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带有时滞的分数阶微分方程的边值问题的正解

胡秀林1,张永军2

(1.合肥学院人工智能与大数据学院,安徽合肥230601;2.合肥学院经济与管理学院,安徽合肥230601)

摘要:研究了一类带有多点边值条件的奇异时滞分数阶微分方程的正解的存在性.利用Krasnosel’skii不动

点定理,给出了边值问题正解存在的充分条件.
关键词:奇异分数阶微分方程;边值问题;时滞;正解;不动点定理

0 Introduction
Weareconcerned withtheboundaryvalue

problem (BVP)for the following fractional
functionaldifferentialequations

Dα
0+x(t)+f(t,x(t-τ))=0,t∈ (0,1)\{τ};

x(t)=η(t),t∈ [-τ,0];

x'(0)=0,x(1)=0

􀮦

􀮨
􀮧

􀪁􀪁
􀪁􀪁

(1)

where2<α ≤3isarealnumber,Dα
0+ isthe

Riemann-Liouvillefractionalderivative,thetime



delayτisgivenandsatisfies0<τ <1,η(t)∈
C([-τ,0],RR+),η(t)>0fort∈[-τ,0)andη(0)

=0,η'-(0)=0.f(t,x)∈C((0,1)×(0,+∞),RR)

iscontinuous,maybesingularatt=0,t=1andx=
0,andcantakenegativevalues.Afunctionxis
calledapositivesolutionofBVP (1)ifx(t)is
nonnegativeon[-τ,1],x(t)>0fort∈[-τ,0)∪
(0,1]anditsatisfiesBVP(1).
Fractionaldifferentialequationshaveplayeda

significantroleinengineering,science,economy,

andotherfields.Fordetails,seeRefs.[1-8]and
thereferences cited therein.As animportant
branch of nonlinear analysis,boundary value
problems of fractional functional differential
equationshavealsogainedconsiderableattention
simultaneously(seee.g.Refs.[9-19]).Usingthe
Krasnosel’skiifixedpointtheorem,Su[15]studied
thepositivesolutionstothefollowingsingular
boundaryvalueproblemsforfractionalfunctional
differentialequations
Dαx(t)+f(t,x(t-τ))=0,t∈ (0,1)\{τ};

x(t)=η(t),t∈ [-τ,0];

x(1)=0,

􀮦

􀮨
􀮧

􀪁􀪁
􀪁􀪁

(1)

where1 <α ≤ 2isarealnumber,Dαisthe
Riemann-Liouvillefractionalderivative.Motivated
bytheabovework,wediscusstheexistenceof
positivesolutionsforBVP (1),whichaimsto
extendtheresultsinRef.[15]fromtheloworder
tothehighordercase.BymeansoftheKrasnosel’

skiifixedpointtheorem,twoexistenceresultsof
positive solutions of fractional differential
equationsforBVP (1)areestablished,which
involvesnotonlythepasttimedelaysbutalsothe
fractionalderivativewiththeorder.

Thepaperisorganizedasfollows.InSection
1,we recallsome definitions,lemmas,and
theorems. The main results are stated in
Section2.

1 Preliminaries
Inthissection,severaldefinitionsandlemmas

arereviewedwhichwillbeusedinSection2.

Definition1.1 TheRiemann-Louvillefractional
integraloforderα>0ofafunctionu:(0,+∞)→
RRisgivenby

Iα
0+u(t)=

1
Γ(α)∫

t

0
(t-s)α-1u(s)ds,

providedthattheright-handsideispointwise
definedon(0,+∞).

Definition 1.2  The Riemann-Louville
fractionalderivativeoforderα>0ofafunctionu:
(0,+∞)→RRisgivenby

Dα
0+u(t)=(

d
dt
)nIn-α

0+ u(t)=       

1
Γ(n-α)

(d
dt
)n∫

t

0
(t-s)n-α-1u(s)ds,

wheren=[α]+1,providedthattheright-hand
sideispointwisedefinedon(0,+∞).

