#5504 45 3l ¥ B8 #4 2 £ A * & 3 4 Vol. 50, No. 3

2020 /ElE 3 A JOURNAL OF UNIVERSITY OF SCIENCE AND TECHNOLOGY OF CHINA Mar. 2020

LB Y5 .0253-2778(2020)03-0261-10

On the multiplicatively weighted Harary index of composite graphs

TIAN Jing', PENG Guiqin', PEI Lidan®*, PAN Xiangfeng'
(1. School of Mathematiccal Sciece s Anhui University . Hefei 230601, China ;
2. School of Mathematics and Statistics, Hefei Normal University . Hefei 230061, China)
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0 Introduction

For terminology and notations not defined
here, we refer to Ref. [1]. Throughout this paper,
we consider finite and simple connected graphs.
We denote the vertex set of a graph G by V(G),
and the edge set by E(G)}, the order of G by ng
and the size by m.

In history, graph theory is closely related to
physics, chemistry and other disciplines. In
chemical graph theory, some simple molecular
properties are directly mapped to the corresponding
topological indices. A topological index is a
molecular descriptor associated with the structure
of a graph, which has been usually used in physical
chemistry, toxicology, pharmacology, chemical
synthesis and other fields. Among various kinds of
topological indices, there are several types of some
indices, especially those based on the distance,
which are very important in the structure of the
graph}. As is known to all, distance is an crucial
parameter in graph theory'®. This parameter not
only affects the structure of the graph, but also
derives some important distance parameters, such
as diameter, radius, average distance, distance
matrix, resistance distance, wiener index, etc.*®
The Wiener index is considered to be one of
famous  distance-based

the most topological

indices'™ , which is defined as

Z d(,'(ll?‘U)’

{us o} EVIG)

W(G) =

where d; (u,v) is the distance from vertices u to v
in G, i. e. the length of a shortest path between
vertices u and v in G. The researchers who are
interested in the Wiener index of the graph may be
referred to Refs. [ 7-9 ]. Based on Wiener index,

the first and the second Zagreb indices of a graph G

are defined as follows!" .

M (G)= D) (deu) +ds(o)),

luv€ E(G)
M,(G)= > ds(uwdg(v).
uv€ E(G)
Furthermore, the first and the second Zagreb

coindices of a graph G are defined as follows™! .

M, (G)= >, (de(u) +dg(o),

wv € E(G)

M,(G)= D>, di(uwdg(v).

uv € E(G)

The Wiener index values the contributions of
distant pairs of vertices far more than the

contributions from close pairs, in direct
contradiction with chemical intuition.

To overcome the above contradiction caused
by the Wiener index, some experts consider the
sum of reciprocal values of distances between pairs
of different vertices. Hence, the Harary index,
one of the distance-based topological indices, was
was defined as

1
Z d(;(u,"l)).

{us v} EVIG)

introduced™*"*7,
H(G) =

The Wiener index and Harary index all can
reflect the property of graph, so they have some
nice interpretations and applications in chemical
graph theory. Devillers and Todeschini shown the
Harary index is better than the Wiener index in
characterizing the molecular structure of chemical

[14-15] Hence,

graphs, respectively for details.
Harary index has been of great interest and
extensively studied. For more results on Harary
index one may be referred to Refs. [16,19 ] and the
references therein. However, the performance of

the Harary index in QSAR/QSPR studies turned

out to be quite modest"™. Hence, the
fundamental paradox of the distance-based indices
has not been successfully resolved. As Ref. [ 20 ]
suggested, the performance of the Harary-type
indices was improved by taking into consideration
the contributions of vertex pairs with their
distance. This paved the way for defining another
index called additively weighted Harary index of
G, defined as
de ) +d;(v)

{“.U,ZC:V(G) de(u,sv)

At the end of Ref. [ 21], a variation of
additively weighted harary index was suggested, in
which the additive weighting d; () +dg (v) of
pairs is replaced with the multiplicative one d (u)

d(; (U).

