,n.ThisshowsthatGsatisfies
theSylowtowerpropertyandsoGissoluble.

RecallthatGiscalledaCLTσ-group[3]ifG
hasacompleteHallσ-setH={H1,H2,…,Ht}
suchthatforallAi≤Hi,G hasasubgroupof
order|A1|…|At|.

Lemma 1.13[3,Theorem1.12]  Let D = GNσ.
SupposethatGhasacompleteHallσ-setH={H1,
H2,…, Ht}such that Hi is supersoluble
wheneverHi∩D≠1.ThenGisσ-supersolubleif
andonlyifeverysectionofGisaCLTσ-group.

2 ProofsofTheorems0.1,0.2and0.3
ProofofTheorem0.1 Assumethatthisis
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falseandletGbeacounterexamplewithminimal
|G|.Wenowproceedviathefollowingsteps.

① G hasauniqueminimalnormalsubgroup
NsuchthatG/Nisσ-supersolule.

LetN beaminimalnormalsubgroupofG.

Obviously,H􀮨={H1N/N,H2N/N,…,HtN/N}

isacompleteHallσ-setofG/N.ByLemma1.7,

we have that AN/N and BN/N are σ-
supersoluble.AssumethatHiN/N∩GNσN/N≠1
forsomei.BecauseHiN∩GNσN=(Hi∩GNσ)N
byLemma1.4,so Hi ∩GNσ ≠1.Then by
hypothesis,HiissupersolubleandsoHiN/Nis
supersoluble.IfG'isσ-nilpotentor(|G:A|,

|G:B|)=1,thenclearly,G'N/Nisσ-nilpotent
or(|G/N:AN/N|,|G/N:BN/N|)=1.Hence
G/Nsatisfiesthathypothesisofthetheorem.The
choiceofGshowsthatG/Nisσ-supersoluble.It
followsfrom Lemma1.2thatN istheunique
minimalnormalsubgroupofG.

② N⊈Φ(G).
AssumethatN≤Φ(G).ThenNisanabelian

p-group,sayp∈π(H1).Itimpliesthatby ①
thatOp(G)=F(G).By①andLemma1.6,we
havethatGNσ/Nisnilpotent,andtherebyGNσis
nilpotent.ThisfollowsthatGNσ ≤F(G)≤H1.
SinceG/GNσisσ-nilpotent,H1/GNσisnormalin
G/GNσ and so H1 is normalin G.By the
hypothesisoftheorem,we know that H1 is
supersoluble.Thenby①,wehavethatpisthe
largestprimedivisorofH1.LetP betheSylow
p-subgroupofG.ThenitiseasytoseethatPis
normalinG.NowletVbeacomplementtoPin
H1andU beacomplementtoPinGsuchthat
V≤U.SinceGNσ ≤Op (G)≤P,U ≌G/P ≌
(G/GNσ)/(P/GNσ)isσ-nilpotent.Hence

U=V×H2×H3×… ×Ht.
LetSi=PHi,wherei∈{2,3,…,t}.Firstwe
showthatG≠PHiforeveryi.Ifnot,assume
thatforsomei,wehaveG=PHi.Theninthis
case,H1=P,thatis,H={P,Hi}.Itfollows

thatH􀮨={P/N,HiN/N}isacompleteHallσ-set
ofG/N.SinceG/Nisσ-supersoluble,G/Nisp-

supersolublebyLemma1.7,whichimpliesthatG
isp-supersolubleandsoG issupersolubleby
Lemma1.9 becauseOp' (G)=1.Thisisa
contradiction.HenceG≠PHiforeveryi.

ByLemma1.4,weknowthat
PHi=(P ∩A)(P ∩B)(Hi ∩A)(Hi ∩B)=
(P ∩A)(Hi ∩A)(P ∩B)(Hi ∩B)=

(PHi ∩A)(PHi ∩B),
thatis,Si=(Si∩A)(Si∩B).Clearly,Si'≤G'
isσ-nilpotentor(|Si:Si∩A|,|Si:Si∩B|)=1,

soSisatisfiesthehypothesisofthetheorem.The
choiceofGimpliesthatSiisσ-supersoluble.Then
by Lemma 1.7, we have that Si is p-
supersolule.Since

[Op(G),Op'(Si)]=1,

Op'(Si)≤CG(Op(G))≤Op(G),

whichforcesthatOp'(Si)=1.HenceHiisan
abeliangroupofexponentdividingp-1byLemma
1.8.Similarly,Visanabeliangroupofexponent
dividingp-1.ThereforeUisanabeliangroupof
exponentdividingp-1,whichimpliesthatGis
supersoluble,acontradiction.HenceN⊈Φ(G).