Moredetailsonfractionalcalculusandrelated
propertiescanbefoundinRefs.[1-4].

Thefollowingisanexistenceanduniqueness
resultofsolutionforalinearboundary value
problem, which is important for us in the
followinganalysis.

Lemma1.1[12] Leta ∈RR,y ∈C(0,1)∩
L(0,1),2<α≤3.Thentheuniquesolutionof
thefollowingboundaryvalueproblem

Dα
0+x(t)+y(t)=0,t∈ (0,1);

x(0)=x'(0)=0,x(1)=a  (2)

isgivenby

x(t)=atα-1+∫
1

0
G(t,s)y(s)ds

whereG(t,s)isGreenfunctiongivenby
G(t,s)=                
(1-s)α-1tα-1-(t-s)α-1

Γ(α)
,0≤s≤t≤1;

(1-s)α-1tα-1

Γ(α)
,0≤t≤s≤1

􀮠

􀮢

􀮡

􀪁
􀪁􀪁
􀪁
􀪁􀪁

(3)

  Remark1.1 IfG(t,s)isdefinedby(3),
thenG(t,s)≥0fort,s∈ (0,1)andG(0,s)=0,
Gt(0,s)=0.

Lemma1.2[12] TheGreenfunctiondefined
byEq.(3)satisfiesthefollowingproperties:

①
tα-1(1-t)s(1-s)α

Γ(α) ≤ G(t,s) ≤
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(α-1)s(1-s)α-1

Γ(α) =
s(1-s)α-1

Γ(α-1)
,t,s∈ (0,1);

②
tα-1(1-t)s(1-s)α

Γ(α) ≤ G(t,s) ≤

(α-1)tα-1(1-t)
Γ(α) =

tα-1(1-t)
Γ(α-1)

,t,s∈ (0,1).

Thefollowingfixedpointtheoremisthemain
toolinthispaper.

Lemma1.3[20-21] LetX beaBanachspace
andKbeaconeinX.SupposethatΩ1andΩ2are

opensubsetsofXsuchthat0∈Ω1 ⊂Ω2andT:

K ∩ Ω2\Ω1 → K isacompletelycontinuous
operatorsuchthateither

(i)‖Tu‖≤‖u‖foru∈􀆟Ω1and‖Tu‖≥
‖u‖foru∈􀆟Ω2

or
(ii)‖Tu‖≥‖u‖foru∈􀆟Ω1and‖Tu‖≤

‖u‖foru∈􀆟Ω2.

ThenThasafixedpointinK ∩Ω2\Ω1.

2 Themainresults
Inthissection,bymeansoftheKrasnosel’

skiifixedpointtheorem,sufficientconditionsof
existenceofpositivesolutionsforBVP (1)are
established.

DefinetheBanachspace
X ={x(t):x∈C([-τ,1],RR),   
  x(t)=0fort∈ [-τ,0],x(1)=0}

withthenorm‖x‖= sup
t∈[-τ,1]

|x(t)|= sup
t∈[0,1]

|x(t)|.

Definethecone
P={x∈X:x(t)≥0fort∈ [-τ,1]}.

Let

η(t)=
η(t),t∈ [-τ,0];

0,t∈ [0,1]; 
ω(t)=

0,t∈ [-τ,0];

∫
1

0
G(t,s)ρ(s)ds,t∈ [0,1]; 

and,foranyx∈P ,define
x*(t)=max{x(t)+η(t)-ω(t),0}=

η(t),t∈ [-τ,0];

max{x(t)-ω(t),0},t∈ [0,1]. 
  Remark2.1 AccordingtoLemma1.1,the

restrictionω|[0,1]=∫
1

0
G(t,s)ρ(s)dsofωon[0,1]

isexactlythesolutionofBVP
Dα
0+x(t)+ρ(t)=0,t∈ (0,1);

x(0)=x'(0)=0,x(1)=0. 
  Foranyx∈P ,definetheoperatoras
(Tx)(t)=                 
0,t∈ [-τ,0];

∫
1

0
G(t,s)[f(s,x*(s-τ)+ρ(s)]ds,t∈ (0,1] 

(4)

  Lemma1.1andRemark2.1implythatifx􀮨is
afixedpointoftheoperatorT ,x􀮨 satisfiesthe
followingBVP:

Dα
0+x􀮨(t)+f(t,x􀮨*(t-τ))+ρ(t)=0,

     t∈ (0,1)\{τ};

x􀮨(t)=0,t∈ [-τ,0];

x􀮨'(0)=0,x􀮨(1)=0.