The multiplicatively weighted Harary
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index™" is defined as

Z d(,(u)d(,(v)
d(,'(l/l 9'U)

The intuitive idea of pairs of close atoms

Hw((}) -

{uo} SVIG)

contributing more than the distant ones has been

indices‘?".

difficult to capture in topological
However, a possibly useful approach could be the
multiplicatively weighted Harray index. After the
concept of multiplicativelyHarary index was
proposed, it was studied by some experts and
scholars, and a lot of progress was made. Deng
and Krishnakumari in Ref. [22] first proved that
the multiplicatively weighted Harary index of a
graph is monotonic on some transformations, and
then determined the extremal values of the
multiplicatively weighted Harary indices for some
familiar classes of graphs and characterized the
Li and Zhang in

Ref. [ 23] determined sharp upper bounds on the

corresponding extremal graphs.

multiplicatively weighted Harary index of trees
with given parameters. For a list of new results
about the additively and multiplicatively weighted
Harary index"%7.

In this paper, we first introduce four graph

[25] and obtain explicit formulas for the

operations
values of multiplicatively weighted Harary index of
composite graphs generated by the four graph
operations. Then determine the extremal values of
the multiplicatively weighted Harary indices for
the four classes of composite graphs and
characterize the corresponding extremal graphs. In
addition, based on the four graph operations of
regular graphs, we obtain explicit formulas for the
values of multiplicatively weighted Harary index
and determine a lower and an upper bound for the
multiplicatively weighted Harary index for each of

We adopt the

main techniques in Ref. [25] while obtaining our

four classes of composite graphs.

results.
Note that for a given graph G and u €
V(G), let

1
P(G) = .
u~v;((}) d(:(ll ,u) +1

1
Poo) = 2} doCuro) + 1

u€eVG)

1
2 d(;(uv'U)’

u€VG\{v}

H(;('U) -

And the form of summation that occurs in the

article satisfies

DV Fluso) = D) flusu) +2

{us v} SVG) u€EVG)

Z S CGusv).

1  Multiplicatively weighted Harary
index and operations of graphs

In this section, we introduce the four graph
operations of graph G and H, then we will obtain
that the multiplicatively weighted Harary index of
G{H}, G°H, (G + H)(x3;y), and (G~H) (x;
y) on these operations.

1.1 Multiplicatively weighted Harary index of the
composite graph G {H )

Definition 1. 1 Let G be a graph with ng
vertices and e edges, H be a rooted graph with w
as its root and on ny vertices, ey edges. Then the
rooted product G { H} is obtained by taking one
copy of G and n; copies of a rooted graph H, and
by identifying the root of the ith copy of H with
1,2, ng.

For the rooted product G{H }, we have
| VIG{H}) |=neny» | E(GG{H}) |=ec +ngey.

An example of rooted product can be seen in

Fig. 1.

the ith vertex of G, 1 =

o D

C— )
G{H} Q m

Fig.1 G{H}

Lemma 1.1  Let G be a simple graph and
H be a rooted graph with w as its root. Then for a
vertex u of G{H } such that « €V (G), we have
dem (uw) = dg(u)+dy (w), and for a vertex v
of G{H} such that v € V(H)\{w} we have
doiu (v)=dy(vy), where v, is the corresponding

vertex in H as v of H;. Also
D if us v€EV(G), then dgiy (usv) )= dgusv)s
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(I ifueV(G), vEV(H,), wherei=1,2,
3seang s thendgi (wsv) =dg (usw) +dp (w;,
v)=d;(u,w;)+dy(w,v,), where w; is the root
of H; and v, is the corresponding vertex in H as v
of H;;

(I if wu,v€V(H,), where i =1,2,3, -,
ngs thendgiy (wsv)=dy (uesv,), where u, and

v, are the corresponding vertices in H as u and v
of H;;

(V) ifu€V(H), vEV(H;) and 1<i<|j <
ng s then dgiyy (wsv) =dy (u ,w,)+d”1 (w;sv)+
de(w;yw;)=du (uy,w) +dy(w,v,) +de(w,;,

w; ), where w; is the root of H; and w; is the root

of H;. Also, u, and v, are the corresponding
vertices in H as w of H, and v of Hj,,
respectively.

