
第50卷第3期 Vol.50,No.3
2020年3月 JOURNALOFUNIVERSITYOFSCIENCEANDTECHNOLOGYOFCHINA Mar.2020

文章编号:0253-2778(2020)02-0349-11

  Received:2020-01-06;Revised:2020-03-28
Foundationitem:SupportedbytheFundamentalResearchFundsfortheCentralUniversities(AHY150200).
Biography:TIANShixin,male,bornin1995,Master.Researchfield:Algebra.E-mail:tsx@mail.ustc.edu.cn
Correspondingauthor:SHENYihuang,PhD/associateprofessor.E-mail:yhshen@ustc.edu.cn

Theai-invariantsofpowersofideals

TIANShixin1,SHENYihuang1,2
(1.SchoolofMathematicalSciences,UniversityofScienceandTechnologyofChina,Hefei230026,China;

2.CASWuWen-TsunKeyLaboratoryofMathematics,UniversityofScienceandTechnologyofChina,Hefei230026,China)

Abstract:InspiredbytherecentworkofLuandO’Rourke,westudytheai-invariantsof
(symbolic)powersofsomegradedideals.WhenIandJaretwogradedidealsintwodistinct
polynomialringsRandSoveracommonfieldKK.Westudytheai-invariantsofthepowersof
thefiberproductviathecorrespondingconditionsonIandJ.WhenIΔistheStanley-Reisner
idealofak-dimensionalcomplexΔ withk≥2.Weinvestigatetheai-invariantsofthesymbolic
powersofIΔ.
Keywords:ai-invariants;localcohomology;complex;symbolicpower
CLCnumber:O153.3   Documentcode:A  doi:10.3969/j.issn.0253-2778.2020.03.013
2010MathematicsSubjectClassification:Primary13D45;Secondary05E40

Citation: TIANShixin,SHENYihuang.Theai-invariantsofpowersofideals[J].JournalofUniversityofSci-

enceandTechnologyofChina,2020,50(3):349-359.
田世新,申伊塃.理想幂次的ai-不变量[J].中国科学技术大学学报,2020,50(3):349-359.

理想幂次的ai-不变量

田世新1,申伊塃1,2

(1.中国科学技术大学数学科学学院,安徽合肥230026;

2.中国科学院吴文俊数学重点实验室(中国科学技术大学),安徽合肥230026)

摘要:在Lu和O’Rourke最近的工作基础上,我们研究了分次理想及其幂次的ai-不变量.设R 和S 是域

KK上的两个多项式环,T=SKKR,I 和J 分别是R 和S 中的分次理想.我们利用I 和J 的信息研究ai

(T/(I+J+mn)k)的性质.再设k≥2,并令Δ 为一个k 维复形且IΔ 是其Stanley-Reisner理想.我们研究

I(n)
Δ 的ai-不变量.
关键词:ai-不变量;局部上同调;复形;形式幂

0 Introduction
LetS=KK[x1,…,xs]andR=KK[y1,…,

yr]betwopolynomialringsoverafieldKKand
T=SKKR.LetI⊆SandJ⊆Rbetwograded

ideals.ThefiberproductofIandJisdefinedby
F=I+J+mn,wheremandnarethegraded
maximalidealsofSandRrespectively.Onemay
observethat (SKK R)/(I+J+mn)canbe
decomposedasadirectsum ofrings

S
I 

R
J.



Furthermore,ifIandJ areedgeidealsoftwo
vertex-disjoint graphs, then I + J + mn
correspondstotheedgeidealofthejoinofthe
graphs.Fiberproductsofidealswerestudiedby
manyauthors;c.f.[1-8].Butlittleisknownabout
theai-invariantsofT/(I+J+mn)kyet.

RecallthatwhenMisafinitelygeneratedS-
moduleand0≤i≤dim(M),theai-invariantofM
isgivenby

ai(M):=max{t:Hi
m(M)t ≠0},

where Hi
m (M )isthei-thlocalcohomology

moduleofM withsupportinm.Noticethatadim(M)

(M)isexactlythea-invariantintroducedbyGoto
andWatanabeinRef.[9].Itplaysanimportant
roleinlocalduality,since-a(M)istheinitial
degreeofthecanonicalmoduleofM;see,for
instance,Refs.[9-10].

Theai-invariantalsohasacloserelationwith
theCastelnuovo-Mumfordregularity:

reg(M):=max{ai(M)+i:0≤i≤dim(M)}.
  Infact,theai-invarianttakesanimportant
partinstudyingitsasymptoticbehaviour.For
example,inRef.[11],Herzog,HoaandTrung
provedthatifJisahomogeneousidealofR,then
reg(R/Jn)isalinearfunctionoftheformcn+e
forn≫0viainvestigatingai(R/Jn).Meanwhile,

inRef.[2],HoaandTrungshowedthatai(R/Jn)is
alsoasymptoticallyalinearfunctionofn.

ForanysubsetFof[s],weset

xF:=∏
i∈F

xi ∈S.

  Forapositiveintegers,let={1,2,…,s}.
ForanysimplicialcomplexΔon[s],weuseIΔto
denote its Stanley-Reisner ideal. Precisely
speaking,

IΔ:=(xF:F ∈N(Δ))⊆S,

whereN(Δ)isthesetofminimalnon-facesofΔ.
WhenGisasimplegraphon[s]consideredasa1-
dimensionalsimplicialcomplexandG'isobtained
fromGbyaddinganisolatedvertex{s+1},we
mayfindthatIG'=(IG,mxs+1).Basedonthis
observation,inadditiontootherbeautifulresults,Lu
showedthefollowingimportantresultinRef.[4].

Theorem1.1[4] LetS=KK[x1,…,xs]bea
polynomialringoverafieldKK.Assumethatm=
(x1,…,xs)isthegradedmaximalidealofSandy
isanewvariableoverS.I⊆Sisamonomialideal
andJ=(I,my)⊆S[y].

