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未被某个匹配临界图的所有单色复制覆盖的边数

袁龙图

(华东师范大学数学科学学院,上海200241)

摘要:给定一个图 H,另f(n,H)为完全图Kn 的所有二色边染色中,包含未被单色图 H 的复制覆盖的边

数的最大值.图的图兰数,记作ex(n,H),是指所有的n 个顶点的图中,不含有 H 作为子图的图的所含有边

数的最大值.显然对于任意的n 和H,f(n,H)大于等于ex(n,H).我们证明了,对于匹配临界图,以上两个

数值当n 是充分大的时候是相等的.
关键词:边染色;单色复制;匹配临界图

0 Introduction
Notationsinthispaperarestandard.Fora

graphG withsubgraphH,weuseG-E(H)to
denotethespanningsubgraphonV(G)withedge
setE(G)\E(H)andG-V(H)todenotethe
inducedsubgraphofGonvertexsetV(G)\V(H).

IfG andH aretwodisjointsubgraphs,weuse
G+HtodenotethegraphobtainedfromG∪Hby
addingalledgesbetweeneveryvertexofG and
everyvertexofH.Asusual,denotethebalanced
completep-partitegraphonnverticesbyTp(n)

anditsnumberofedgesbytp(n).LetH(n,p,k)=
Kk-1+Tp(n-k+1)andh(n,p,k)=e(H(n,p,



k)).TheTur􀅡nnumberofagraphH,denotedby
ex(n,H),isthemaximumnumberofedgesinan
nvertexgraph whichdoesnotcontain H asa
subgraph.Ifann-vertexgraphG hasex(n,H)

edgesanddoesnotcontainH asasubgraph,we
callGanextremalgraphforH.

ForagivengraphH,letf(n,H)denotethe
maximumnumberofedgesnotcontainedinany
monochromaticcopyofHina2-edge-coloringof
Kn.Itiseasytoseethatf(n,H)≥ex(n,H)for
anyH andn.In2004,KeevashandSudakov
showedinRef.[1]thatthislowerboundistight
forasufficientlylargenifHisedgecriticalora
cycleoflength4.Here,wecallagraphH with
chromaticnumberχ(H)=p+1edgecriticalifthere
existssomeedgeeinHsuchthatχ(H-e)=p.

Theorem0.1[1] IfHisanedgecriticalgraph
withchromaticnumberp+1≥3,then

f(n,H)=ex(n,H)=tp(n)

forasuffientlylargen.
Moreover, Keevash and Sudakov asked

whetherf(n,H)=ex(n,H)foranyH andany
sufficientlylargen,andtheyobtainedageneral
upperboundthatf(n,H)≤ex(n,H)+o(n2).In
2017,Ma[2]confirmedtheirproblemforaninfinite
familyofbipartitegraphs.Later,Liu,Pikhurko
andSharifzadeh[3]extendedhisresulttoalarger
familyofbipartitegraphsandprovedabetter
upperboundforallbipartitegraphs.

Theorem0.2[3] IfHisbipartite,then
f(n,H)≤ex(n,H)+O(1)

forasufficientlylargen.
Denoteby Mk the graph consisting ofk

independentedgesandcallitamatchingwithsize
k.CallagraphH withchromaticnumberχ(H)=
p+1k-matching-criticalifthereexistsamatching
MkinHsuchthatχ(H-E(Mk))=pandχ(H-
X)=p+1foranyX⊆V(H)with|X|=k-1.
Thereare manyinteresting k-matching-critical
graphsincludingthePertersengraph,seeRef.
[4].In1974,Simonovits[5]determinedex(n,H)

for matching-critical H and characterized its
extremalgraph.

Theorem0.3[5] IfHisak-matching-critical
graphwithchromaticnumberχ(H)=p+1≥
3,then

ex(n,H)=h(n,p,k).
TheuniqueextremalgraphisH(n,p,k).
Inthispaper,wewillconfirm Keevashand

Sudakov'sproblem for matchingcriticalH and
sufficientlylargen.Infact,wewillprovethe
followingtheorem.

Theorem0.4 IfH isak-matching-critical
graphwithchromaticnumberχ(H)=p+1≥
3,then

f(n,H)=h(n,p,k)

forasufficientlylargen.