􀮠

􀮢

􀮡

􀪁
􀪁􀪁

􀪁
􀪁􀪁

Letx(t)=x􀮨(t)+η(t)-ω(t).Thus,if
x􀮨(t-τ)+η(t-τ)-ω(t-τ)≥0fort∈[0,1]

(5)

x􀮨*(t-τ)=x􀮨(t-τ)+η(t-τ)-ω(t-τ).By
Remark2.1,wehavethefollowinglemma.

Lemma2.1 Assumethatx􀮨(t)isafixed
pointoftheoperatorT ,thenx(t)=x􀮨(t)+η(t)-
ω(t)isapositivesolutionofBVP(1).

Proof FromLemma1.1andRemark2.1,

fort∈ (0,1)\{τ},wehave
Dα
0+x(t)=Dα

0+x􀮨(t)+Dα
0+η(t)-Dα

0+ ω(t)=
[-f(t,x􀮨*(t-τ))-ρ(t)]-(-ρ(t))=

-f(t,x(t-τ)).
Fort∈ [-τ,0],wecanobtain

x(t)=x􀮨(t)+η(t)-ω(t)=η(t).
Next,weshowthatx(t)satisfiestheboundary
conditionsofBVP (1).OwingtoG(0,s)=0,

Gt(0,s)=0,wecandeduce

x(1)=x􀮨(1)+η(1)-ω(1)=

-∫
1

0
G(0,s)ρ(s)ds=0,

and
ω'+(0)=                  

lim
Δt→0+

1
Δt
(∫
1

0
G(Δt,s)ρ(s)ds-∫

1

0
G(0,s)ρ(s)ds)=

lim
Δt→0+∫

1

0

G(Δt,s)-G(0,s)
Δt ρ(s)ds=0,
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whichimpliesthatω'(0)=0.Inview ofthe
conditionη'-(0)=0,bythedefinitionofη(t),we
caneasilydeduceη'(0)=0.Therefore,wehave
x'(0)=x􀮨'(0)+η'(0)-ω'(0)=0.Theproofis
completed.

To proceed, we need the following
assumptions.

(H1)Thereexistsanonnegativefunctionρ∈
C(0,1)∩L(0,1)suchthat

φ2(t)h2(y)≤f(t,y)+ρ(t)≤
φ1(t)[g(y)+h1(y)]

forall(t,y)∈(0,1)×(0,+∞),whereφ1,φ2∈
L(0,1)arenonnegativefort ∈ (0,1),h1,h2 ∈
C([0,+∞),[0,+ ∞))arenon-decreasing,and
g∈C([0,+∞),[0,+∞))isnon-increasing.

(H2)0<∫
τ

0
s(1-s)α-1φ1(s)g(η(s-τ))ds

<+∞ ,andthereexistsaconstantk>0suchthat

∫
1

τ
s(1-s)α-1φ1(s)·           

g(
k

2(α-1)
(s-τ)α-1(1-s+τ))ds<+∞.

  (H3)Thereexistsasubinterval[β,γ]⊂
(τ,1)andaconstantr1=max{k,2c}suchthat

ξ
Γ(α)h2(

σr1
2(α-1)

)∫
γ

β
s(1-s)α-1φ2(s)ds≥r1,

where

ξ=min
t∈[β,γ]

tα-1(1-t),     

σ=min
s∈[β,γ]

(s-τ)α-1(1-s+τ),

c=
α-1
Γ(α-1)∫

1

0
ρ(s)ds<+∞.