(a)Ifi≥2,thenai(S[y]/Jk)=max{ai(S/

Ik-t)+t:0≤t≤k-1}.
(b)IfI≠m,thena1(S[y]/Jk)=max{2k

-2,a1(S/Ik-t)+t:0≤t≤k-1}.
Noticethattheideal(I,my)abovecanalso

beconsideredasafiberproductofI⊆Sand0⊆KK
[y].Itisthenverynaturaltoask:whatcanbe
saidtowardsai(T/(I+J+mn)k)inamore
generalframework? We will answer this in
Theorem2.9.

Next,weturnourattentiontotheStanley-
Reisneridealofsimplicialcomplexes.Assumethat
Δisasimplicialcomplexon [s]andIΔisthe
Stanley-ReisneridealofΔinS=KK[x1,…,xs].
We willdeal withtheitspowersIn

Δ andits
symbolicpowersI(n)

Δ .AssumePisaprimeideal
ofS,theP-primarycomponentofthen-thpower
ofP iscalledthen-thsymbolicpowerofP,

writtenasP(n).Thesymbolicpowersofideals
haveanicegeometricdescription,duetoZariski
andNagatain Ref.[12].Recallthatthen-th
symbolicpowerofanidealI⊆Sisdefinedtobe

I(n):= ∩
p∈Ass(S/I)pn

forn≥1.SincebyRef.[13],theidealIΔhasthe
followingprimarydecomposition

IΔ = ∩
F∈F(Δ)

PF. (1)

Thenitfollowsfrom (1)thatthen-thsymbolic
powerofIΔinoursituationisprecisely

I(n)
Δ = ∩

F∈F(Δ)
Pn

F (2)

  The research of related topics has
continuously attracted the attention of many
researchers;seeforinstancetherecentsurvey[14]

andthereferencestherein.
Previous related work mainly focuses on

symbolic powers of 2-dimensionalsquarefree
ideals.In Refs.[1,6],theai-invariants of
symbolicpowersofStanley-Reisnerideals was

053 中国科学技术大学学报 第50卷



describedexplicitlyinthiscase.AndinRef.[4],

theauthor provedthatforany 1-dimensional
complex Δ withoutisolated vertex,one has
a2(S/I(n)

Δ )=a2(S/In
Δ).Fromthesephenomena,

itis naturalto ask whetherak+1 (S/I(n)
Δ )=

ak+1(S/In
Δ) always holds and under what

conditionswillak+1(S/I(n)
Δ )bemaximalwhendim

(Δ)=k≥2.Wewillgivedefiniteanswerstothese
twoquestionsinTheorem3.9andTehorem3.11.

2 ai-invariantsofpowersoffiber
productideal
Inthissection,wewillalwaysassumethe

followingsettings.
Setting2.1 LetS=KK[x1,…,xs]andR=

KK[y1,…,yr]betwopolynomialringsovera
commonfieldKKandmandnbethecorresponding
gradedmaximalidealsrespectively.LetI⊆mand
J⊆nbetwogradedidealsandF=I+J+mnthe
{fiberproduct}ofIandJinT=SKKR.Fixa
positiveintegerk.

Theaimofthissectionistodescribetheai-
invariants of T/Fk via the corresponding
conditionsofIandJ.

Letusstartbyrecallingsomepertinentfacts

oflocalcohomologyand Čechcomplex.
Definition2.2 LetMbeanS-moduleMand

abeanS-ideal.
(a)Set

Γa(M):={x∈M :atx=0forsomet∈NN}.
LetHi

a(-)bethei-thrightderivedfunctorofΓa
(-),namely,Hi

a(M):=Hj(Γa(I
·)),inwhich

I·isaninjectiveresolutionofM.ThemoduleHi
a

(M)willbecalledthei-thlocalcohomologyofM
withsupportina.

(b)The module M iscalleda-torsionif
Γa(M)=M,namely,ifeachelementofM is
annihilatedbysomepowerofa.

Next,wecollectsomewell-knownfactsfrom
Refs.[3]and [15]regardinglocalcohomology
modules.

Lemma2.3 LetM beanS-moduleandaan
S-ideal.

(a)Let{Mγ}beafamilyofS-modules.Then
Hj

a(γMγ)≅γHj
a(Mγ)forallj≥0.

(b)IfS→RisaringhomomorphismandNis
anR-module,thenHj

a(N)=Hj
aR(N).

(c)AnyshortexactsequenceofS-modules
0→M→N→L→0inducesalongexactsequenceof
localcohomologymodules

… →Hj
a(M)→Hj

a(N)→
Hj

a(L)→Hj+1
a (M)→ ….

(d)AssumethatMisb-torsionforsomeS-idealb.
Then,Hj

a+b(M)≅Hj
a(M)forallj≥0.

(e)IfMisa-torsion,thenHj
a(M)=0forall

j>0.
Ourargumentafterwardsalsodependsheavily

onthecomputationoflocalcohomologiesinterms

ofČechcomplexes.
Definition2.4 Forelementsm1,…,mrina

commutativeringR,setmσ=∏
i∈σ

miforσ⊆[r].

The Čechcomplex Č· (m1,…,mr)isthe
cochaincomplex(upperindicesincreasingfromthe
copyofRsittingincohomologicaldegree0)

0→R →
r

i=1
R[m-1

i ]→ … →


|σ|=k

R[m-1
σ ]→ … →R[m-1

[r]]→0,

withthemap
i

|σ|:R[m-1
σ ]→R[m-1

σ∪{i}]

betweenthesummandsin Č·(m1,…,mr)being
sign(i,σ∪{i})timesthecanonicallocalization
homomorphism.

Čechcomplexfacilitatesthecomputationof
localcohomologies.

Lemma2.5[5] ThelocalcohomologyofM
supportedontheideala=(m1,…,mr)inRisthe

cohomology of the Čech complex tensored
withM:

Hi
a(M)=Hi(M Č·(m1,…,mr)).

  Thefollowingresultsarealsocrucialforour
argumentinthissection.

Lemma2.6[16] Taketheassumptionsasin
setting-section-2.AssumeinadditionthatI⊆m2

andJ⊆n2.Furthermore,letH=I+mn.For
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each1≤t≤k,denoteGt=Hk +∑
t

i=1

(mn)k-iJiand

G0=Hk.Then,
(a)there is an equality Fk = Hk +

∑
k

i=1

(mn)k-iJiforeachpositiveintegerk.