1 Preliminaries
Bytheclassical Tur􀅡n’stheorem,ifan

nvertex graph G does not contain Kp as a
subgraph,thene(G)≤tp-1(n),withtheequality
holdsifandonlyifG =Tp-1 (n).Erdösand
Stone[6]furtherprovedthatifann-vertexgraphG
containsalittlemorethantp-1(n)edges,thenG
containsacopyoflargecompletep-partitegraph.

Theorem1.1[6] Letp≥2andt≥1begiven
integers.Thenforany􀆠>0,thereexistsan
integern0=n0(p,t,􀆠)suchthat:IfagraphGon
n≥n0verticescontainsmorethantp-1(n)+􀆠n2

edges,thenitcontainsTp(tp)asasubgraph.
In1968,Simonovits[7]introducedthesocalled

progressiveinduction which is similarto the
mathematicalinductionand Euclideanalgorithm
andcombinedfromtheminacertainsense.Itwill
beourmaintoolintheproofofTheorem0.4.

Lemma1.1[7] LetU=∪∞
1Un beasetof

givenelements,suchthatUnaredisjointsubsetsof
U.LetBbeaconditionorpropertydefinedonU
(i.e.theelementsofUn maysatisfyornotsatisfy
B).LetΔ(n)beafunctiondefinedalsoonUsuch
thatΔ(n)isanonnegativeintegerand

(a)ifasatisfiesB,thenΔ(a)vanishes.
(b)thereisanM0suchthatifn>M0anda∈

UntheneitherasatisfiesBorthereexistann'and
ana'suchthat
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n
2 <n'<n,a'∈Un'andΔ(a)<Δ(a').

  Thenthereexistsann0suchthatifn>n0,

froma∈UnfollowsthatasatisfiesB.
Fromnowoninthispaper,weassociateevery

graphweconsiderwithared/blue-edge-coloring.
Foranytwoverticesuandv,calluared(blue)

neighborofviftheedgeuviscoloredred(blue).
Ifanedgeeisnotcontainedinanymonochromatic
copyofagivengraphH,thenwecalleNIM-H.
IfG consistsofNIM-H edges,thenwecallG
NIM-H.Forp≥2anddisjointvertexsetsV1,…,

Vp ⊆V (G),letG [V1]denotetheinduced
subgraphofGonV1andG[V1,…,Vp]denotethe
p-partiteinducedsubgraphofGwithpartsV1,…,

Vp.IfGisacompletegraph,thenweuseK[V1]

and(V1,…,Vp)insteadofG[V1]andG[V1,…,

Vp].
ThefollowinglemmaisthesameasLemma

3.2in Ref.[1]. Weincludethe prooffor
completeness.

Lemma1.2 Letp≥2andt≥1begiven
integers.LetH beagivengraph.Thenthere
existsanintegern0=n0(p,t,H)suchthatforany
n>n0:IfGisanNIM-H graphonnvertices
containingatleasttp(n)edges,thenGcontainsa
monochromaticcopyofTp(tp).

Proof Let|V(H)|=handt'=2t(p! 4h(p-1)).
Letn≥n0:=n0(p,t',1/p(p-1))besufficiently
large,wheren0(p,t',1/p(p-1))isobtained
fromTheorem1.1.Since

e(G)≥tp(n)=
p-1
p +o(1)  n

2  ≥
p-2
p-1+

1
p(p-1)+

o(1)  n
2  ,

GcontainsTp(t'p)asasubgraphbyTheorem1.1.
LetTp(t'p)=(V1,…,Vp)⊆G.Notethateveryedge
betweenViandVjisNIM-Hfor1≤i≠j≤p.

Chooseavertexv1∈V1arbitrarily.Assume
withoutlossofgeneralitythatatleasthalfofthe
edgesbetweenv1andVparered.Denotethered
neighborhoodofv1inVpbyRp,theneveryvertex
v∈V1∪…∪Vp-1hasatmost4hblueneighborsin

Rp. Otherwise, let R' denote the blue
neighborhoodofv∈V1∪ … ∪Vp-1inRp.By
Ramsey's Theorem, K [R'] contains a
monochromaticcopy of Kh.Therefore,either
H∪{v}formsabluecopyofKh+1orH∪{v1}

formsaredcopyofKr+1,whichimpliesthatthere
existsamonochromaticcopyofH usingNIM-H
edges,acontradiction.Now,chooseV(1)

i ⊆Viof
sizet(p-1)! 4h(p-2)arbitrarilyforevery1≤i≤
p-1andletWp=Rp\Bp,whereBpdenotesthe
setofallblueneighborsofeveryvertexinV(1)

1 ∪…

∪V(1)
p-1.According to the previous analysis,

wehave

|Wp|=|Rp|-|Bp|≥t'/2- ∪
p-1

i=1
V(1)

i 4h =

t·p! 4h(p-1)-t(p-1)·(p-1)! 4h(p-1)=
t(p-1)! 4h(p-1)>t.