  In whatfollows,we willconcentrateour
studyonfindingthefixedpointsoftheoperator

T .Definetheconeasfollows
K =                   

{x∈P:x(t)≥
(1-t)tα-1

α-1
‖x‖fort∈ [0,1]}.

  LetΩ1={x:‖x‖ <r1},Ω2={x:‖x‖ <
r2},wherer2>r1≥max{k,2c}.Then,wecan
provethefollowingpropertyoftheoperatorT .

Lemma2.2 Assumethattheconditions
(H1)and(H2)hold,thentheoperatorT:K ∩
(Ω2\Ω1)→Kiscompletelycontinuous.

Proof Wedividetheproofintothefollowing
foursteps.

Step1 WeshowthattheoperatorTiswell

definedonK ∩ (Ω2\Ω1).

Foranyx ∈ K ∩ (Ω2\Ω1),weknowthat
r1 ≤ ‖x‖ ≤r2,and

x(t)≥
1

α-1
tα-1(1-t)‖x‖ ≥

1
α-1

tα-1(1-t)r1,fort∈ [0,1],

andontheotherhand,from Lemma1.2,we
canobtain

ω(t)≤
α-1
Γ(α)∫

1

0
tα-1(1-t)ρ(s)ds=

1
α-1

tα-1(1-t)c,fort∈ [0,1].

Thus,

x(t)-ω(t)≥
1

α-1
tα-1(1-t)(r1-c)≥

r1
2(α-1)

tα-1(1-t),fort∈ [0,1] (6)

whichtogetherwithLemma1.1andconditions
(H1)and(H2)showsthatfort∈ [0,1]wehave

(Tx)(t)=∫
τ

0
G(t,s)[f(s,η(s-τ))+ρ(s)]ds+∫

1

τ
G(t,s)[f(s,x(s-τ)-ω(s-τ))+ρ(s)]ds≤

α-1
Γ(α)

{∫
τ

0
s(1-s)α-1[f(s,η(s-τ))+ρ(s)]ds+∫

1

τ
s(1-s)α-1[f(s,x(s-τ)-ω(s-τ))+ρ(s)]ds}≤

1
Γ(α-1)∫

τ

0
s(1-s)α-1φ1(s)[g(η(s-τ))+h1(η(s-τ))]ds+

∫
1

τ
s(1-s)α-1φ1(s)[g(x(s-τ)-ω(s-τ))+h1(x(s-τ)-ω(s-τ))]ds}≤

1
Γ(α-1)∫

τ

0
s(1-s)α-1φ1(s)[g(η(s-τ))+h1(η(s-τ))]ds+
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∫
1

τ
s(1-s)α-1φ1(s)[g(

r1
2(α-1)

(s-τ)α-1(1-s+τ))+h1(x(s-τ))]ds≤

1
Γ(α-1)∫

τ

0
s(1-s)α-1φ1(s)[g(η(s-τ))+h1(η(s-τ))]ds+

∫
1

τ
s(1-s)α-1φ1(s)[g(

k
2(α-1)

(s-τ)α-1(1-s+τ))+h1(r1))]ds<+∞ (7)

Therefore,theoperatorTiswelldefined.

Step2 WeshowthatT:K ∩ (Ω2\Ω1)→K .

Foranyy∈K ∩ (Ω2\Ω1),byLemma1.2,wehave

(Tx)(t)=∫
1

0
G(t,s)[f(s,x*(s-τ))+ρ(s)]ds≤∫

1

0

α-1
Γ(α)s

(1-s)α-1[f(s,x*(s-τ))+ρ(s)]ds,

andthisimplies

‖Tx‖ ≤
α-1
Γ(α)∫

1

0
s(1-s)α-1[f(s,x*(s-τ))+ρ(s)]ds.