Theorem 1.1 Let G be a simple graph and H
be a rooted graph with w as its root. Then
Hy(G{H})=Hyu(G)+n;Hy(H) +

du(w)H L (G) +di (w)H(G) +

deim (wdein, (v) o 2

S, = 2

d )
2¢ E &4_

vEVH) \{w} dH (w ,“U)
2 > D

deu)dy(v) +dy(w)dy(v)
{ust} SVG v e VIHD \{w)

de(ust) +duy(wsv)
dyCu)dy(v)
“_“(Z:;(GM“.UV,:;H)\W} de(t D) +dy(w.v) +dy(u,w)’
Proof From the definition we have
deoim (wdd e (v)
deig (usv)

First, we divide the vertices of the composite

Hy(GHD = >

{u,v) SV(GIH D)

graph into four parts by Lemma 1. 1, which are
denoted as A;, A,, A;, and A,, where A, = {{u,
v uswEVG) 1<i <ngls Av={{u, v} |u€
VG), v€EVHHO\{w,}, 1<<i <ngt, Ay =
Husoblusw€VIHHI\{w, }, 1<i <ngl, A, =
Husot lu€VHOI\{w,}» v€EV(H )\ {w, }, 1<
i<<j<ng).

Then, according to the partition of vertex set,
we partition the sum into four sums S; (i =1,2,3,

4), where

do(uwd(v) +dyw)(deu) +de(o)) +di(w)

R =qe) deim (usv) {0} SVG)

d(,«(u »"U)

Huy(G) +du(w)H (G +dy (w)HG),

52:i Z deoim Cwden (v) _ Z

d(;aH» (u 97))

(de(u)+dyw)dy (o)
do(u,t)+dy(w,v)

i=1 ©WEVG) {u 1) SV
vEV(H O\ lw, } v E€VH)\{w)
2 E d(;(M)dH(U)+dH(u’)dH(U) 2 d(;(u)dH(’v)Jth(‘w)dH(“u)i
(s VG d(;(u’t)TLdH(u”“U) w—1t d}-{(?ﬂav) o
vE€VH)\{w) € VH)\{w)
dewdy(v) +dy(w)dy(v) dy(v) dy(w)dy(v)
2 c\u H\U H\wW H\U 1 2e. 2 v + g 2 a (w (v ’
V€V {w) (u.t \V(G) diust) +dy(w,v) vevimniw i (wsv) vevimnie  dn(wsv)
83:”2 2 d(;é[!)(u)d(,‘{ll)(v):i E d”(u)d”('v):nG 2 d”(u)d”(‘l)):
i=1 {(us0) SVCH O\, ) dgim (usv) i=1 (o) SVCH O\ o, | duusv) v du(usv)

n(;HM(H) *nGdH(w)

S, = >

I<i<\j<ngu€V(H O \{w,}
vEV(H, )\‘w, }

2 dH('U)

b
vevimiw dn(wsv)
deim deim (v)

d(,'{H) (Lt 9'U)

dyudy (v)

2 X

i v e e A (wsw) +dy (vsw) +dg (L,

Finally, we add up the sum of the four parts

and simplify it, the Theorem 1.1 is complete.

Based on Theorem 1. 1, we obtain the next

corollary immediately.
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Corollary 1.1 Let G be a r-regular graph and

H be a k-regular rooted graph with w as its

root. Then

Hy(GIH) =G +k)'HG) +nck*H(H) +ngkrHy (w) +

2k (r +k)

1

22

v€ VIHD\{wl{u st} SV(G)

d(;(u,t)+dH(w,“()) +

1

B2 2

(£, EVG) {usv) SV \ (w) dylusw) +dy(v,w) +dg(t,0) )
We can determine a lower and an upper bound for Hy (G{H }), where G is a r-regular graph and H is

a k-regular rooted graph.

We know that 1<<d ¢ (u sv)<<D(G), where {u,v}Z=V(G), u#v and D(G) is the diameter of G.
Similarly, we have 1<<d j (u,v)<<D(H), where {u,v}SV(H), u7v and D (H) is the diameter

of H.

Hence, we obtain

k(r—+k)

Hy(G{H}) = +k)HWG) +nck*H(H) +n¢krHy (w) +0¢ng — 1Dy —1) ————————— +

7’1(;(7’1(,' - 1)(71” -

D(G) +D(H)

nsz

D iGDan +p@Gy”

k(r+k)

H\/[(G{H}) < (7+k>2H(G)+7’l(;k2H(H)+77(;k7’HH(7/U)+n(;(7’IG*1)(7’1[—1 *1) 7+

n(;(n(; - 1)(7’1,_[ - 1)

1.2 Multiplicatively weighted Harary index of the
composite graph G°H

Definition 1. 2 Let G be a graph with the
order by ns and the size by e;, and H also be a
graph with the order is ny and the size is ey. The
corona product G © H is obtained by taking one
copy of G and n; copies of H; and by joining each
vertex of the ith copy of H to the ith vertex of G,
1= 1,2, ng.

