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six (L) + fUyax(t—1))=0,t € (0,D\{c};

0 Introduction

We are

problem (BVP ) for the following fractional @D)

functional differential equations

(@) =q9(t),t € [—7,0];

concerned with the boundary value 2/ (0) =0, (1) =0

Riemann-Liouville fractional derivative, the time
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where 2 < a << 3 is a real number, D¢ is the
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delay z is given and satisfies 0 <<z << 1, () €
C([—7,0],RD () >0fort € [—7,0) and n(0)
=0,9"(0)=0. f(t,2) € C(0,1) X0, +),R)
is continuous,may be singular att =0,z =1 and x =
0 , and can take negative values. A function x is
called a positive solution of BVP (1) if x(z) is
nonnegative on[—z,1] , x(¢z) >0fort € [—7,0) U
(0,1] and it satisfies BVP (1).

Fractional differential equations have played a
significant role in engineering, science, economy,
and other fields. For details, see Refs. [1-8] and
the references cited therein. As an important
boundary value

branch of nonlinear analysis,

problems of fractional functional differential
equations have also gained considerable attention
simultaneously (see e. g. Refs.[9-19]). Using the
Krasnosel” skii fixed point theorem, Su™® studied
the positive solutions to the following singular
boundary value problems for fractional functional
differential equations
Dx(t)+ f,x(t—1))=0,t € (0, D\{z} ;1
x@W)=n(t), t € [—7,0]; ;
x (1) =0, J
(D

where 1 < a« << 2 is a real number, D¢ is the
Riemann-Liouville fractional derivative. Motivated
by the above work, we discuss the existence of
positive solutions for BVP (1), which aims to
extend the results in Ref. [15] from the low order
to the high order case. By means of the Krasnosel’
skii fixed point theorem, two existence results of
positive  solutions of fractional differential
equations for BVP (1) are established, which
involves not only the past time delays but also the
fractional derivative with the order.

The paper is organized as follows. In Section
lemmas, and

1, we recall some definitions,

theorems. The main results are stated 1in

Section 2.

1 Preliminaries

In this section, several definitions and lemmas

are reviewed which will be used in Section 2.

Definition 1.1 The Riemann-Louville fractional
integral of order a > 0 of a functionu : (0, +°°) —

R is given by

Iu(e) =

t - ‘ ‘
F(a)Jo(t $)u(s)ds,

provided that the right-hand side is pointwise

defined on (0, + =),
Definition 1. 2 The

fractional derivative of ordera > 0 of a function u :

(0, + ) > Ris given by

Riemann-Louville

Diu(t) = (%)"I}F“ u(t) =
ﬁ(%)“ﬂ(z — T (s)ds,
where n =[a | + 1, provided that the right-hand
side is pointwise defined on (0, + o),

More details on fractional calculus and related
properties can be found in Refs. [1-4].

The following is an existence and uniqueness
result of solution for a linear boundary value
problem, which is important for wus in the
following analysis.

Lemma 1.1"% Leta € R, y € C(0,1)
L(0,1), 2<a << 3. Then the unique solution of
the following boundary value problem

D (1) +y() =0, 1t € (0,1);
2(0) =2"(0) =0, (1) =a
is given by

(2)

"1
x (1) =at! JrJ G(t,s)y(sHds
0
where G(t,s5) is Green function given by
G(t 95‘) -
J(l — )T — (¢t — ) !

) 0 st <1

() , 0L <CUs <1

‘(1—5)“%“1

(€))

Remark 1.1 If G(¢z,s) is defined by (3),

thenG(t,s) =0 fort,s € (0,1) and G(0,5) =0,
G,(0,s) =0.

Lemma 1, 2''*

by Eq. (3) satisfies the following properties:

A —=)s(1—s)"

<
@ I'a) =

The Green function defined
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_ . a1l . el
(a—Ds—s)" sd—ys) Cres € (0.1)s

I'(a) - Da—1)
(1 —t)s(1—s)° i
< y N <
©) ) G(t,s)
(a— Dt ' —¢) t“"(1—01)
P(a) - P(a*l) o LS 6 (Osl).