(b)onehasGt-1∩(mn)k-tJt=mk-t+1nk-tJt

foreacht.
Lemma2.7[12] Let(S,m)bealocalring,

andletM beafinitelygeneratedS-module.We
haveHi

m(M)=0fori<depth(M)andfori >
dim(M).

Beforepresentingthe main resultofthis
section,wecollectsomepreliminaryresults.

Proposition2.8 Taketheassumptionsasin
setting2.1.

(a)Foranyinteger0≤t<k,a1(S/mtIk-t)=
a1(S/Ik-t).

(b)Ifdim(R)>2anddim(S)>2,thena1

(T
mknk)=2k-2.

(c)Ifdim(S)>2,thena1(S/I)=a2(I).
(d)Setmσδ:= ∏

i∈σ
xi·∏

j∈δ
yjforσ⊆[s]andδ

⊆[r].LetF=I+J+mn⊆T.Weusejto

denotethedifferentialmapin
T
Fk Č

· (x1,…,

xs,y1,…,yr)atthepositionsfromjtoj+1.
Let1

j}and2
jbetherestrictionofjon|σ|=j

T
Fk[m-1

σØ ]and 
|δ|=j

T
Fk[m-1

Øδ]respectively.Thenj

=1
j2

jforeachintegerj≥1.
Proof When0≤t≤k-1,thefollowingshort

exactsequence

0→
Ik-t

Ik-tmt →
S

Ik-tmt →
S

Ik-t →0

inducesalongexactsequence

… →H1
m(

Ik-t

Ik-tmt
)→H1

m(
S

Ik-tmt
)→

H1
m(

S
Ik-t

)→H2
m(

Ik-t

Ik-tmt
)→ ….

  Since
Ik-i

Ik-imiism-torsionfor1≤i≤k,we

haveH1
m(

Ik-i

Ik-imi)=0=H2
m(

Ik-i

Ik-imi)by2.3

(e).Consequently

H1
m(

S
Ik-tmt

)≅H1
m(

S
Ik-t

),

andhencea1(S/mtIk-t)=a1(S/Ik-t).
(b)WewillprovethisafterLemma3.2.
(c)Theshortexactsequence

0→I→S→S/I→0
yieldsalongexactsequence

… →H1
m(S)→H1

m(S/I)→
H2

m(I)→H2
m(S)→ ….

ApplyingagradedversionofLemma2.7,weget
H1

m(S)=H2
m(S)=0.Asaresult,a1(S/I)=a2

(I).
(d)Whenj≥1,wehave

T
Fk Čj(x1,…,xs,y1,…,yr)=


|σ∪δ|=j

T
(I+J+mn)k

[m-1
σδ].

Ifbothσandδarenonempty,then
T

(I+J+mn)k
[m-1

σδ]=0.

Therefore,themodule 
|σ∪δ|=j

T
(I+J+mn)k

[m-1
σδ ]

issimply

|σ|=j
T
Fk
[m-1

σØ]   
|δ|=j

T
Fk
[m-1

Øδ]  .

SincemT[m-1
σØ ]=T[m-1

σØ ]andJ+n=n,wehave
FkT[m-1

σØ]=(I+J+mn)kT[m-1
σØ]=

(I+n)kT[m-1
σØ].

  Thismeans
T
Fk
[m-1

σØ]=
T

(I+n)k
[m-1

σØ].

  Likewise,

T
Fk
[m-1

Øδ]=
T

(J+m)k
[m-1

Øδ].

SotheČechcomplexatthepositionsfromjtoj
+1canbewrittenas

… → 
|σ|=j

T
(I+n)k

[m-1
σØ]  


|δ|=j

T
(J+m)k

[m-1
Øδ]  

j
→ 

|σ|=j+1

T
(I+n)k

[m-1
σØ]  


|δ|=j+1

T
(J+m)k

[m-1
Øδ]  → ….
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  Furthermore,whenj >1,j (
T

(I+n)k
[m-1

σØ ])isasubsetof


|σ|=j,
i∈[s]\σ

T
Fk
[m-1

σØx-1
i ]   

|δ|=j,
i∈[r]\δ

T
Fk
[m-1

Øδy-1
i ]  =


|σ|=j+1

T
(I+n)k

[m-1
σØ].

by(3)and(4).Then

im1
j ⊆ 

|σ|=j+1

T
(I+n)k

[m-1
σØ].

  Likewise,

im2
j ⊆ 

|δ|=j+1

T
(J+m)k

[m-1
Øδ].

  Thusj=1
j2

jforeachintegerj≥1.
Now,wearereadytopresentthefirstmain

resultofthispaper.
Theorem2.9 Taketheassumptionsasin

setting2.1.
(a)Ifj≥2,then

aj(T/Fk)=max{aj(S/Ik-t)+t,

aj(R/Jk-t)+t:0≤t≤k-1}.
(b)Assumeinadditionthatdim(S)>2,dim(R)

>2,I⊆m2,I≠m,J⊆n2and J≠n.Then,
a1(T/Fk)=max{2k-2,a1(S/Ik-t)+t,

a1(R/Jk-t)+t:0≤t≤k-1}.
  Proof Assumethatj≥1.ThenLemma
2.5says

Hj
m+n(T/Fk)=Hj((T/Fk)

Č·(x1,…,xs,y1,…,yr)).
  Setmσδ=∏

i∈σ
xi·∏

i∈δ
yi∈Tforσ⊆[s]andδ⊆

[r].Wehave
T
Fk Čj(x1,…,xs,y1,…,yr)=


|σ∪δ|=j

T
(I+J+mn)k

[m-1
σδ].

  NoticethatbothSandR havemultigraded
structures respectively. Hence T will have
inherited multigrading,bigrading and standard
grading.We willusethisfactfreelyin the
followingproof.