  Notethat (V(1)
1 ,…,V(1)

p-1,Wp)⊆G isan
NIM-H graphandalledgesbetweenV(1)

1 ∪ …

∪V(1)
p-1andWparered.Sobyasimilarargument

asbefore,wehavethateveryvertexinV(1)
i hasat

most4hblueneighborsinV(1)
j forany1≤i≠j≤

p-1.Next,for2≤j≤p-1,wedefine(V(j)
1 ∪…

∪V(j)
p-j∪Wp-j+1∪…∪Wp)⊆G recursivelyas

follows.ChooseV(j)
i ⊆V(j-1)

i ofsizet(p-j)! ·

4h(p-j-1)arbitrarilyforevery1≤i≤p-jandlet
Wp-j+1=V(j-1)

p-j+1\Bp-j+1,whereBp-j+1denotes
thesetofallblueneighborsofeveryvertexin
V(j)
1 ∪…∪V(j)

p-j.Thenwehave
|Wp-j+1|=|V(j-1)

p-j+1|-|Bp-j+1|=
t·(p-j+1)! 4h(p-j)-

t(p-j)·(p-j)! 4h(p-j)=
t(p-j)! 4h(p-j)≥t·4h >t

andalledgesbetweenV(j)
1 ∪…∪V(j)

p-jandWp-j+1

arered.Atlast,wegetap-partitegraph(V(p-1)
1 ,

W2,…,Wp)⊆Gconsistingofrededges.Notethat
|V(p-1)

1 |=t,soGcontainsaredcopyofTp(tp).
Wearedone.

2 ProofofTheorem0.4
Let H beakmatchingcriticalgraph with

chromaticnumberχ(H)=p+1≥3.Sincethere
existk-1verticesofH(n,p,k)suchthatafter
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deleting them the chromatic number of the
obtainedgraphisp,itfollowsfromthedefinition
ofk-matching-criticalgraphsthatex(n,H)≥h(n,

p,k).Let|V(H)|=h.Letnbeasufficiently
largeinteger.LetGnbethespanningsubgraphof
KnconsistingofNIM-Hedgeswithe(Gn)=f(n,
H).Ife(Gn)<h(n,p,k),then wegeta
contradictiontothefactf(n,H)≥ex(n,H).So
wemayassumethate(Gn)≥h(n,p,k).

Useprogressiveinductionnow.LetUnbethe
setofNIM-HgraphsGnwithf(n,H)edges.Let
propertyB bee(Gn)≤h(n,p,k).LetΔ(n)=
e(Gn)-h(n,p,k).Thenbyourassumption,
Δ(n)isanonnegativeinteger.SobyLemma1.1,

weonlyneedtofindsomen'suchthatn/2<n'<n
andΔ(n)<Δ(n').

Ase(Gn)≥h(n,p,k)≥tp(n),byLemma1.2,

GncontainsamonochromaticcopyofTp (n1p)
withn1beingsufficientlylarge.LetR=(R1,…,

Rp)bearedcopyofTp(n1p)inGn,thenforany
1≤i≤p,themaximumsizeofaredmatchingin
K[Ri]isatmostk-1.Otherwise,let{e1,…,
ek}bearedmatchinginK[R1],thentheseedges
andh-2karbitraryotherverticesinR1,together
withhverticesineveryotherRi(i≠1)willforma
graphcontainingaredcopyofH usingNIM-H
edges,acontradiction.Sowecanfindaredcopy
ofTp(n2p)withn2≥n1-2kinR,sayT0=
(V(0)