③ N=F(G)=CG(N)=Op(G)andH1is
supersoluble,sayp∈π(H1).

SinceA andB areσ-supersoluble,ANσ and
BNσarenilpotentbyLemma1.6.IfANσ=BNσ=1,

thenA andBareσ-nilpotent.ByLemma1.10,

wehavethatG isσ-nilpotent,acontradiction.
ThereforeANσ ≠1orBNσ ≠1.Withoutlossof
generalization,weassumethatANσ≠1.Thenby
①,N≤ANσandsoNisanelementaryabelianp-
group,sayp∈π(H1).Thenby①and②,itis
easytoseethatN=F(G)=CG(N)=Op(G).
Obviously,N ≤GNσ andtherebyH1∩GNσ ≠1.
Then by hypothesis ofthe theorem, H1 is
supersoluble.

④IfHisanormalσ-supersolublesubgroup
ofG,thenHissupersoluble.

FirstassumethatHNσ =1.Then H isσ-
nilpotentandsoH∩HiisnormalinHforevery
i.Clearly,N≤H by①.Hencewheni=2,…,

t,H∩Hi≤CG(N)=Nby③,whichimpliesthat
H∩Hi=1.SoH≤H1issupersolubleby③.
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NowsupposethatHNσ ≠1.SinceH isσ-
supersoluble,[HU,HNσ]=1andHNσisnilpotent
byLemma1.6.Clearly,thatN=F(H).Hence
N≤HNσ ≤F(H)=N andsoN =HNσ.This
impliesfrom③thatHU≤CG(N)=N.HenceH/

Nissupersoluble.Clearly,N=N1×N2×… ×
Ns,whereNiisaminimalnormalsubgroupofH
foreveryi ∈ {1,2,…,s}.Since H isσ-
supersolubleandNi≤N =HNσ,|Ni|=p.It
derivesthatHissupersoluble.

⑤ Thefinalcontradiction.
By ④, we know that A and B are

supersoluble.If(|G:A|,|G:B|)=1,thenby
Ref.[7,Chapter 1,Corollary 4.7],G is
supersoluble,acontradiction.Henceassumethat
G'isσ-nilpotent.Clearly,A'andB'arenilpotent
andN=F(A)=F(B).IfA'=1,clearly,A/Nis
abelian.NowassumethatA'≠1.ThenA'=N,

whichfollowsthatA/Nisabelian.Byasimilar
discussion,wealwayshavethatB/Nisabelian.It
impliesthatG/Nisnilpotent.Hence

G/N =H1/N ×H2N/N ×… ×HtN/N.
SinceG'isσ-nilpotent,G'≤Fσ(G)=Oσ1

(G)≤
H1by①.ThisimpliesthatH1isnormalinGand
G/H1isabelian.Byasimilardiscussionasabove,

wehavethatH1/N isabelian.BecauseHi ≌
HiH1/H1isabelian,so

G/N =H1/N ×H2N/N ×… ×HtN/N
isabelian.ThereforeG'=Nisnilpotent.ByRef.
[7,Chapter1,Corollary4.6],Gissupersoluble.
The contradiction completes the proof the
theorem.

ProofofTheorem0.2 Assumethatthisis
falseandletG =AB beacounterexampleof
minimalorder.Withoutlossofgenerality,wemay
assumethatforanyproperσ-subnormalsubgroup
A1ofA andanypropersubgroupB1ofB,we
havethatG≠A1B andG≠AB1.Weprovethe
theoremviathefollowingsteps:

① G hasauniqueminimalnormalsubgroup
NsuchthatG/Nisσ-supersolubleandsoNis
non-cyclic.

LetN beaminimalnormalsubgroupofG.