Thus,foranyt∈ [0,1],wededucethat

(Tx)(t)≥∫
1

0

tα-1(1-t)
Γ(α) s(1-s)α-1[f(s,x*(s-τ))+ρ(s)]ds≥

tα-1(1-t)
Γ(α)

·Γ
(α)

α-1
‖Tx‖=

1
α-1

tα-1(1-t)‖Tx‖.

Therefore,T:K ∩ (Ω2\Ω1)→K .

Step3 WeshowthatT:K ∩ (Ω2\Ω1)→Kiscontinuous.

Letxn →xasn → ∞inK ∩ (Ω2\Ω1).Thenxn(s)→→x(s)asn → ∞ ,andr1 ≤ ‖xn‖ ≤r2,

r1 ≤ ‖x‖ ≤r2.LikeforEq.(6),foranyt∈ [0,1],weknowthat

xn(t)-ω(t)≥
r1

2(α-1)
tα-1(1-t),x(t)-ω(t)≥

r1
2(α-1)

tα-1(1-t).

Togetherwith(H1)and(H2),weget
|(Txn(t))-(Tx)(t)|=                                   

|∫
1

τ
G(t,s)[f(s,xn(s-τ)-ω(s-τ))+ρ(s)]ds-∫

1

τ
G(t,s)[f(s,x(s-τ)-ω(s-τ))+ρ(s)]ds|≤

∫
1

τ
G(t,s)|f(s,xn(s-τ)-ω(s-τ))-f(s,x(s-τ)-ω(s-τ))|ds≤

1
Γ(α-1)∫

1

τ
2s(1-s)α-1φ1(s)[g(xn(s-τ)-ω(s-τ))+h1(xn(s-τ)-ω(s-τ))]ds≤

2
Γ(α-1)∫

1

τ
s(1-s)α-1φ1(s)[g(

k
2(α-1)

)(s-τ)α-1(1-s+τ)+h1(r2)]ds<+∞.

Withthehelpof Lebesgue’sdominatedconvergencetheorem andthecontinuityoff,wehave
‖Txn -Tx‖ →0asn→ ∞ ,thatis,Tiscontinuous.

Step4 WeproveT:K ∩ (Ω2\Ω1)→Kiscompact.

First,Eq.(7)indicatesthatT(K ∩ (Ω2\Ω1))isuniformlybounded.Next,weshowthatT(K ∩
(Ω2\Ω1))isequicontinuous.SinceG(t,s)isuniformlycontinuouson[0,1]×[0,1],foranyε>0,there
existsη>0,foranyt1,t2 ∈ [0,1]and|t1-t2|<η,wehave

|G(t1,s)-G(t2,s)|<
ε
2
{∫

τ

0
φ1(s)[g(η(s-τ))+h1(η(s-τ))]ds+

011 中国科学技术大学学报 第50卷



∫
1

τ
φ1(s)[g(

k
2(α-1)

(s-τ)α-1(1-s+τ))+h1(r2)]ds}-1,

whichiswelldefinedbycondition(H2).Thus,foranyx∈K ∩ (Ω2\Ω1),weobtain

|(Tx)(t1)-(Tx)(t2)|≤∫
τ

0
|G(t1,s)-G(t2,s)||f(s,η(s-τ))+ρ(s)|ds+

∫
1

τ
|G(t1,s)-G(t2,s)||f(s,x(s-τ)-ω(s-τ))+ρ(s)|ds≤

∫
τ

0
|G(t1,s)-G(t2,s)|φ1(s)[g(η(s-τ))+h1(η(s-τ))]ds+

∫
1

τ
|G(t1,s)-G(t2,s)|φ1(s)[g(

k
2(α-1)

(s-τ)α-1(1-s+τ))+h2(r2)]ds<
ε
2+

ε
2=ε.

Asaresult,T(K ∩(Ω2\Ω1))isequicontinuouson[0,1].Evidently,T(K ∩(Ω2\Ω1))isalsoequicontinuous

on[-τ,0].Consequently,by meansofArzela-Ascolitheorem,T:K ∩ (Ω2\Ω1)→ K iscompletely
continuous,whichcompletestheproof.