(a) Whenj ≥2,wehavethefollowing
bigradeddecomposition via Lemma 2.3(b),

Lemma2.5andProposition2.8(d):

Hj
m+n

T
(I+J+mn)k  =

ker(j)
im(j-1)

=
ker(1

j 2
j)

im(1
j-1 2

j-1)
≅

ker(1
j)}

im(1j-1)


ker(2j)}
im(2

j-1)
≅

Hj
mT(

T
(I+n)k

)HnT
j( T
(J+m)k

)=

Hj
m(

T
(I+n)k

)Hj
n(

T
(J+m)k

).

  Thisimplies
aj(T/(I+J+mn)k)=max{aj(T/(I+n)k),

aj(T/(J+m)k)}.
  AsS - modules,wehavethefollowing
bigradedisomorphism:

T
(I+n)k ≅β∈NNr,|β|<k

S
Ik-|β|

(0,-|β|).

  Thenthecanonicalepimorphism T →S
inducesanisomorphism

Hj
m(

T
(I+n)k

)≅Hj
m( 

β∈NN
r,|β|<k

S
Ik-|β|

(0,-|β|))≅


β∈NN

r,|β|<k
Hj

m(
S

Ik-|β|
)(0,-|β|),

viaLemma2.3(a).Hence
aj(T/(I+n)k)=max{aj(S/Ik-t)+t:

0≤t≤k-1}.
  Likewise,

aj(T/(J+m)k)=max{aj(R/{Jk-t)+t:

0≤t≤k-1}.
  Therefore, when j ≥ 2, we arrive at
theconclusion

aj(T/Fk)=max{aj(S/Ik-t)+t,

aj(R/Jk-t)+t:0≤t≤k-1.
(b)Now weconsiderthecasewithj=1.The
proofwillbedividedintothreesteps.

Claim1 a1(T/Fk)≥max{a1(S/Ik-t)+t,

a1(R/Jk-t)+t:0≤t≤k-1}.
Since1=1

12
1byProposition2.8(d),one

has ker1 = ker1
1  ker2

1.Let 1
0 be the

compositionof0 withtheprojection mapfrom


|σ∪δ|=1

T
(I+J+mn)k

[m-1
σδ ]toitsdirectsummand


|σ|=1

T
(I+J+mn)k

[m-1
σØ ]),andsimilarlydefine
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2
0.Itisclearthatim(0)⊆im(1

0)im(2
0)

holds.Therefore,

ker(1
1)ker(2

1)
im(1

0)im(2
0)
≅
ker(1

1)
im(10)


ker(21)
im(2

0)

isan epimorphicimage of H1
m+n(T/Fk) ≅

ker(1)
im(0)

,whichinturnimplies

a1(T/Fk)≥max{l∈ZZ:(
ker(1

1)
im(1

0)
)l ≠0

or(
ker(2

1)
im(2

0)
)l ≠0}.

Then

max{l∈ZZ:(
ker(1

1)
im(1

0)
)l ≠0}=

max{l∈ZZ:Hj
m(

T
(I+n)k

)l ≠0}=

max{l∈ZZ: 
β∈NN

r,|β|<k
H1

m(
S

Ik-|β|
(0,-|β|))l ≠0}=

max{a1(S/Ik-t)+t:0≤t≤k-1}.
  Similarly,onehas

max{l∈ZZ:(
ker2

1

im2
0
)l ≠0}=

max{a1(R/Jk-t)+t:0≤t≤k-1}.
  Thus,a1(T/Fk)≥max{a1(S/Ik-t)+t,a1

(R/Jk-t)+t:0≤t≤k-1},establishingthefirst
claim.

Claim2 a1(T/Fk)≥2k-2.
Itissufficienttofindabigradedelementu∈

ker(1)suchthatitstotaldegreedeg(u)=2k-2
andu∉im(0).Foranyv∈T,let[v],[v]xiand

[v]yi betheequivalenceclassesofvin
T
Fk,

T
Fk

[x-1
i ]and

T
Fk[y-1

i ]respectively.

Supposef∈Sandg∈R withdeg(f)=deg
(g)=k-1,then
[fg]xi ≠ [0]xi⇔x

l
ifg∉ (I+n)kforl≥0

bytheequality(4).Sincedeg(g)=k-1andg∈
R,wehaveg∉nkandg∈npforany1≤p≤k-1.
Meanwhile,itisclearthatIk⊆Ik-1⊆…⊆I2⊆I
holds.Therefore,theaboveequivalentstatements
canbefurthersimplifiedintosayingxl

if∉Ifor
l≥0,i.e.,f∉I:(xi)∞.

As I≠m,wecanfindsomehomogeneous

elementf∈Sofdegreek-1satisfyingf∉I:m∞.
Similarly,wecanfindsomehomogeneouselement
g∈Rofdegreek-1satisfyingg∉J:n∞.Wewill

verifythatu=(
s

i=1
[fg]xi)(

r

i=1
[0]yi)isthe

expectedelement.
Toseethis,noticefirstthatu∈ker(1)and

uisbi-homogeneousofdegree (k-1,k-1).
Consequently,thetotaldegreedeg(u)=2(k-1).
Thus,itremainstoshow thatu ∉im(0).
Assumetothe contrary thatthere exists an

elementh∈Tsuchthat0([h])=(
s

i=1
[fg]xi)

(
r

i=1
[0]yi).Withoutlossofgenerality,wemay

assumethathishomogeneousofbidegree(k-1,k
-1).Whence,[h-fg]xi=[0]xiand[h]yj=[0]yj

foreach1≤i≤sand1≤j≤r.Noticethat
[h-fg]xi =[0]xi⇔h-fg∈ (I+n)k∶(xi)∞

holdsfor1≤i≤s.Consequently,wehave
h-fg∈ (I+n)k∶m∞ ⊆ (I+nk)∶m∞.

  Sincethepartialdegreedegy(h-fg)=k-1,

itisclearthath-fg∉nk:m∞ unlessh-fg=0.
Sobybigrading,h-fg∈I:m∞.Likewise,we
willhaveh∈J:n∞.Asaresult,fg=h-(h-
fg)∈ (I:m∞ )+ (J:n∞ ).Then,again,by
bigrading,wewillhavef∈I:m∞org∈J:n∞,a
contradiction.Andthiscompletesourproofforthe
secondclaim.