Clearly,H􀮨={H1N/N,H2N/N,…,HtN/N}be
acomplete Hallσ-setofG/N suchthatevery
HiN/Nissupersolublefori=1,2,…,t.By
Lemmas1.5③and1.7,wehavethatAN/Nand
BN/N areσ-subnormalsubgroupofG/N and
theyareσ-supersoluble.NowletH/N beaσ-
subnormalsubgroupofAN/N andT/N bea
subgroupofBN/N.ThenbyLemma1.5④,His
aσ-subnormalsubgroupofANandsoH∩Aisa
σ-subnormalsubgroup of A. Hence by the
hypothesisofthetheorem,thereexistsx∈<H,T>
suchthat(H∩A)(T∩B)x=(T∩B)x(H∩A).It
followsthat
(H/N)(T/N)xN =            

(H ∩AN)/N((T ∩BN)/N)xN =
((H ∩A)N/N)((T ∩B)N/N)xN =

(H ∩A)(T ∩B)xN/N =
(T ∩B)x(H ∩A)N/N =(T/N)xN(H/N),
wherexN ∈<H,T>/N.ThisshowsthatG/N
satisfiesthathypothesisofthetheorem.HenceG/
Nisσ-supersoluble.ItimpliesfromLemma1.2
thatNistheuniqueminimalnormalsubgroupof
G.If N is cyclic,then clearly,G is σ-
supersoluble.ThecontradictionshowsthatN is
non-cyclic.

②Gisσ-solubleandNisanabelianp-group,
wherep∈π(H1).Moreover,Oσ'1

(G)=1andso
Fσ(G)=Oσ1

(G)≤H1.
IfFσ(G)=1,thenbyLemmas1.5⑤ and

1.6,ANσ≤Fσ(G)=1.HenceAisσ-nilpotentand
soA≤Fσ(G)=1.ThenG=Bisσ-soluble.Hence
weassumethatFσ(G)≠1.Thenby ①,N ≤
Fσ(G).Itfollowsfrom ①andLemma1.1thatG
isσ-soluble.HenceN≤Hiforsomei,without
lossofgenerality,wemaysayi=1.BecauseH1is
supersoluble,soNisanabelianp-group,where
p∈π(H1).Itfollowsfrom ①thatOσ'1

(G)=
Op'(G)=1andsoFσ(G)=Oσ1

(G).
③EverypropersubgroupofGcontainingA

orBisσ-supersoluble.
LetKbeapropersubgroupofGcontainingA

orB.ThenK=A(K∩B)orK=(K∩A)B.By
Lemma1.1,Kisσ-soluble,sobyLemma1.3,K
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hasacompleteHallσ-setHk={K1,K2,…,Ks}

suchthateveryKi≤Hx
iissupersolubleforsome

x∈G.HenceK satisfiesthehypothesisofthe
theorem.ThechoiceofGimpliesthatK isσ-
supersoluble.

④IfK isaσ-supersolublesubgroupofG,

thenKissoluble.
Byasimilardiscussionasin ③,K hasa

completeHallσ-setHk={K1,K2,…,Ks}such
thateveryKiissupersoluble.HencebyLemma
1.12,Kissoluble.

⑤ N⊈Φ(G)andso
N =F(G)=CG(N)=Op(G).

  AssumethatN≤Φ(G).By①andLemma
1.6,wehavethatGNσ/NisnilpotentandsoGNσis
nilpotent.ItiseasytoseethatF(G)≤H1.This
followsthatGNσ≤F(G)≤H1.SinceG/GNσisσ-
nilpotent,H1/GNσisnormalinG/GNσandsoH1

isnormalinG.BecauseH1issupersoluble,soby
①,itisobviousthatpisthelargestprimedivisor
of|H1|.LetP betheSylowp-subgroupofG.
ThenPisnormalinGandsoGisp-soluble.Now
letV beacomplementtoPinH1andU bea
complementtoPinGsuchthatV≤U.SinceGNσ

≤Op(G)≤P,U≌G/Pisσ-nilpotent.HenceU=
V×H2×H3×… ×Ht.Moreover,sinceG'/Nis
σ-nilpotentby ① and Lemma1.6,G'isσ-
nilpotentbyLemma1.1.HenceG'≤Fσ(G)=
Oσ1
(G)≤H1by②.Itimpliesthat