For the corona product G°H , we have

| V(G > H) |=n¢cnyg + 1),
| EG > H) |=e; +ngley +np).

An example of rooted product can be seen in
Fig. 2.

Lemma 1. 2

[25]

Let G and H be two simple
connected graphs. For a vertex u of G* H such
that u€V(G), we have dg.y (u) =d¢c (u) +ny,
and for a vertex v of G°H such that v €V (H),
we have dg.p (v)=d y(u)+1. Also:
D if u,v€EV(G),s then dgyy (usv)=dgwsv);
(I ifucVG), VEV(H,), then dg.y =

2
nsz

12

Fig.2 G°H
de(u,w;)+1, where w; is the i th vertex in G and
i=1,2,3, 503

(I if u, v€V(H,;), where i =1,2,3, -,
n¢s then
1, uv € E(H,),
2, uv & ECH,);
(V) ifu€V(H;), vEV(H;) and 1<i<|j <

nes then dooy (wsv) =dg(w,,w;)+2, where w,

d(;o”(u 7”0) -

is the ith and w; is the j-th vertices in G.
Lemma 1, 3""
and size e. Then

(T M, (G)=2¢(n—1)—M,(G),

Let G be a graph of order n
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Lemma 1. 4%
K, be the complete graph of order 2. Then
H(G{K,})=H(G)+PG) +
1
v do (usv) + 27

Theorem 1. 2

graphs. Then
Huy(G - H)=Hyu(G)+nyH,(G) +

Let G be a simple graph and

Let G and H be two simple

‘ 1
niH(G) Jrzn(;Ml (H) +

1
77)6H -+

1 ,
?"(;MZ(H>+71(;@§J JF”G<"H 2

iy — Dnyng

4

de(u)
Y
v daCusv) +1

e

7’11—1(26[_1 +7'1H)2P(;(w1)+
i=1

(ZCH +7’ZH)

ey +ny)*LH(G{K,}) —H(G) — PG
Proof By definition we have

2 d(;oH<u>ngH('U)
d(,‘ell(u 97/)

By Lemma 1. 2, we partition the sum into

HM(G° H):

b
{us v} EV(G-H)

four sums S; (i =1,2,3,4). We consider four
sums S;, S,, S;, S, as follows:

51: E d(;gn(u)d(,«b”(‘v):

{u vt SVIG) d(;“H(u ’7})
deCu) +ny)de(v) +ny) B
(00 V(G de(usv) o
2 de(ude (o) +ny(deu) +de(v)) +nh
{u v} ESVIG) d(;(u ’v)

Hy(G) +nyHA(G) +nyHG).

S2 _ ”z(: 2 d(,.‘vH(u)d(,)vH (v) _

=1 weV(&) deon(usv)
VEV(H,)

2 5 (deu) +np)dy o)+ 1D
d(;(u,w;)+1

i=1 weVG)
vEV(H,)

Now we consider the following relation
Z (d(;(u)+n11)(d11(v)+1)7
d(;(uau’;)+1 -

u€eVG)
vEV(H )

2 deCuddy(v) +de(u) +npgdy(v) +ngy
d(;(u,w,)+1

WEVG)
vEV(H )

I<i<<j<ngju€V(H)

d(;(u)d”(v) d(;(u)

YEV(H,) VEV(H,)

nudy(v) 1
E #4_”” E S —
v de(usw,) 41 wevie doCusw) 41
WEV(H,) VEV(H))

d(,(u)
2 ,
( ey +71H)u§v(m d(;(u,wi)+1+

1
(2ey +np) —.
i e i MEVE'((;) d(;(uvwi)+1

Hence, we get

Z d(,’(u)

S, =2ey +ny) _—
’ o i (v oy do (usv) +1

"G 1
ey + ) doarwp +1
MH en i 211§W§>d(;(u’w’)+l
S Ao
diusv) +1

{u. v} SVIG)

(2ey +npy)

"G

ny(2ey +77U)EP(;(UJI’)a
i=1

53:”2( Z d(;vu(u)d(;b”('y):

i=1 {us0) SVCH ) dn(usv)