The following fixed point theorem is the main
tool in this paper.
Lemma 1, 302!

and K be a cone in X. Suppose that 2, and 2, are
open subsets of X such that 0 & 0, CQ,and T:

Let X be a Banach space

K N 52\(21 — K is a completely continuous
operator such that either

D 1 Tull < lul foru € o, and || Tu || =
e || foru € 202,
or

G) | Tull = [ ul foru € a2, and | Tu | <
I |l foru € 0Q,.

Then T has a fixed point in K ) 52\(21.

2 The main results

In this section, by means of the Krasnosel’
skii fixed point theorem, sufficient conditions of
existence of positive solutions for BVP (1) are
established.

Define the Banach space

X={x@®):x € C([—7,1], R),

x(t)=0fort € [—7,0],2(1) =0}

with thenorm ||z | = sup |2@) |=
te€[—.1]

sup |2 () ].
€[0.1]

Define the cone
P={x€ X:2(t) =0fort € [—7,1]}.
Let
— (t)y I3 6 - 90 H
n<z>={7’ o0
Ov t e [071];

Ov t 6 [77’01;
w(t) =

"1
J G(fa\)P(\)d\at © I:Oal];

and, for any x € P , define

() =max{z () + () —w(),0} =
(), t € [—7,0];
max{x(t) —w(2),0},t € [0,1].
Remark 2.1

According to Lemma 1. 1, the

1
restriction w | 0.1 :J G(t,5)p(s)ds of w on [0,1]
0

is exactly the solution of BVP
Diix (1) +p() =0,t € (0,1);
{x(O) =2"(0) =0, x(1) =0.
For any x € P , define the operator as
(Tx) (1) =
0, ¢t € [—7,0];

"1
J Gy f(ssa " (s—1)F+pls)]ds, t € (0,1]

€Y
Lemma 1.1 and Remark 2. 1 imply that if ¥ is
a fixed point of the operator T , ¥ satisfies the
following BVP;
Dy () + f, 2" (t — 7)) +p(t) =0,
J t € (0,D\{c};
(X =0, 1 € [—7.0];
L’(o) =0,7(1) =0.
Let (1) =%() + () —w () . Thus, if
Fe—o+t—1) —wl—7)=0forz € [0.1]
(%)
G- =3¢ —0)+5(t—1) —wl—1o). By
Remark 2.1, we have the following lemma.
Lemma 2. 1  Assume that T(z) is a fixed
point of the operator T , thenx(t):}(t)+;(z‘)*
w(¢) is a positive solution of BVP (1).
Proof
fort € (0,D\{zr} , we have
Dix (1) =D (1) + D (1) — D w (1) =
[— (@3 G —) —pW)]—(—pQ)) =
— f,x(t —1)).
Fort € [—7,0] , we can obtain
() =%) + () —w () =70,
Next, we show that x(z) satisfies the boundary
conditions of BVP (1). Owing to G(0,s) = 0,
G,(0,s) =0, we can deduce

(1) =% +7(1) —w(1) =

From Lemma 1.1 and Remark 2. 1,

1
*J G(0,s)p(s)ds =0,
0

and

w;(O) =

. ijl ‘ ‘ ‘_Jlj , N
Jf}* At( ()G(Al,.s)p(.s)d‘s O(J(O,.s)p(.s)d.s)—

) Jl G(At,s) —G(0,s5)
lim
0 At

A0

o(s)ds =0,
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which implies that «'(0) = 0. In view of the
condition 7]/,(0) =0, by the definition of;(t) , we
can easily deduce 7]/(0) = 0. Therefore, we have
2/(0) =3"(0) + 7' (0) — ' (0) =0. The proof is
completed.

To proceeds, we need the following
assumptions.

(H,) There exists a nonnegative function p €
C0,1) N L(0,1) such that

0 (h, (y) < f,y) +p) <
o1 (WOLgy) +h,(y)]

for all (z,3y) € (0,1) X (0, +°2) , whereg, ¢, €
L (0,1) are nonnegative for t € (0,1),h,,h, €
C([0,+4+ =), [0, + ©©)) are non-decreasing, and

g € C([0,+2),[0,+=°)) is non-increasing.
(H,) 0 < Jrs(l — ) e (s)g(n(s — t))ds
0
<+4oo , and there exists a constant £ > 0 such that

1

Js(l*s)"flgpl(s) .