Nowwegivethefirstresultofthiswork.
Theorem2.1 Assumethatconditions(H1)~(H3)hold.Supposethat

lim
x→+∞

h1(x)
x =0 (8)

thenBVP(1)hasatleastonepositivesolution.
Proof Foranyx∈􀆟Ω1,wehave‖x‖=r1.LikeforEq.(6),weget

x(t)-ω(t)≥
r1

2(α-1)
tα-1(1-t),t∈ [0,1].

Then,wecandeducefromLemma1.2andconditions(H1),(H3)that

(Tx)(t)=∫
τ

0
G(t,s)[f(s,η(s-τ))+ρ(s)]ds+∫

1

τ
G(t,s)[f(s,x(s-τ)-ω(s-τ))+ρ(s)]ds≥

∫
γ

β
G(t,s)[f(s,x(s-τ))+ρ(s)]ds≥∫

γ

β

tα-1(1-t)s(1-s)α-1

Γ(α) φ2(s)h2(x(s-τ)-ω(s-τ))ds≥

ξ
Γ(α)∫

γ

β
s(1-s)α-1φ2(s)h2(

r1
2(α-1)

(s-τ)α-1(1-s+τ))ds≥

ξ
Γ(α)h2(

σr1
2(α-1)

)∫
γ

β
s(1-s)α-1φ2(s)ds≥r1=‖x‖,

thatis,‖Tx‖ ≥ ‖x‖foranyx∈􀆟Ω1.

Ontheotherhand,letε>0suchthatε∫
1

τ
s(1-s)α-1φ1(s)ds<Γ(α-1),then(8)yieldsthatthere

existsM >0suchthat
h1(x)≤εx,asx>M (9)

Choose

r2= max{
∫

τ

0
s(1-s)α-1[g(η(s-τ))+h1(η(s-τ))]ds+∫

1

τ
s(1-s)α-1φ1(s)g(

k
2(α-1)

(s-τ)α-1(1-s+τ))ds

Γ(α-1)-ε∫
1

τ
s(1-s)α-1φ1(s)ds

,

M +1,r1+1};
thenforx∈􀆟Ω2,thatis‖x‖=r2.AsinthecaseofEq.(6),wehave

x(t)-ω(t)≥
1

α-1
tα-1(1-t)‖x‖-

1
α-1

tα-1(1-t)c≥
r2

2(α-1)
tα-1(1-t),t∈ [0,1].

Asaresult,fromEq.(9)andcondition(H1),wecanarriveat
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(Tx)(t)=∫
τ

0
G(t,s)[f(s,η(s-τ))+ρ(s)]ds+∫

1

τ
G(t,s)[f(s,x(s-τ)-ω(s-τ))+ρ(s)]ds≤

1
Γ(α-1)

{∫
τ

0
s(1-s)α-1φ1(s)[g(η(s-τ))+h1(η(s-τ))]ds+

∫
1

τ
s(1-s)α-1φ1(s)[g(

r2
2(α-1)

(s-τ)α-1(1-s+τ))+h1(r2))]ds}≤

1
Γ(α-1)

{∫
τ

0
s(1-s)α-1φ1(s)[g(η(s-τ))+h1(η(s-τ))]ds+

∫
1

τ
s(1-s)α-1φ1(s)[g(

k
2(α-1)

(s-τ)α-1(1-s+τ))+εr2]ds}≤

r2=‖x‖,t∈ [0,1],
thatis,‖Tx‖ ≤ ‖x‖foranyx∈􀆟Ω2.

Therefore,Lemma1.3togetherwithLemma2.2,assertsthatoperatorThasafixedpointx􀮨 ∈K ∩
(Ω2\Ω1).Owingto

x􀮨(t)-ω(t)≥
r1

2(α-1)
tα-1(1-t)>0,t∈ [0,1],

itiseasytoseethatEq.(5)issatisfied.Hence,Lemma2.1guaranteesthatBVP(1)hasatleasta
positivesolutionandourconclusionfollows.