2 S (dy(w)+1)dy(v)+1)

i=1 (w0} CV(H,) de.n(usv)

Next we consider the following relation

E dH(u)dH(‘U)"’dH(u)"’dH(“U)"’l_
dH(uv"U) o

{lus0) SVCH )

DY Ay Cwdy (o) Fdy ) +dy (o) +1) +

wv€ ECH)

2 dH(M>dH(7J)+dH(u)+dH('U)+1_
2 =

wvd E(G)
1 —

1 nH(anl)

1—

—eH).
So, we obtain
1 1
Sg :n(;[IMl(H) +?M2(H) +

71”(7’[11 *1)

1 ,
(an?)eH +eiyp +—r 1,

4
Si= 2. 2

d(,'gH (u)d(;aH (U)
liiﬁfjiu(;uev(nl)

d(,'a” (L{ 77})
'U€V(Hj)

d”(u)du(‘v)er”(u)er”('v)+1
d(;(wi9w]')+2

2. 2

'UGV(H])

Finally we consider the following relation,
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where 1<8:<7j <ng

d(;(wiywj)+2 B

u€V(H )
wEV(H})

1
d—(;(w”wj)+2“§;I’)d,,<u>d,,<v>+

UEV(HJ)

1
I ) d d 1) =
d(;(w”"(,Uj)‘FZHGVZ(;{l)( n(w) +dy (o) +1D

erV(HJ)
(de% +deygng +n%) ;
de(w;sw;) +2
Therefore, we have

2 2 1
S, =Ue} +deyny +niy) E: di(u o) 2
-G 1)

(u20) SV(G)
The result now follows by adding the four
contributions and simplifying the expression.
Based on Theorem 1. 2, we get the two
following corollaries.
Corollary 1.2 Let G be a simple graph and
H be a r-regular graph. Then
Hy(G > H)=Hy(G) +nyH,(G) +njH(G) +
ng(ny —

4

Z d(;(u)

v de(usv) +1
"G

(r4+1)7%n% D Po(w,) +

i=1
G+ D4 [H(G{K,}) —H(G) —P(G)H].
Corollary 1.3 Let G be a k-regular graph and

1 D
7’1(;(7‘"71)_(?61-1"7 )+

np(r+1)

H be a r-regular graph. Then
Hy(G > H)=( +ny)*HG) +

ny(ny —

D
1 )+

1
7’1(,‘(7'+ 1)2(?("1-1 —+

1
nH(7’+1)(k+ﬂH) 2 m+

{lus v} SVIG)
ny (r+ D[ H(G{K,}) —H(G) —P(G)].
1.3 Multiplicatively weighted Harary index of the
composite graph (G « H)(y;z)

Definition 1.3 Let G and H be two simple
graphs. For given vertices y € V(G), and z €
V(H), the splice of G and H by vertices y and 2z,
which is denoted by (G « H)(y;z), is defined by
identifying the vertices y and 2 in the union of G

and H.

Then for the splice of G and H by vertices vy
and 2, we have
| V(G « H)(y;2)) |=ng +ny — 1,
| E((G « H)(y32)) |=e; +ey.
An example of rooted product can be seen in

Fig 3.

(G * H)(y:z)

Fig.3 G-H

Lemma 1. 5%  ILet G and H be simple
graphs with disjoint vertex sets. For given vertices
yE€V(G) and 2 € V(H), suppose that the splice
of G and H by vertices y and z is denoted by (G -+
H)(y;z) for convenience. Then for a vertex u of
(G » H)(y;z) such that u €V(G)\{y}, we have
de.uCu)=d;(u); and for a vertex v of (G « H)
(y32) such that v€EV(H)\{z}, we have d;. y (v)=
de (), do.u(y)=ds.u()=d;(y)+du(z). Also:

D ifu, vEV(G),s thends. y(usv)=dg(usv);

b if uy, v€EVH), thends. g usv)=dgu,v);

(D if u€VG), vEV(H), thendg.y (u,
v)=ds(u,y)+dy(z,v).