Hi ≌HiH1/H1 ≤G/H1

isabelian,wherei =2,3,…,t.Therefore
(Hi∩A)(Hi∩B)isagroup.ByLemma1.5②,
wehavethatHi∩A andHi∩B areHallσi-
subgroupsofAandB,respectively.Since

|G:(Hi ∩A)(Hi ∩B)|=
|AB:(Hi ∩A)(Hi ∩B)|

divides|A:Hi∩A||B:Hi∩B|,|G:(Hi∩A)
(Hi∩B)|isaσ'i-numberandso(Hi∩A)(Hi∩B)
isaHallσi-subgroupofG.Hence

Hi=(Hi ∩A)(Hi ∩B).
  Now,letSi=PHi,wherei≠1.Byusinga
sameargumentasinStep②ofTheorem0.1,G≠
Siforeveryi.WeshowthatSi satisfiesthe

hypothesisofthetheorem.ByLemma1.3,Sihas
acompleteHallσ-setsuchthateverymemberof
the set is supersoluble. Moreover, it is
obviousthat

(PHi ∩A)(PHi ∩B)=
(Hi ∩A)(P ∩A)(P ∩B)(Hi ∩B)=

(Hi ∩A)(Hi ∩B)P=HiP,

thatis,Si=(Si∩A)(Si∩B).SinceANσ≤GNσ≤
P,A/(P∩A)isσ-nilpotentandthereby(Hi∩
A)(P∩A)/(P∩A)isσ-subnormalinA/(P∩
A).ThisimpliesbyLemma1.5thatSi∩A=
PHi∩A=(Hi∩A)(P∩A)isσ-subnormalinA.
LetL beanyσ-subnormalsubgroupofSi∩A,

thenLisaσ-subnormalsubgroupofA.Henceby
hypothesis,L completelyc-permuteswithevery
subgroup of B. Therefore Si satisfies the
hypothesisofthetheorem.ThechoiceofGimplies
thatSiisσ-supersoluble.ItfollowsfromLemma
1.7thatSiisp-supersoluble.BecauseGisp-
soluble,soCG(Op(G))≤Op(G).Since[Op(G),

Op'(Si)]=1,Op'(Si)=1.HenceHiisanabelian
groupofexponentdividingp-1byLemma1.8.
Similarly,V isan abelian group ofexponent
dividingp-1.ThereforeUisanabeliangroupof
exponentdividingp-1,whichimpliesthatGis
supersoluble,acontradiction.HenceN⊈Φ(G).
Thenby①and②,itiseasytoseethat

N =F(G)=CG(N)=Op(G).
  ⑥pisthelargestprimeof|G|andNisthe
Sylowp-subgroupofG.Moreover,AN/N and
BN/Nareσ-nilpotent.

Letqbethelargestprimedivisorof|G|with
p≠qandQ betheSylowq-subgroupofG.By
Lemma1.13,A existsamaximalsubgroupA1

suchthat|A:A1|=randB existsamaximal
subgroupB1suchthat|B:B1|=s,whereristhe
leastprimedivisorof|A|andsistheleastprime
divisorof|B|.ThenA1isnormalinAandB1is
normalinB.Bythehypothesisofthetheorem,

wehavethatT1=A1B andT2=AB1aretwo
subgroupsofG.And|G:T1|=|AB:A1B|=r
and|G:T2|=|AB:AB1|=s,soT1andT2are
twomaximalsubgroupsofG.By③,wehavethat
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T1andT2areσ-supersoluble.WeshowthatN≤
T1∩T2.AssumethatN⊈T1orN⊈T2.Without
lossofgenerality,wemayassumethatN⊈T1.
Thenby⑤,itisclearthatG=N T1.Itfollows
that|N|=|G:T1|=r=p,whichcontradicts①.
HenceN≤T1∩T2.Ifr=q,thentheorderofA
ispowerofprimeqbecauseqbethelargestprime
divisorof|A|.Clearly,s≠q.HenceQ≤T2

because|G:T2|=s.SinceT2isσ-supersoluble,
QisnormalinT2byLemma1.12andsoQ≤
CG(N)=N by⑤,acontradiction.Hencer≠q.
ThenQ≤T1andsoQ≤CG(N)=N by⑤too.
Thiscontradictionshowsthatp isthelargest
primedivisorof|G|.SinceG/Nisσ-supersoluble
by①,P/NisnormalinG/N byLemma1.12
andsoP=Nby⑤.