Inordertopresentanotherresultofthiswork,wepresentthefollowingassumptions:

(H4)Thereexistsasubinterval[a,b]⊂ (τ,1)suchthat∫
b

a
s(1-s)α-1φ2(s)ds>0.

(H5)ThereexistsR1 ≥max{k,2c}suchthat
Γ(α-1)R1

G+∫
1

τ
s(1-s)α-1φ1(s)h1(R1)ds

≥1,

where

G:=∫
τ

0
s(1-s)α-1[g(η(s-τ))+h1(η(s-τ))]ds+     

∫
1

τ
s(1-s)α-1φ1(s)g(

k
2(α-1)

(s-τ)α-1(1-s+τ))ds.

  
Theorem2.2 Assumethatconditions(H1),(H2),(H4)and(H5)hold.Supposethat

lim
x→+∞

h2(x)
x =+∞ (10)

thenBVP(1)hasatleastonepositivesolution.
Proof LetΩ1={x:‖x‖ <R1},thenforanyx ∈􀆟Ω1,wehave‖x‖=R1.LikeforEq.(6),

weget

x(t)-ω(t)≥
R1

2(α-1)
tα-1(1-t),t∈ [0,1].

Inaccordancewith(H5)wehave

(Tx)(t)≤
1

Γ(α-1)
{∫

τ

0
s(1-s)α-1φ1(s)[g(η(s-τ))+h1(η(s-τ))]ds+

∫
1

τ
s(1-s)α-1φ1(s)[g(

k
2(α-1)

(s-τ)α-1(1-s+τ))+h1(x(s-τ))]ds}≤

G
Γ(α-1)+

1
Γ(α-1)∫

1

τ
s(1-s)α-1φ1(s)h1(R1)ds≤R1=‖x‖,
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andhence,‖Tx‖ ≤ ‖x‖foranyx∈􀆟Ω1.
Ontheotherhand,defineA:=min

s∈[a,b]
(s-τ)α-1(1-s+τ),B:=min

t∈[a,b]
tα-1(1-t).ChooseM * =

2(α-1)Γ(α)

AB∫
b

a
s(1-s)α-1φ2(s)ds

>0,itfollowsfromEq.(10)thatthereexistsM >0suchthat

h2(x)≤ M *x,asx>M (11)

ChooseR2=max{R1+1,
2M(α-1)

A +1}.LetΩ2={x:‖x‖<R2},thenforx∈􀆟Ω2,thatis‖x‖=

r2.AsinthecaseofEq.(6),wehave

x(t)-ω(t)≥
R2

2(α-1)
tα-1(1-t),t∈ [0,1].

Asaresult,fromEq.(11)andcondition(H1),wecandeduce

(Tx)(t)=∫
τ

0
G(t,s)[f(s,η(s-τ))+ρ(s)]ds+∫

1

τ
G(t,s)[f(s,x(s-τ)-ω(s-τ))+ρ(s)]ds≥

∫
b

a
G(t,s)[f(s,x(s-τ)-ω(s-τ))+ρ(s)]ds≥

∫
b

a

tα-1(1-t)s(1-s)α-1

Γ(α) φ2(s)h2(x(s-τ)-ω(s-τ))ds≥

B
Γ(α)∫

b

a
s(1-s)α-1φ2(s)h2(

R2

2(α-1)
(s-τ)α-1(1-s+τ))ds≥

B
Γ(α)h2(

AR2

2(α-1)
)∫

b

a
s(1-s)α-1φ2(s)ds≥

B
Γ(α)M

* AR2

2(α-1)∫
b

a
s(1-s)α-1φ2(s)ds≥R2=‖x‖,

thatis,‖Tx‖ ≤ ‖x‖foranyx∈􀆟Ω2.

Consequently,fromLemma2.2,Thasafixedpointx􀮨 ∈K ∩ (Ω2\Ω1).Similartotheendofthe
proofofTheorem2.1,BVP(1)hasatleastapositivesolutionandourconclusionfollows.Theproofis
completed.
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