Sofar,wehaveproved
a1(T/Fk)≥max{2k-2,a1(S/Ik-t)+t,

a1(R/Jk-t)+t:0≤t≤k-1}. (5)

  Claim 3 Theconversedirectionofthe
inequality(5)alsoholds.

LetH=I+mnandGt =Hk +∑
t

i=1

(mn)k-iJi

for0≤t≤k.Since
Gt-1 ∩ (mn)k-tJt=mk-t+1nk-tJt

for1≤t≤kbyLemma2.6,thefollowingshort
exactsequencearises

0→
(mn)k-tJt

mk-t+1nk-tJt →
T

Gt-1
→

T
Gt
→0,

whichinducesalongexactsequence

… →H1
m+n(

T
Gt-1

)→H1
m+n(

T
Gt
)→

453 中国科学技术大学学报 第50卷



H2
m+n(

(mn)k-tJt

mk-t+1nk-tJt
)→ …

byLemma2.3(c).Since
(mn)k-tJt

mk-t+1nk-tJtisanmT-

torsionT-module,accordingtoLemma2.3(b)

and(d)wehave

H2
(m+n)T(

(mn)k-tJt

mk-t+1nk-tJt
)≅H2

nT(
(mn)k-tJt

mk-t+1nk-tJt
)=

H2
n(
(mn)k-tJt

mk-t+1nk-tJt
)≅H2

n(m
k-t

mk-t+1 nk-tJt)≅

mk-t

mk-t+1 H2
n(nk-tJt).

Hence,

a1(T/Gt)≤max{a1(T/Gt-1),

a2({(mn)k-tJt}/{mk-t+1nk-tJt)}=
max{a1(T/Gt-1),a2(nk-tJt)+k-t}=
max{a1(T/Gt-1),a1(R/Jt)+k-t}.

  ThelastequalityholdsviaProposition2.8and
(c).Thuswecanconclude

a1(T/(I+J+mn)k)=a1(T/Gk)≤
max{a1(T/G0),a1(R/Jt)+k-t:1≤t≤k}=
max{a1(T/Hk),a1(R/Jt)+k-t:1≤t≤k}.
  NoticethatH=I+mncanalsobeviewedas
thefiberproductofI⊆Sand(0)⊆R.Witha
similarargument,wecanget

a1(T/Hk)≤max{a1(T/mknk),

a1(S/It)+k-t:1≤t≤k}=max{2k-2,

a1(S/It)+k-t:1≤t≤k}

by Proposition 2.8 (b). These arguments
altogetheryield

a1(T/Fk)≤max{2k-2,a1(S/Ik-t)+t,

a1(R/Jk-t)+t:0≤t≤k-1}, (6)

whichestablishesthethirdclaim.Now,combing
theinequalities(5)with (6),wecompletethe
proof.

Remark2.10 InTheorem2.9(b),ifT=
S[y]andJ=0,thentheconditionsdim(S)>2
andI⊆m2canberemoved.Theproofisonly
slightlydifferentandwillbeomittedhere.

3 Topdimensionalai-invariantsofS/I(n)
Δ

LetΔ beak-dimensionalsimplicialcomplex
over[s]:={1,2,…,s}forsomepositiveintegers

kands.AssumethatS=KK [x1,…,xs]isa
polynomialringoverafieldKKandIΔ⊆Sisthe
Stanley-ReisneridealassociatedtoΔ.Themain
taskofthissectionistoinvestigatetheak+1-
invariantsassociated toits powerIn

Δ andits
symbolicpowerI(n)

Δ .Thecasewhenk=1has
alreadybeenconsideredinRef.[4].There,itwas
shownthata2(S/I(n)

Δ )=a2(S/In
Δ)holdswhenΔ

hasnoisolatedvertex.We willgeneralizethis
resultherebyshowingak+1(S/I(n)

Δ )=ak+1(S/In
Δ)

foranyk-dimensionalsimplicialcomplexΔ.After
that,wewillcharacterizewhenak+1(S/I(n)

Δ )is
maximal.

Let us start with reviewing some basic
notions.RecallthatΔisasimplicialcomplexon
[s]ifΔisacollectionofsubsetsof[s]suchthatif
F∈ΔandF'⊆FthenF'∈Δ.EachelementF∈Δ
iscalledafaceofΔ.ThedimensionofFisdefined
tobedim(F):=|F|-1andthedimensionofΔis
definedtobedim(Δ):= max{dim(F):F∈Δ}.A
facetisa maximalfaceofΔ withrespectto
inclusion.WewilluseF(Δ)todenotethesetof
facetsofΔ.Meanwhile,anon-faceofΔisasubset
Fof[s]withF∉Δ.WewilluseN(Δ)todenote
thesetofminimalnon-facesofΔ.

Inordertodescribeai(S/I(n)
Δ ),weneedto

knowwhenHi
m(S/I

(n)
Δ )αisvanishing.Duetoa

formulainRef.[17]ofTakayama,thisproblem
boilsdowntocomputingthedimensionofthe
simplicialhomologyofthedegreecomplex.Set
Gα:={i∈[s]:αi<0}.Recallthatthedegree
complexΔα(I)ofamonomialidealIisgivenby

Δα(I):={F ⊆ [s]\Gα:xα ∉ISF∪Gα
}.

  Here,SF∪Gα=S[x-1
i :i∈F∪Gα]andxα=

xα11 …xαss .
For each monomialideal I,consider a

simplicialcomplex

Δ(I):={F ⊆ [s]:xF ∉ I}.

  ItisclearthatΔ(I)=Δ(I)holds.And
whenIissquarefree,itisexactlytheStanley-
ReisnercomplexofI.WealsohaveΔ(S)=Ø

sinceforanyF⊂[s],xF∈ S=S.%Hereisthe
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Takayama’sformula.
Lemma3.1 (Takayama) LetI be a

monomialidealinSandαavectorinZZs.Then

dimKKHi
m(S/I)α =

dimKKHi-|Gα|-1
(Δα(I)),

   ifGα ∈Δ(I),

0,otherwise.










