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图的哈密尔顿连通性和从任意点出发都可迹的充分条件

王礼想1,余桂东1,2,徐 弈1

(1.安庆师范大学数理学院,安徽安庆246133;

2.合肥幼儿师范高等专科学校公共教学部,安徽合肥230013)

摘要:图的哈密尔顿路是指通过图的所有顶点的路.如果图G 的任意两点都有一条哈密顿尔路,称此G 为

哈密尔顿连通的.如果图G 从任意点出发都有一条哈密尔顿路,称G 从任意点出发都是可迹的.根据图G
的边数、谱半径和无符号拉普拉斯谱半径,分别给出哈密尔顿连通图以及从任意点出发都可迹图的一些充分

条件.
关键词:哈密尔顿连通;可迹;谱半径;无符号拉普拉斯谱半径



0 Introduction
LetG=(V(G),E(G))beasimpleundirected

graphwithvertexsetV(G)andedgesetE(G),

denotebye(G)=|E(G)|thenumberofedgesof
G .Letvi ∈V(G),wedenotethedegreeofviby
di =dvi =dG(vi),theminimumdegreeofGby
δ(G),thedegreesequenceofGby(d1,d2,…,

dn),whered1 ≤ d2 ≤ … ≤ dn .Thesetof
neighboursofavertexvinG isdenoted by
NG(v).LetKnbeacompletegraphofordern.
LetGandHbetwodisjointgraphs,theunionofG
andH,denotedbyG ∪ H,isthegraphwith
vertexsetV(G)∪V(H)andedgesetE(G)∪
E(H).SpeciallyifG1=G2=…=Gk,wedenote
G1 ∪G2 ∪ … ∪GkbykG1.ThejoinofGandH,

denotedbyG ∨ H,isthegraphobtainedby
joiningeveryvertexofGtoeveryvertexofH .

TheadjacencymatrixofGisdefinedtobea
matrixA(G)=(aij)ofordern,whereaij=1ifviis
adjacenttovj,andaij =0otherwise.Thedegree
matrixofGisdenotedbyD(G)=diag(dG(v1),

dG(v2),…,dG(vn)).ThematrixQ(G)=D(G)+
A(G)iscalledthesignlessLaplacianmatrixofG .
ThelargesteigenvalueofA(G),denotedbyρ(G),

iscalledthespectralradiusofG .Thelargest
eigenvalueofQ(G),denotedbyq(G),iscalledthe
signlessLaplacianspectralradiusofG .

Acycle(path)passingthroughallthevertices
ofagraphiscalledaHamiltoncycle(path).The
graphGissaidtobeHamiltonian(traceable)ifit
containsaHamiltoncycle(path).ThegraphGis
saidtobeHamilton-connectedifanytwovertices
ofGareconnectedbyaHamiltonpath.Thegraph
Gistraceablefromeveryvertexifitcontainsa
HamiltonpathfromeveryvertexofG .Wenote
thatforanintegerk,kK1 ∨KkisnotHamilton-
connectedandkK1 ∨ Kk-1isnottraceablefrom
everyvertex.

Theproblem ofdeciding whetheragiven
graphis Hamiltonian,traceable or Hamilton-
connectedisoneofthe mostdifficultclassical
problemsingraphtheory,whichisinfactNP-

complete.Recentlythereare manyreasonable
sufficientandnecessaryconditionsforagraphto
be Hamiltonian and traceable.Yu and Fan[1]

establishedthespectralconditionsforagraphtobe
Hamilton-connectedintermsofthespectralradius
oftheadjacencymatrixandsignlessLaplacianof
thegraphanditscomplement.Hoetal.[2]gavea
sufficientconditionforagraphtobeHamilton-
connectedintermsofthenumberofedgesofthe
graph.Zhouand Wang[3]showedspectralconditions
foragraphwithminimumdegreeδ(G)≥3tobe
Hamilton-connected and traceable from every
vertexintermsofthespectralradiusandsignless
Laplacianspectralradiusofthegraph.Chenand
Zhang[4]studiedsufficientspectralconditionsfora
graphwithlargeminimumdegreetobeHamilton-
connectedintermsofspectralradius,signless
Laplacianspectralradiusofthegraphandits
complement.