'(L(‘* )l —s+1))ds <+ oo

sGL b s+ 7))ds .
(H;) There exists a subinterval [8,7] C

(7,1) and a constant r, =max{k ,2¢} such that

S )J'y~<1—~>ﬂ*1 (s)ds =
D) 2a—1 0, e =
where
E=mint“ ' (1 —1),
te[B.7]
c=min(s—o)*'(1—s+1),
s€[p.7]

a1 J‘l L
‘TG D 0P(3)d.\<+ .

In what follows, we will concentrate our

study on finding the fixed points of the operator

T . Define the cone as follows

K =

(1=

e
LetQ, ={x: x| <ri} 02, ={x:llal <

ro} » wherer, >r, = max{k,2¢} .

prove the following property of the operator T .

{(x € Pix(t) = | z [ forz € [0,1]}.

Then, we can

Assume that the conditions

(H,) and (H,) hold, then the operator T:K )

Lemma 2. 2

(62\(21) — K is completely continuous.
Proof We divide the proof into the following
four steps.
Step 1
defined on K N (52\91) .

For any x € K (2,\2,) . we know that
<<zl <r:, and

We show that the operator T is well

1
(1) = A=zl =
a—1

1
ﬁt“ﬂ(l*t)r“ fort € [0,1],

o« —
and on the other hand, from Lemma 1. 2, we
can obtain

a

_ljl B
< a1 e —
w(t) < @) (1 —1)p(s)ds

0

te l(l_t)fa fort 6 [071].
a—1

Thus,

1
1z‘,”*‘(l—z)(rl —c) =

2 () —w(t) =

L]
2(a — 1)
which together with Lemma 1. 1 and conditions
(H,) and (H,) shows that forz € [0,1] we have

t“'(1—1¢), fort € [0,1] (6)

"z 1
(Tx) () :J GUss)[f Gl —)) +pCs) 1ds +J G ) fGals—1) —wls —1)) +p(s) ]ds <

a—1
I'(a)

=7
I'a —1)Jo

T 1
{J s(L—s) 7' f Gl —)) +pCs) ds JrJ s(A—)'"[fGraxls—1) —wls — 1)) +p(s) ]ds} <
0 T

A= (DLg (gl — ) +hy (s — o)) ]ds +

1
Js(l—s)“*lgol(s)[g(zt(s—z') —w(s—)) +h(x—1)—wls—))]ds} <

I'(a — 1)

Jrs(l =)o ([ g(yls — 1)) +h, (s — 7)) Jds +
0
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1
Js(l*s)“ilgol(w[g(Z (s—) "1 —s+))+h (s —1))]ds <

o
(a — 1D

1 .
Foe )T e O — ) Gt o) Tds £
' k
Js(l —s)aflgpl(.\‘)l:g(m(s — ) ' (I —=s+7))+h, &) ]ds <F o (7

Therefore, the operator T is well defined.
Step 2 We show that T:K ) (2,\2,) > K .
For anyy € K ) Q,\2,) . by Lemma 1.2, we have

Lag—1

) P(a)s(l—s)" fGax™ (s —1)) +pCs)]ds,

1
(Tx) () :J G f(s,x™ (s—1)) +,0(S)]ds < J
0

and this implies

ozflj1 ,
- < (1 —s) ! s, (s — s) ds.
| Tz || < ) 05(1 )M fGaa” =) +pls)]ds
Thus, for anyz € [0,1], we deduce that
Lt —0) )
(Tzx) () >J Ws‘(l—s)“ fGaax™ s —1) +pls)]ds =

' —1) TIa) 1
Qo0 P g = Lma o T,

Therefore, T:K (52\(21) —- K.

Step 3 We show that T:K ] (2,\2,) — K is continuous.
Letx, >z asn = in K ) (52\(21) . Thenx,(s) ZTx(s)asn >0, andr; < [z, Il < r,,

ri < | x|l <r,. Like for Eq. (6), for anys € [0,1] , we know that

rilt“’l(l—t) x(t) — (t)>r7l
2(a — 1) o T 90— 1)

Together with (H,) and (H;), we get
| (Tx, () —(Tx)() |=

x, () —w(t) = (1 —1).