  Here,Hi (Δα (I))isthei-threduced
simplicialhomologygroupofthecomplexΔα(I)

overKK.
Lemma3.2[18] Taketheassumptionsasin

setting2.1.AssumeinadditionthatI⊆SandJ⊆
Raretwomonomialideals.Then,foranyα∈ZZs,

β∈ZZrandγ=(α,β)∈ZZs+r,wehavethefollowing
twocases:

(a)ifp=1whilebothΔα(Is-|β|)andΔβ

(Is-|α|)arenonempty,then
dimKKHm+n

p(T/(I+J+mn)k)γ =
dimKKHm

p(S/Ik-|β|)α +
dimKKHn

p(R/Jk-|α|)β +1;

  (b)otherwise,

dimKKHm+n
p(T/(I+J+mn)k)γ =

dimKKHm
p(S/Ik-|β|)α +dimKKHn

p(R/Jk-|α|)β.

  Here,|α|=∑
s

i=1
αiforα=(α1,…,αs)andone

cansimilarlydefine|β|.
Asa quick application oftheabovetwo

lemmas,wefinishtheproofofProposition2.8.
Proof(ProofofProposition2.8(b)) Notice

thattheidealmknk⊆TisthefiberproductofI=
(0)⊆SandJ=(0)⊆R.Now,takearbitraryα∈
ZZsandβ∈ZZr.

First,weconsiderH1
m(S/Ik-|β|)α.If|β|<

k,thenIk-|β|=0.HenceH1
m(S/Ik-|β|)α=H1

m
(S)α=0byLemma2.7.When|β|≥k,wehave
Ik-|β|=S.ThenH1

m(S/Ik-|β|)α=H1
m(0)α=0.

Thusforanyα andβ,H1
m(S /Ik-|β|)α =0.

Likewise,Hn
1(R/Jk-|α|)β=0.

So,accordingtoLemma2.6,ifH1
m+n(T/(I

+J+mn)k)(α,β)≠0,thenbothΔα(Ik-|β|)andΔβ

(Ik-|α|)arenonempty.Inthefollowing,wewill
supposethatthisisthecase.

Noticethatif|β|≥ k,thenIk-|β| =S.

Whence,foranyF⊆[s]\Gα,wehavexα∈SF∪Gα
,

whichimpliesF∉Δα(S)bydefinition.SoΔα

(Ik-|β|)=Ø,contradictingtheassumption.Thus
|β|≤k -1 and similarly |α|≤k -1.

Consequently,a1(
T

mknk)≤2k-2.

Ontheotherhand,letα=(k-1,0,…,0)∈ZZs

andβ=(k-1,0,…,0)∈ZZr.Wehave[s]\{1}∈Δα

(Ik-|β|)sincex1
k-1∉(0)S[s]\{1}.SoΔα(Ik-|β|)is

nonempty.Likewise,Δβ (Jk-|α|)isnonempty.
Thus,H1

m+n(T/(mn)k)(α,β)≠0viaLemma2.6,
meaninga1(

T
mknk)≥2k-2.Soa1(

T
mknk)=2k-

2,completingtheproof.
The following lemma gives a precise

descriptionofΔα(I(n)
Δ ).

Lemma3.3[1] AssumethatGα∈Δforsome
α∈ZZr.Then

F(Δα(I(n)
Δ ))=              

{F ∈F(linkΔ(Gα)): ∑
i∉F∪Gα

ai ≤n-1}.

  Theconceptof monomiallocalization was
introducedinRef.[19]asasimplificationofthe
localization.FixasubsetF⊆[s].LetπF:S→
KK[xi:i∈[s]\F] be the KK-algebra
homomorphismsendingxitoxifori∈[s]\Fand
xito1fori∈F.TheimageofamonomialidealI
ofS underthe mapπF iscalledthe monomial
localizationofI withrespecttoF and willbe
denotedbyI[F].ItisclearthatifIandJare
bothmonomialidealsofS,then(IJ)[F]=I[F]

J[F]and(I∩J)[F]=I[F]∩J[F].
Thedegreecomplexcanbeexpressedusing

themonomiallocalizationasfollows.
Lemma3.4[4,6] LetIbeamonomialidealin

S=KK[x1,…,xs]andα=(α1,…,αs)beavector
inZZs.Defineα+tobethenon-negativepartofα,

i.e.,α+:= (α'1,…,α's)whereα'i=max(0,αi)for
eachi.

(a)Δα (I)isasubcomplex ofΔ (I).
Moreover,ifIhasnoembeddedassociatedprime
andα∈NNs,thenF(Δα(I))⊆F(Δ(I)).

(b)Δα(I)={F⊆[s]\Gα:xα+ ∉I[F∪Gα]
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S}.
(c)IfGα≠Ø,thenΔα(I)=linkΔα+

(I)(Gα).

Lemma3.5 LetΔ beak-dimensional
complexon[s].IfF∈Δwithdim(F)=k,then

IΔ[F]=(xi:i∈ [s]\F).
  Proof As1∉IΔ[F],itfollowsthatIΔ[F]

⊆(xi:i∈[s]\F)holds.Conversely,foreachi∈
[s]\F,F∪{i}∉Δsincedim(Δ)=k.SoxF'∪{i}∈
IΔforsomeF'⊆F,implyingxi∈IΔ[F].Since
thisholdsforanyi∈[s]\F,wehavetheconverse
containmentIΔ[F]⊇(xi:i∈[s]\F).

Proposition3.6 LetΔ beak-dimensional
complexon[s].Foreachα=(α1,…,αs)∈NNsand
eachk-dimensionalsimplexF⊆[s],thefollowing
statementsareequivalent:

(a)F∈Δα(In
Δ);

(b)F∈Δand ∑
i∈[s]\F

αi ≤n-1.

Proof FirstassumethatF∈Δα(In
Δ)holds.

SinceGα=Ø,accordingtoLemma3.4(a)wehave
F∈Δα(In

Δ)⊆Δ(In
Δ)=Δ(IΔ)=Δ.Itfollowsfrom

Lemma3.4(b)andLemma3.5that
xα ∉In

Δ[F]S=(IΔ[F])nS=(xi:i∈ [s]\F)nS

holds.Hence∑
i∈[s]\F

αi≤n-1andthisproves(a)⇒

(b).