Theorem 1.3 Let G and H be two simple
graphs. For vertices y € V(G) and : € V(H),
consider (G « H)(y;z). Then

Hy(G -+« H)=Hy(G)+ Hy(H) +

d(;('y)
dn(z) o 4
" uevg\m d<;(y a“U)
d“(‘v)
de(y) _—
( uEV%\(:‘/ de(z50)
2 d(;(u)dy(“u)
veviony doQusy) +dy(z,0)°
vEVHD\ (=}

Proof For convenience we denote (G « H) (y;z)
by G + H. By definition we have

E d(;.[[(u)d(;.n(‘l/)
d(;.H(us'U) )

By Lemma 1. 5, we partition the sum into

HM(G' H)Z

{uv} EV(G-H)
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three sums S;(i=1, 2, 3). Hence we obtain

S]: 2 dt;.H(u)d(;.H(U):

eoveery deonCusv)
de(u)dg (v)
(o) SV () Cdo(uav)
(do(y) +du(z)dg(v)
vEVG\(y) de(y.v) B
. ds(v)
Hy(G)+dy (Z)uev%m e

Similarly, we have

d”(v)
S, =Hyu(H) +ds(y) >, a0

vEV(H\ (=
d(;.H(u)d(;.H<'U>
Si= &2 do (uao)
WE VG v} G-H\U-T
vEV(ED\ {2}
d(;(u)d”(‘v)
w€EV(G\{y) de(u,y) +du(z sv)’
vEV(HD)\(z)

The result now follows by adding the three
sums S;, 1=1,2,3.
Corollary 1.4 Let G be a r-regular graph and
H be a k-regular graph. For vertices y € V(G) and
€V (H), consider (G « H)(y;z). Then
Hyuy(G +« H)=r"H(G)+k*H(H) +

kr(H(,(y)+HH(z))+

1
kr E }d(;(u’y)deH('v,z)'

w€VIG\{y
v€EVHD\(z)

We can determine a lower and an upper bound
for Hy (G » H), where G and H are r-regular and
k-regular graphs, respectively.

We know that 1<<d ¢ (u,y)<<D(G), where
wu€V(GI\{y} and D (G) is the diameter of G.
Similarly, we get 1<<dy (v,2)<<D (H), where
vEV(H)\{z} and D(H) is the diameter of H.

Therefore, we have

Hu(G +« H) =2 r*H(G) +kr(Hs(y) +

Hy(x)) +k*H(H) +
(g — Dy — 1D

r ’

D(G)+D(H)
Hu(G+« H) <r*H(G) +kr(Hs(y) +Hy () +
(ng —Dnyg — 1
5 .

1.4 Multiplicatively weighted Harary index of the

k*HCH) + kr

composite graph (G~H) (y;z)

Definition 1. 4 Let G and H be two simple

graphs, and y€V(G), 2 €V(H). Alink of G and H
by vertices y and z, denoted by (G~ H) (y;=2),
which is defined as the graph obtained by joining
and 2 with an edge in the union of these graphs.

For a link of G and H by vertices y and =z,
we have

| V(G ~ H)(y;32)) |=ng +ny»
| E(CGG ~ H)(y32)) |=eq + ey + 1.

An example of rooted product can be seen in

Fig 4.
—_—
(G~H)(y:2)
Fig.4 G~H

Lemma 1. 6" Let G and H be two simple
graphs with disjoint vertex sets. For given vertices
y€V(G) and : €V (H ), suppose a link of G and
H by vertices y and z is denoted by G ~ H for
convenience. Then for a vertex u of G~ H such
that u €V (G)\{y}, we have dg—y (u) =ds (u)
and for a vertex v of G~H such that v €EV(H)\{z},
we have dg—py (v) =d; (V)5 do—y (y) =ds(y)+1,
do-n(z)=dy(z)+1.

D ifu, vEV(G), thendg_py(usv)= ds(usv);

AD if w, v€V(H), then dg—y (wsv)=dy (w,v);

(D if u€VG), vEV(H), then dg—u (u,
v)=ds;u,y)t+dy(z,v)+1.