1 1
| JG(t,s)[f(s o (s —1) —w(s —1)) +,0(s)]d5*J G, ) f(,aG—1)—awls—1)) er(s)]ds | <<
1
JG(Z,S) | fGox,(s—1) —w(s—1))— f(s,2(s—7) —w(s —1)) | ds <<

"1
7J 2s(1 =) "o (D [ga, s —1) —wls =) +h, (2, —1) —wls — 7)) ]ds <<
F(ll - 1) T

LJ [ S, L
e —1D T.s(l s) 501(5)[5(2(0(_1))(.\ N —s+1)+h, Gry)]ds <+ oo,

With the help of Lebesgue’s dominated convergence theorem and the continuity of f, we have

| Tx, — Tz || > 0asn — oo, thatis, T is continuous.

Step 4 We prove T:K () (52\()1) — K is compact.
First, Eq. (7) indicates that T(K ) Q,\2,)) is uniformly bounded. Next, we show that T(K ()
(62\(21 )) is equicontinuous. Since G (¢,s) is uniformly continuous on[0,1]X[0,1], for anye > 0, there

exists § > 0, for any¢,,¢, € [0,1]and | £, —¢, |< 75 . we have

| G(t1s5) —G(tyss) | << %{Jrgol(s)[g(rj(s — ) +h (s — 7)) ]ds +
0
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1 k
J 01D gle———G =) '"A—s+)+h, Gds) ',
T 2(0_1)

which is well defined by condition (H,). Thus, for anyx € K ) (2,\2,) . we obtain

| (Tx) () — (Tx) () \ng | G(tys5) —G(tyss) ||f(s,7](s—1'))+p(s) | ds +
"1
J | G(1ss) —GUyss) || fGoals—1) —wls —1)) +p(s) | ds <
JT | G(tyss) —Gyss) | ([ g(n(s — o)) +h (s — 7)) ]ds +

"1
J | G(t1vs) —G(ty45) | @1 (D[ g( )(s*r)"fl(lfsvtr))Jrhg(rz)]ds <%+%:€.

L
2(a — 1
As a result, T(K N (@Q,\2,)) is equicontinuous on [ 0,1] . Evidently, T(K N (2,\2,)) is also equicontinuous
on[—17.,0]. Consequently, by means of Arzela-Ascoli theorem, T:K [) @,\2,) — K is completely
continuous, which completes the proof.

Now we give the first result of this work.

Theorem 2.1 Assume that conditions (H,)~(H;) hold. Suppose that
lim h () =0

oo x

(8

then BVP (1) has at least one positive solution.
Proof For anyx € 8Q,, we have | z | =r,. Like for Eq. (6), we get

1

2(a — 1)

Then, we can deduce from Lemma 1. 2 and conditions (H,),(H;) that

() —w() = (11—, t € [0,1].
't 1
(Tx) () :J GUss)[f(sapls — 1)) +p(s) ]ds +J Gy f(sals—1) —wls —1)) +p(s)]ds =

v (1 —)s(1—s) !
E I'(a)

JYG([,S)[][(S,I(S —17)) er(s)]ds 2[ ©:($Dhy, (2 (s — 1) —wls —7))ds =
8

¢ Jﬂ(l—s)r‘gaz(s)m(

— LT ey .
T(a)Jy DO TV Amstods =

d (- >J'y-<1—~>r1 (sH)ds =r, = |z |
D) 2a—D ), 7w = el

thatis, | Tx || = ||z || for any x € 202,.
1
On the other hand, lete > 0 such that eJ s(1—35)"p, (s)ds << T'(a—1) , then (8) yields that there

exists M > 0 such that
hi(x) <Lex,asax > M 9
Choose

. 1 b
J s(1—s)! [g(wy(s — ) +h (5(s — 7)) Jds —|—J s(I—s5)"g, (s)g(ﬁ(s — o) ' —s+1)ds
0 c a—

r, = max{ .

F(a*l)*eJ s —5) o, (s)ds
M+1,r+1};

then for x € 202,, thatis || x || =7,. As in the case of Eq. (6), we have

L

l‘ail(l_t)9 t 6 [031].