Moreover,since
[Op'(T1),N]=[Op'(T2),N]=1

and
CG(N)=N,Op'(T2)=Op'(T1)=1.

Itfollowsfrom ⑤that
F(T1)=Op(T1)=F(T2)=Op(T2)=N.

SinceT1andT2areσ-supersoluble,byLemma
1.6,T1

Nσ andTNσ2 arenilpotentandsoT1
Nσ,

TNσ2 ≤N.ThisimpliesthatT1/N andT2/N are
σ-nilpotentandtherebyAN/N andBN/N areσ-
nilpotent.

⑦Finalcontradiction.
SinceA/A∩N≌AN/NandB/B∩N≌BN/

Nareσ-nilpotentby⑥,ANσ,BNσ≤N.Assume
thatANσ ≠1.Let N1 bea minimalnormal
subgroupofAsuchthatN1≤ANσ.Then|N1|=
p.Letqbeanyprimedivisorof|B|suchthat
p≠qandBqbeaSylowq-subgroupofB.Thenby
hypothesis,thereexistsanelementx∈<N1,Bq>

suchthatN1Bx
q=Bx

qN1.ThisfollowsthatN1=
N ∩N1Bx

q isnormalinN1Bx
q,thatis,Bx

q ≤
NG(N1).ItimpliesthatBb

q≤NG(N1)forsome
b∈B.Clearly,Bb

qisaSylowq-subgroupofB
andB∩N≤NG(N1).HenceB≤NG(N1)andso
N1isnormalinG.Thisimpliesthat|N|=p,

whichcontradictsto①.HenceANσ=1.ThenAis
σ-nilpotentandsoA≤Fσ(G)=Oσ1

(G)≤H1by

Lemma1.5and②.Similarly,itiseasytoderive
thatBNσ≠1.ThereforewesupposethatN2isa
minimalnormalsubgroupofB suchthatN2≤
BNσ.Then|N2|=p.Bythehypothesisof
theorem,weknowthatANx

2=Nx
2Aforsomex∈

G.Letx=ab,wherea∈A,b∈B.Thenitis
obviousthatAN2=N2A.IfA ∩N =1,then
N2=AN2∩NisnormalinAN2,thatis,A≤
NG(N2).ThisfollowsthatN2isnormalinG,

whichisimpossiblefromtheabovediscussion.
ThereforeweassumethatA∩N≠1andletRbea
minimalnormalsubgroupofAsuchthatR≤A∩
N.Then|R|=pbecauseAissupersoluble.Bya
similarargumentasabove,wecanstillderivethat
RisnormalinG andso|N|=p.Thefinal
contradictioncompletestheproofofthetheorem.

ProofofTheorem0.3 Assumethatthisis
falseandletGbeacounterexamplewithminimal
|G|.

① G hasauniqueminimalnormalsubgroup
NsuchthatG/Nisσ-supersolubleandsoNis
non-cyclic.

LetN beaminimalnormalsubgroupofG.
LetT/NandL/Nbeprimarycyclicsubgroupsof
AN/NandBN/N,respectively.ThenbyLemma
1.11,thereexistselementsa∈Aandb∈B with
primepowerordersuchthatT=<a>N andL=
<b>N.Hence<a><b>x=<b>x<a>forsomex∈
<<a>,<b>>byhypothesisofthetheorem.It
followsthat

(<a>N/N)(<b>N/N)xN =
(<a><b>x)N/N =(<b>x<a>)N/N =

(<b>N/N)xN(<a>N/N),

wherexN∈<<a>N/N,<b>N/N>.Byasimilar
proofasinStep①ofTheorem0.2,wehavethat
G/N satisfiesthathypothesisofthetheorem.
HenceG/N isσ-supersoluble,N istheunique
minimalnormalsubgroupofG and N isnon-
cyclic.