Conversely,assumethatF∈Δand ∑
i∈[s]\F

αi≤

n-1hold.ThenbyLemma3.5,

xα ∉ (xi:i∈ [s]\F)n =(IΔ[F])nS=In
Δ[F]S.

  ThusF∈Δα(In
Δ)viaLemma3.4(b),which

proves(b)⇒(a).
Lemma3.7 IfΔisasimplicialcomplexon

[s]andIΔisitsStanley-ReisneridealinS=KK
[x1,…,xs]overafieldKK,thenΔ=Δ(In

Δ)=Δ
(I(n)

Δ )forallpositiveintegern.
Proof Itfollowsfrom(1)and(2)that

I(n)
Δ = ∩

F∈F(Δ)
Pn

F = ∩
F∈F(Δ)

Pn
F =

∩
F∈F(Δ)

PF = ∩
F∈F(Δ)

PF = IΔ = In
Δ

holds.Therefore,

Δ(I(n)
Δ )=Δ(I(n)

Δ )=Δ(In
Δ)=Δ(In

Δ),

andtheyagreewithΔ(IΔ)=Δ(IΔ)=Δ.
RecallthatthepureithskeletonofΔisthe

puresimplicialcomplexΔ(i)whosefacetsarethe
facesFofΔwithdim(F)=i.

Proposition3.8 LetΔ beak-dimensional
simplicialcomplexover[s].Foranyα∈ZZswith
Gα∈Δ,wehaveΔα(In

Δ)(k)=Δα(I(n)
Δ )(k).

Proof IfGα≠Ø,thendim (Δα(I(n)
Δ ))≤dim

(linkΔ (Gα))<dim(Δ)=k by Lemma3.3.
Similarly,ifGα≠Ø,thendim(Δα(In

Δ))<dim
(Δα+

(In
Δ))≤dim(Δ(In

Δ))=dim(Δ)=kbyLemma
3.4(a)and(c).Therefore,Δα(In

Δ)(k)={Ø}=Δα

(I(n)
Δ )(k).
WhenGα=Ø,thenlinkΔ(Gα)=Δ.Now,for

eachF ∈Δ withdim(F)=k,wehaveF ∈

Δα(I(n)
Δ )⇔FisafacetofΔ and ∑

i∈[s]\F
αi ≤n -

1⇔F∈Δα(InΔ).
  ThefirstequivalencecomesfromLemma3.3
andthesecondcomesfromProposition3.6.Sowe
canconcludesafelywithΔα(In

Δ)(k)=Δα(I(n)
Δ )(k).

Now,wecanstatethesecondmainresultof
thispaper.

Theorem 3.9 LetΔ beak-dimensional
complexon[s].IfIΔistheStanley-Reisnerideal
inthepolynomialringS=KK[x1,…,xs]overa
fieldKK,thenak+1(S/I(n)

Δ )=ak+1(S/In
Δ)foralln

≥1.
Proof WehavealreadyseenthatΔ=Δ(In

Δ)

=Δ(I(n)
Δ )holdsbyLemma3.7.Now,takean

arbitraryα∈ZZs.IfGα∉Δ,then
Hk+1

m (S/I(n)
Δ )α =Hk+1

m (S/In
Δ)α =0

byLemma3.1.Thus,wemayassumeinsteadGα

∈Δ.Inthiscase,weclaim
Δα(In

Δ)(k-|Gα|)=Δα(I(n)
Δ )(k-|Gα|) (7)

  Noticethat
Δα+

(In
Δ)(k)=Δα+

(I(n)
Δ )(k)

holdsbyLemma3.8.Therefore,(7)holdswhen
|Gα|=0.Inthefollowing,we willassume
additionally|Gα|≥1.Now,Δα(I(n)

Δ )(k-|Gα|)is
actuallyasimplicialcomplexover [s]\Gα by
Lemma3.3.Meanwhile,Δα(I(n)

Δ )k-|Gα|isalsoa
simplicialcomplexover[s]\GαbyLemma3.4(c).
Hence,toestablish(7)inthissituation,wewill
takeanarbitrary(k-|Gα|)-dimensionalfaceA∈
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ΔwithA∩Gα=Ø.Now,
A ∈Δα(I(n)

Δ )⇔A ∈F(Δα(I(n)
Δ ))

⇔A ∈F(linkΔ(Gα))and ∑
i∉A∪Gα

αi ≤n-1(8)

⇔A ∪Gα ∈Δand ∑
i∉A∪Gα

αi ≤n-1

⇔A ∪Gα ∈Δα+
(In

Δ) (9)

⇔A ∈Δα(In
Δ). (10)

  Theequivalencesin(8),(9)and(10)come
fromLemma3.3,Proposition3.6andLemma3.4
(c)respectively.Andthisestablishestheequality
inRef.[11].

Noticethatdim (Δα(In
Δ)(k-|Gα|))=dim (Δα

(I(n)
Δ )(k-|Gα|))= k - |Gα |. Consequently,

theboundaries
Bk-|Gα|

(Δα(In
Δ)(k-|Gα|))=        

Bk-|Gα|
(Δα(I(n)

Δ )(k-|Gα|))=0.
  Thus,by(7),thesimplicialhomologies

Hk-|Gα|
(Δα(In

Δ);KK)=
Zk-|Gα|

(Δα(In
Δ)(k-|Gα|))

Bk-|Gα|
(Δα(In

Δ)(k-|Gα|))=

Zk-|Gα|
(Δα(In

Δ)(k-|Gα|))=
Zk-|Gα|

(Δα(I(n)
Δ )(k-|Gα|))=        

Zk-|Gα|
(Δα(I(n)

Δ )(k-|Gα|))

Bk-|Gα|
(Δα(I(n)

Δ )(k-|Gα|))=Hk-|Gα|
(Δα(I(n)

Δ );KK),

andconsequently,

Hk-|Gα|
(Δα(In

Δ);KK)=Hk-|Gα|
(Δα(I(n)

Δ );KK).
  Thisequalitytogether with Lemma3.1
willyield

Hk+1
m (S/I(n)