1 1
() —w() = A=zl ———t"A —t)e =
a—1 a—

1 2(a — 1)

As a result, from Eq. (9) and condition (H;), we can arrive at
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‘ 1
(Tzx) () :J GUss)[fGsampls —)) +pCs) 1ds +J G ) f(ssals —1) —awls — 1)) +p(s) ]ds <
0 T
1 .
m{JOS(l =)o (D gnls — o)) +h (5 — 7)) Jds +

L)

1
J.\‘(l —.\‘)“7190] D[ gl——G—) "I —s+1))+h, ) ]ds} <
c 2(a — 1)

1

ﬁ{JTs‘(lfs>“71901(s)[g‘(77(5 — o)) +h (s — 7)) ]ds +
a — 0

J'lsu e g T A s o) e ds) <
. 2(a — 1)
ro= 1zl ,¢telo,1],
thatis, | Tx || < [z || for any x € 20,.
Therefore, LLemma 1. 3 together with Lemma 2. 2, asserts that operator T has a fixed point¥ € K
@.\02)) . Owing to

U]

2C(a — 1)
it is easy to see that Eq. (5) is satisfied. Hence, LLemma 2. 1 guarantees that BVP (1) has at least a

F() —w(t) = (1 —¢) >0, €[0,1],

positive solution and our conclusion follows.

In order to present another result of this work, we present the following assumptions:
b
(H,) There exists a subinterval [a s6 ] C (z,1) such thatj s(1—5) ", (s)ds > 0.

(H;) There exists R, == max{k,2¢} such that
I'(a — 1R,

=1,

1

G+J s(1— )7 ()R (R))ds
where

G: :Jrs(l =) 'gnls —)) +h (g(s — 7)) Ids +

)(.3‘—2')“ "(1—s5+7))ds.

f~<1—~>ﬂ (g4
T‘s s o1 (s)g (e —1

Theorem 2.2 Assume that conditions (H,),(H;),(H,) and (H;s) hold. Suppose that

h .
lim "2

x—>+oo x

(10)

then BVP (1) has at least one positive solution.
Proof LetQ, ={x:| x| <R,} . then for any x € 202,. we have || = || =R,. Like for Eq. (6),
we get

1

) — >
x(t) —w(t) a1

t*'(1—t), t € 10,1].

In accordance with (H;) we have

1 JT .
, < ——{| s(1—s5)! ] 5 — s — s
(TI)(t)\F(a_l){os(l s) gol(s)[g(v(s ) +h ((s 7)) ]ds +
"1
Js(lfs)“’lgol(s)[g(%(s*r)‘“(lferr))+hl(x(sfz-))]ds}<
T 2((171)
G 1

1
a1 +F(a—1)J s(I—)"o (sDh (R)Dds < R, = =1,
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and hence, || Tz | < ||z || for any x € aQ,.

On the other hand, define A: = min(s —z)*'(1 —s +7), B: = mint* ' (1 —¢). Choose M* =

s€La.b]

2(a — DI ()
b
ABJ s(1—s) g, (s)ds

t€lasb]

> 0, it follows from Eq. (10) that there exists M > 0 such that

ho(x) < M 2y, asx > M (1)

2M (a — 1
A

r,. As in the case of Eq. (6), we have

Choose R, =max{R,+1,

2

() —w(t) =

2(a — 1)

)+1}. LetQ,={x: |z || <R,}, thenforx € aQ,, thatis || x || =

(1 —1t).,t € [0,1].

As a result, from Eq. (11) and condition (H;), we can deduce

T "1
(Tx) () :J GGl —1)) +pCs) 1ds +J G ) fGals—1) —wls—1)) +p(s)]ds =

b
J G fsals—1) —wls —1)) +p(s)]ds =

J” (1l —)s(1— )t
P I'Ca)

B J"«u—«)ﬂ (ony (K
INCIA R R N IO D

B AR, B

@ ($Dhy (2 (s — 1) —w(s —7))ds =

(s—o) ' —s5s+))ds =

ARZ

b
‘ (1 — ) gy (s)ds =
F(a)hZ(Z(a 1))J“.s(1 ) e, (s)ds =

thatis, | Tx || < |z || for any x € 202.,.

)" 2(a—1D

b
J.\'(l*.\')ailng(S)dS >R, =\lz1,

Consequently, from Lemma 2.2, T has a fixed point ¥ € K ) (2,\2,) . Similar to the end of the

proof of Theorem 2.1, BVP (1) has at least a positive solution and our conclusion follows. The proof is

completed.
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