② Nisanabelianp-group,sayp∈π(H1),

Oσ'1
(G)=1andsoFσ (G)=Oσ1

(G)≤H1.
Moreover,everyσ-supersolublesubgroupofGis
soluble.
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SeeSteps②and④ofTheorem0.2.
③ N⊈Φ(G)andso

N =F(G)=CG(N)=Op(G).
  SeeStep⑤ofTheorem0.2.

④pisthelargestprimeof|G|andN=Pis
theSylowp-subgroupofG.

Assumethatqisthelargestprimedivisorof
|G|withp≠qandQistheSylowq-subgroupof
G.IfQ ≤ H1,then Q ≤CG (N )= N,a
contradiction.Henceq∈π(H1).Clearly,qisthe
largestprimedivisorof|A|or|B|.withoutloss
ofgenerality,wemayassumethatqisthelargest
primedivisorof|A|.LetAq betheSylowq-
subgroupofA.ThenbyLemma1.12,Aqis
normalinA andsoAqisσ-subnormalinG.It
followsfrom ② thatAq ≤Oσ'1

(G)=1.This
contradictionshowsthatpisthelargestprimeof
|G|.LetPbetheSylowp-subgroupofG.Since
G/Nisσ-supersolubleby①,P/Nisnormalin
G/NbyLemma1.12andsoP=Nby③.

⑤Finalcontradiction.
First,weshowthatN ⊈A and N ⊈B.

Withoutlossofgenerality,wemayassumethatN
≤A.ThenOp'(A)≤CG (N)=N by ③,so
Op'(A)=1.ItfollowsthatOp(A)=F(A)=N.
HenceANσ ≤N byLemma1.6.LetN1 bea
minimalnormalsubgroupofAsuchthatN1≤N.
First,weassumethatANσ =1,thenA isσ-
nilpotent.By②andLemma1.5,A≤H1andso
Aissupersoluble.So|N1|=p.Nowassumethat
ANσ≠1,wealsoletN1≤ANσ.Then|N1|=p
too.LetbbeanarbitraryelementofBofprime
powerorder.Iftheorderofbispα,then<b>≤
N≤NG(N1)becauseNisabelian.Nowsuppose
thatb isap'-element.Then by hypothesis,

Nx
1<b>=<b>Nx

1forx∈<<b>,N>=<b>N.Hence
Nx
1=Px∩Nx

1<b>andso<b>≤NG(Nx
1).Denote

thatx=b'n,whereb'∈<b>,n∈N.Then<b>≤
NG (Nb'

1 )= Nb'
G (N1)andso <b>= <b>b'≤

NG(N1).SinceBisgeneratedbyallitselements
ofprimepowerorder,B≤NG(N1).Itfollows
thatN1isnormalinG andthereby|N|=p,

which contradicts ①.Therefore N ⊈ A and

N⊈B.
Clearly,Ap=N ∩AisanormalSylowp-

subgroupofA.IfAp=1,thenAisap'-group
andsoN≤B,acontradiction.HenceAp≠1.Itis
clearthatAp=<a1>×<a2>×… ×<as>,where
every<ai>isacyclicgroupoforderpcontainedin
N.Weuseasimilarclaimasabove,letbbean
arbitraryelementofB ofprimepowerorder.If
theorderofbispα,then<b>≤N≤NG(<ai>).
Assume that b is a p'-element. Then by
hypothesisofthetheorem,thereexistssome
elementx ∈ <<ai>,<b>>≤ <b>N suchthat
<ai><b>x=<b>x<ai>foreveryi.Letx=b1p,

whereb1∈<b>andp∈N.Thenwehave
<ai><b>b1p =<b>b1p<ai>

andso<ai><b>=<b><ai>because<ai>isnormal
inP.Itfollowsthat<ai>=P∩<ai><b>andso
<b>≤NG(<ai>).ThisshowsthatB≤NG(<ai>)

foreveryiandtherebyB≤NG(Ap).HenceApis
normalinG,whichimpliesthatAp=N orAp=
1.Thesetwocasesareimpossible.Thiscompletes
theproofofthetheorem.
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