Δ )α ≠0⇔Hk+1
m (S/In

Δ)α ≠0,
whichfinishestheproof.
Intherestofthispaper,wewillexamine

whenak+1 (S/I(n)
Δ )is maximal.Thefollowing

lemmaallowsustoclarifysomedetails.
Lemma3.10 LetΔ beak-dimensional

complexon[s]andIΔtheStanley-Reisneridealin
thepolynomialringS=KK[x1,…,xs]overafield

KK.Supposeα=(α1,…,αs)∈ZZssuchthatHk-|Gα|

(Δα(I(n)
Δ ))≠0andGα∈Δhold.Then,αi≤n-1

foreachi∈[s].
Proof Assumethatthisisnottrue.Without

lossofgenerality,wemayassumeα1≥n.LetA1,
…,Al bethecompletelistof (k-|Gα|)-
dimensionalfacesinΔα(I(n)

Δ ).Then,accordingto
Lemma3.3,wehave1∈Aiforeach1≤i≤l.

Hence,Δα(I(n)
Δ )(k-|Gα|)isacone.ThankstoRef.[7],

Hk-|Gα|
(Δα(I(n)

Δ )(k-|Gα|))=0.SinceΔα(I(n)
Δ )is(k-

|Gα|)-dimensional,thisimpliesHk-|Gα|
(Δα(I(n)

Δ ))=0,
contradictingtheassumption.

Finally,wearereadytopresentthelastmain
resultofthispaper.

Theorem3.11 LetΔ beak-dimensional
complexon[s]andIΔtheStanley-Reisneridealin
thepolynomialringS=KK[x1,…,xs]overafield
KK.Then

ak+1(S/I(n)
Δ )≤ (k+2)(n-1)

foreach positiveintegern.Furthermore,the
followingstatementsareequivalentforn≥2:

(a)ak+1(S/I(n)
Δ )=(k+2)(n-1);

(b)thereexistsasubsetB={p1,…,pk+2}⊆
[s]such that F(Δ|B )is ak-dimensional
sphere,namely

F(Δ|B)={B\{pi}:1≤i≤k+2}.
  Proof Takearbitraryα∈ZZswithHk+1

m (S/
I(n)

Δ )α≠0.AccordingtoLemma3.1,thissimply

meansHk-|Gα|
(Δα(I(n)

Δ ))≠0andGα∈Δ.Since
dim(Δα(I(n)

Δ ))≤dim(Δ)-|Gα|=k-|Gα|

byLemma3.3,thenonvanishingofHk-|Gα|
(Δα

(I(n)
Δ ))impliesparticularlythatdim(Δα(I(n)

Δ ))=k
-|Gα|holds.Therefore,wecantakesomeF∈
Δα(I(n)

Δ )withdim(F)=k-|Gα|.NoticethatF∩

Gα=Ø,∑
i∉F∪Gα

αi ≤n-1and∑
i∈F

αi≤|F|(n-1)

holdbyLemma3.2andLemma2.9respectively.
Henceforth,

|α|=∑
i∈F

αi+ ∑
i∉F∪Gα

αi+∑
i∈Gα

αi ≤        

|F|(n-1)+(n-1)-|Gα|=
(k-|Gα|+2)(n-1)-|Gα|≤ (k+2)(n-1),
establishingtheexpectedupperbound.Itremains
toprovetheequivalenceof(a)and (b)when
n≥2.

(a)⇒(b):Assumethatak+1(S/I(n)
Δ )=(k+

2)(n-1).Then,wecanfindsomeα∈ZZs

satisfyingHk+1
m (S/I(n)

Δ )α≠0and|α|=(k+2)(n-
1).Fromtheaboveargument,wecansee|Gα|=
0,i.e.,Gα = Ø.Furthermore,thereexists
someF∈Δα(I(n)

Δ )withdim(F)=k.Andsince

Hk(Δα(I(n)
Δ ))≠0holds,Δα(I(n)

Δ )≠<F>.Assume

853 中国科学技术大学学报 第50卷



F=[k+1]forconvenience.Now,∑
i∈[k+1]

αi=(k+

1)(n-1)and ∑
i∉[k+1]

αi=n-1.Henceα1=α2=…

=αk+1=n-1byLemma3.10.Ourtaskisthen
reducedtodescribingαjwhenk+1<j≤s.

Weclaimthatthereexistspreciselyonejwith
αj>0andk+1<j≤s.Ifthisisnottrue,wemay
assumethatαk+2,αk+3>0holds.AsΔα(I(n)

Δ )≠
<F>,wemayfindsomefacetGofΔα(I(n)

Δ )with
G≠F.Sincedim(G)≤dim(F)=k,either|F\G|≥2
or|{k+2,k+3}\G|≥|F\G|=1.Inbothcases,

wehave∑
i∉G

αi>n-1,whichimpliesG∉Δα(I(n)
Δ )

byLemma3.2,acontradictiontothechoiceofG.
Therefore,wemayassumeαk+2=n-1andαh=0
fork+2<h≤s.Anargumentasintheprevious
paragraphalsoshowsG ⊆B:= [k +2]and
dim(G)=kforanyG∈F(Δα(I(n)

Δ )).Ifthepure
simplicialcomplexΔα(I(n)

Δ )|Bisnotasphere,then

itiscollapsibleandconsequentlyHk(Δα(I(n)
Δ ))=

0,contradictingtheassumption.HenceΔ|B =
Δα(I(n)

Δ )|Bisindeedasphere.
(b)⇒(a):Withoutlossofgenerality,wemay

assumethatB=[k+2]holdsandΔ|Bisak-
dimensionalsphere.Takeα=(α1,…,αs)∈NNs

whereαi=n-1for0≤i≤k+2andαi=0fork+2<
i≤s.ThenbyLemma3.3,wehaveΔ|B =

Δα(I(n)
Δ )andHk(Δα(I(n)

Δ ))≠0.SoHk+1
m (S/I(n)

Δ )α
≠0viaLemma3.1,whichimpliesαk+1(S/I(n)

Δ )≥
(k+2)(n-1).Sinceak+1(S/I(n)

Δ )≤(k+2)(n-
1)holdsingeneral,theproofiscompleted.
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