1 ,…,V(0)
p ),suchthatK[V(0)

i ]isablueclique
forevery1≤i≤p.Therefore,alledgesin
K[V(0)

i ]arenotNIM-Hfor1≤i≤p.
Let􀆠∈RR+besufficientlysmall.Wedefinea

setofverticesX = {x1,…,xl}recursivelyas
follows.Ifthereexistssomevertexx1∈V(G)\
V(T0)suchthatx1hasatleast􀆠2n2redneighbors
ineachpartofT0,thenthereexistsacopyof
Tp(􀆠2n2p)⊆T0,denotedbyT1,suchthatx1is
jointtoallverticesofT1byrededges;Fori≥2,if
thereexistssomevertexxi∈V(Gn)\V(Ti-1)

suchthatxihasatleast􀆠2in2redneighborsineach
part of Ti-1,then there exists a copy of
Tp(􀆠2in2p)⊆Ti-1,denotedbyTi,suchthatxiis
jointtoallverticesofTibyrededges.SinceTi⊆

Ti-1…⊆T1,everyvertexof{x1,…,xi}isjoint
toeveryvertexofTibyarededge.Weclaimthat
thisprocessstopswithink-1steps.Otherwise,
thereexistsacopyofTp (􀆠2kn2p),denotedby
Tk=(V(k)

1 ,…,V(k)
p ),suchthateveryvertexof

{x1,…,xk}isjointtoeveryvertexofTkbyared
edge.Then{x1,…,xk}andh-karbitraryother
verticesinV(k)

1 ,togetherwithhverticesinevery
otherV(k)

i (i≠1)willformagraphcontainingared
copyofH usingNIM-H edges,acontradiction.
Therefore,0≤l≤k-1.LetTl=(V(l)

1 ,…,V(l)
p )

andW=V(Gn)\(V(Tl)∪X),thenforanyvertex
w∈W,thereexistssome1≤i≤psuchthatwhas
lessthan􀆠2l+2n2redneighborsinV(l)

i .Sowecan
getapartitionofW=C'1∪…∪C'p∪Dasfollows.
Forany1≤i≤p,ifw∈Whaslessthan􀆠2l+2n2red
neighborsinV(l)

i andatleast (1-􀆠)􀆠2ln2 red
neighborsineveryV(l)

j withj≠i,letw ∈C'i;
Otherwise,i.e.,thereexisttwoindices1≤i≠j≤p
suchthatw∈W haslessthan􀆠2l+2n2redneighbors
inV(l)

i andlessthan(1-􀆠)􀆠2ln2redneighborsin
V(l)

j ,letw∈D.
Claim2.1 Forany1≤i≤p,thereexists

V'i⊆V(l)
i with|V'i|>(1-􀆠2k)|V(l)

i |suchthatall
edgesbetweenV'iandC'iareblue.

Proof Assumei = 1 withoutloss of
generality.Chooseamaximalmatching{x1y1,…,

xtyt}betweenV(l)
1 andC'1,wherexs∈V(l)

1 and
ys∈C'1for1≤s≤t.Notethatt≤k -1.
Otherwise,bythedefinitionofC'1,yshasatleast
(1-􀆠)􀆠2ln2redneighborsinV(l)

j forany1≤s≤k
andj≥2.Soy1,…,ykhaveatleast(1-k􀆠)􀆠2ln2

commonredneighborsinV(l)
j foranyj≥2.Since

n2issufficientlylarge,wecanchoose􀆠sufficiently
smallsuchthat(1-k􀆠)􀆠2ln2>h.Forj≥2,let
Nj⊆ V(l)

j be a subset of the common red
neighborhoodofy1,…,yk with|Nj|=h.Then
{x1y1,…,xkyk}andh -2k arbitrary other
verticesinV(l)

1 ,togetherwithN2,…,Npwillform
agraphcontainingaredcopyofH usingNIM-H
edges,acontradiction.LetNbethesetofallred
neighborsofy1,…,ytinV(l)

1 .Bythedefinitionof
C'1,wehave|N|<t·􀆠2l+2n2<k·􀆠2l+2n2=
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k􀆠2|V(l)
1|.Bythemaximalityof{x1y1,…,xtyt},

alledgesbetweenV(l)
1\N andC'1\{x1,…,xt}are

blue.Moreover,bythedefinitionofN,alledges
betweenV(l)

1 \N andC'1areblue.Notethat
|V(l)

1\N|>(1-k􀆠2)|V(l)
1|,wearedone.