Theorem 1. 4
graphs. For vertices y € V(G) and z: € V(H),
consider (G~H)(y;z). Then

Hy(G~H)=Hy(G)+Hy(H) +
de(y)duy(z) +de(y)+dy(z)+1+
dg(v) dy(v)
vevionty de(ysv) +U6V%;\M du(z,v)
deu)dy (v)
vevion deCusy) +dy(z,0) +1

v€VH)\{z}
2 d(;(u)dll(z)+d<;(u)
de(u,y)+1

LLet G and H be two simple

+

wE€EVIGH\y)
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2 d()(y)d”(v)+d“(7))
d(,‘(Z ,“U) +1

Proof By definition we have

vE€V(H)\ (=}

2 ClGNH(LL)d(;NH("U)
d(,*N”(u 9'U)

Similarly to the proof of Theorem 1. 3, we

Hy (G~ H)(y;2)) =

{u, v} EVIG)

partition the sum into three sums S;, i=1,2,3.
We consider three sums S;, S,, S; as follows:

Sl: 2 d(;NH(M)d(;NH('U):

{0} SVG) dGNH (u 7"0)
encvionty  deusv)

E (d(;(y)+1)d(;(v)7
vEVG)\{y} d(;(y yU)
de(v)
Hu(G)+ > o2
vEVG\y) de(ysv)
Similarly, we have
dH(U)
S, =Hy(H) + ERAELE
! ‘1/6V(§)\4:} dH(Z ’7})
and
d(;NH (u)d(;NH ('Z)) .
d(}NH(u ,v) o

53:2

u€eVIG)
v€V(H)

d(;(y)d”(z) +d(,(y) er”(z) +1+
d(;(H)d[[('U)
WEVG\{y} d(,‘(u 7}/) +dll (2' ’7)) +1

YEVUD\ ()
dew)dy(z)+ 1)
2 deu,y)+1
(de(y)+Ddu (o)
de(z,v)+1
We obtain the result by adding the three sums
S,.i=1,2,3.

In a similar way, we have the two following

+

wEVG\y)

v€VIH)\{z}

corollaries.
Corollary 1.5
H be a k-regular graph. For vertices y € V(G) and
€V (H), consider (G~H)(y;z). Then
Huy(G~H)=r"H(G)+k H(H) +rH;(y) +
kHy(z) +r(k +DPs(y) +1—rk+
k(r+1DPy(z)+

Let G be a r-regular graph and

1
£ .
4 ,@%\m do(usy) +dpy(zr0) +1

v€VHD\ {2}

Similarly, we can determine a lower and an
upper bound for Hy (G~H), where G and H are

r-regular and k-regular graphs, respectively.

We see that 1<<d; (u.y)<<D(G), where u €
V(G)\{y} and D (G) is the diameter of G.
Similarly, we have 1<<d; (v,2)<<D (H), where
vE€V(H)\{z} and D(H) is the diameter of H.

Hence, we obtain

Huy(G ~H)>=r"H(G)+k*H(H) +

rHe(y) +kHyg(2) +1—7rk +
r(k +1DPs(y)+kG+1DPy(2)+

k (77(,' *1)(7’!” *1)
" DG+ DH) +1

and
Hu(G~H)<<r"H(G)+F, H(H) +
rHe(y) +kHyg(z) +1—7k +
r(k+DPs(y)+-(r+DPy(z)+

(n(; - 1)(77[-{ - 1)
3 .

From the definition of H (G) and

rk

Remark 1. 1
P(G), it is obvious that the complete graph has
the largest H(G) and P (G) among all graphs on
the same number of vertices. So, for any graph G
nln =D

<
;PG

on n vertices we have H (G)<C

n(n—1)
2

edge to G will

+n. Also, from the fact that adding an

increase its multiplicatively
weighted Harary index, it immediately follows
that the complete graph has the largest Hy (G)
among all graph on the same number of vertices.
Hence, for any graph G on n vertices we have
HM<G)<7"(";D3.

From the above remark, we obtain the next
corollaries immediately.

Corollary 1.6 Let G be a r-regular graph and
H be a k-regular rooted graph. Then

I DK k3 (k 1
HM(G{H}><(r+1)[r(r;_ " 4 (; )1+

, EoRGE41
r(rJrl)/ez[ler—iZ_ + (1—; 1.

Corollary 1.7 Let G be a r-regular graph and
H be a k-regular graph. Then

Hy((G+« H)(y; 2)) <
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r’(r+1) Rk G+D
2 T 2
Hy (G~ H)(y; 2)) <
rik? +(r+k)(r+1)(k+l) X
3 2
r(r+1) E(E+1)

2 2
r(i2 + 1) +k7(C 5 + D.

k
k(e

2 Conclusion

In this paper we have investigated the

multiplicatively weighted Harary index for some
graph products such as splice, link, corona and
rooted product. Also we have determined lower

and upper bounds for some of them.
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