SinceV'i⊆V(l)
i ⊆V(0)

i ,K[V'i]isablueclique
forany1≤i≤p.SobyClaim2.1,forevery1≤
i≤p,wecanmovek􀆠2|V(l)

i |verticesfromV(l)
i to

C'itogetVi⊆V'i⊆V(l)
i andCi⊇C'isuchthatall

edgesbetweenVi andCi areblue.Since􀆠is
sufficientlysmall,wehave(1-k􀆠2)􀆠2ln2≥(1-k􀆠).
􀆠2ln2>h.SoeveryedgebetweenVi andCiis
containedinablueKh,whichimpliesthatall
edgesbetweenViandCiarenotNIM-H.Let
c=(1-k􀆠2)􀆠2ln2andT=(V1,…,Vp),thenT⊆
TlisaredcopyofTp(cp)consistingofNIM-H
edges.Forany1≤i≤p,K[Vi]isablueclique
with|Vi|>h,thuseveryedgeinK[Vi]isnot
NIM-H.LetW'=V(Gn)\(V(T)∪X),then
C1∪…∪Cp∪DisapartitionofW'.Recallthe
definitionofD,thenforanyw∈D,thereexist
twoindices1≤i(w)≠j(w)≤psuchthatw has
morethanc-􀆠2l+2n2=(1-k􀆠2-􀆠2)􀆠2ln2 blue
neighborsinVi(w)andmorethanc-(1-􀆠)􀆠2ln2=
(􀆠-k􀆠2)􀆠2ln2blueneighborsinVj(w).Sincebothof
K[Vi(w)]andK [Vj(w)]arelargebluecliques,

everyblueedgebetweenwandVi(w)∪Vj(w),isnot
NIM-H.

Combiningalloftheabove,weknowthatevery
NIMHedgebetweenV(T)andV(Gn)\V(T)must
belongtooneofthefollowingfoursets.

(Ⅰ)TheedgesbetweenXandV(T),which
areallred.

(Ⅱ)TheedgesbetweenCiand∪
j≠i

Vj,where

1≤i≤p.
(Ⅲ)Therededgesbetweensomew∈Dand

Vi(w)∪Vj(w).
(Ⅳ)Theedgesbetweensomew ∈D and

∪t≠i(w),j(w)Vt.
Lete1denotethenumberofNIM-H edges

betweenV(T)andV(Gn)\V(T),thenwehave
e1 ≤l·cp+(n-cp-l-|D|)·c(p-1)+

|D|·􀆠2l+2n2+(1-􀆠)􀆠2ln2+c(p-2)  (1)

and
e(Gn)=e(T)+e1+|E(W'∪X)∩E(Gn)|

(2)

  NowwechooseaninducedcopyofTp(cp)in
H (n,p,k).Itiseasytoseethattheinduced
subgraphofH(n,p,k)ontheremainingvertices,

i.e.onV(H(n,p,k))\V(Tp(cp)),isacopyof
H(n-cp,p,k).Lete2bethenumberofedges
betweenTp (cp)and H (n-cp,p,k),then
wehave
e2=(k-1)·cp+(n-cp-k+1)·c(p-1)

(3)

and
h(n,p,k)=tp(cp)+e2+h(n-cp,p,k))

(4)

  SinceeveryedgeinE(W'∪X)∩E(Gn)isnot
containedinanymonochromaticofH,wehave
|E(W'∪X)∩E(Gn)|≤f(n-cp,H),which
impliesthat|E(W'∪X)∩E(Gn)|-h(n-cp,p,

k)≤e(Gn-cp)-h(n-cp,p,k)=Δ(n-cp),

whereGn-cpisanNIM-H graphonn-cpvertices
withf(n-cp,H)edges.SobyEqs.(2),wehave

Δ(n)=e(Gn)-h(n,p,k)≤
(e1-e2)+Δ(n-cp) (5)

  Ife1<e2,thenΔ(n)<Δ(n-cp)andweare
done.Soassumee1≥e2.However,byEqs.(1)

and(3),wehavee1≤e2.Theequalityholdsifand
onlyifD=Ø,l=k-1,alledgesbetweenXand
V(T)areNIM-H,andalledgesbetweenCiand
∪
j≠i

VjareNIM-H for1≤i≤p.Sincee(Gn)≥h
(n,p,k)andTp(n-cp-k+1)hasmoreedges
thananyotherp-chromaticgraphonn-cp-k+1
vertices,wehaveGn=H(n,p,k).SoΔ(n)=0
andwearedone.
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