Inthispaper,motivatedbytheideasinRefs.
[3-4],wecontinuetostudytheproblem.Interms
oftheedgenumber,thespectralradiusandthe
signlessLaplacianspectralradiusofagraphwith
minimumdegreeδ(G)≥ 3,weestablishsome
sufficientconditionsforthegraphtobeHamilton-
connected and traceable from every vertex,

respectively.

1 Preliminaries
Wefirstgivesomelemmasthatwillbeused

later.
Lemma1.1[5] LetGbeagraphofordern≥

3withdegreesequence(d1,d2,…,dn),where
d1 ≤d2 ≤ … ≤dn .Ifthereisnointeger2≤

k≤
n
2suchthatdk-1≤kanddn-k≤n-k,thenG

isHamliton-connected.
Lemma1.2[6] LetGbeagraphofordern≥

3.ThenGistraceablefromeveryvertexifandonly
ifG ∨K1isHamliton-connected.

Lemma1.3[7] LetGbeagraphofordern
withδ(G)=δ.Then
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ρ(G)≤
δ-1
2 + 2e(G)-nδ+

(δ+1)2

4 .

  Let

f(x)=
x-1
2 + 2e-nx+

(x+1)2

4
,

itis easy to seethatthefunction f(x)is
decreasinginxforx∈ [k,n-1]withk≥2and
2e≤n(n-1).

Lemma1.4[8] LetG beagraphoforder
n.Then

q(G)≤
2e(G)
n-1+n-2.

2 Mainresults
Theorem2.1 LetGbeaconnectedgraphof

ordern≥6withδ(G)≥3,andonlyonevertexof
degree three when δ(G) = 3.Ife(G) ≥

n2-
11
2n+24

2
,then G is Hamilton-connected

unlessG=4K1 ∨K4,orG=5K1 ∨K5,orG=
6K1 ∨K6.

Proof Supposethate(G)≥
n2-

11
2n+24

2
andGisnotHamilton-connected.Letd=(d1,d2,
…,dn)bethedegreesequenceofG withd1 ≤
d2 ≤ … ≤dnandvibethevertexofdegreedifor
all1≤i≤n.ByLemma1.1,thereisaninteger

2≤k≤
n
2
,suchthatdk-1≤kanddn-k ≤n-k.

Then

2e(G)=∑
n

i=1
di ≤             

(k-1)k+(n-2k+1)(n-k)+k(n-1)=
n2+(1-2k)n+3k2-3k.

Thus
n2+(1-2k)n+3k2-3k≥

2e(G)≥n2-
11
2n+24,

3k2-3k-24≥ (2k-
13
2
)n.

Whenk=2,d1 ≤2,whenk=3,d1 ≤d2 ≤3,

which areinconsistent with theconditions of

theory.Whenk≥4,3k2-3k-24≥(2k-
13
2
)n≥

2k(2k-
13
2
),i.e.k2-10k+24≤0,wehave4≤

k≤6.Thenwediscussthefollowingthreecases.
Case1 Assumek=4.Inthiscasewehave

n≥8.Sincen2-
11
2n+24≤2e(G)≤n2-7n+

36,wealsocangetn≤8.Thusn=8ande(G)=
22,whichimplythedegreesequence(4,4,4,4,

7,7,7,7).Thefourverticesofdegree7mustbe
adjacenttoeveryvertex,sotheyinduceaK4.The
remainingfourverticesnowhavedegree4,sothey
inducea4K1.Thenthegraphmustbe4K1 ∨K4,

whichisnotHamilton-connected.
Case2 Assumek=5.Inthiscasewehave

n≥10.Since

n2-
11
2n+24≤2e(G)≤n2-9n+60,

wealsocangetn≤
72
7 .Thusn=10ande(G)=35,

whichimplythedegreesequence(5,5,5,5,5,

9,9,9,9,9).Thefiveverticesofdegree9must
beadjacenttoeveryvertex,sotheyinduceaK5.
Theremainingfiveverticesnowhavedegree5,so
theyinducea5K1.Thenthegraphmustbe5K1∨
K5,whichisnotHamilton-connected.

Case3 Assumek=6.Inthiscasewehave

n≥12.Sincen2-
11
2n+24≤2e(G)≤n2-11n+

90,wealsocangetn≤12.Thusn=12ande(G)=
51,whichimplythedegreesequence(6,6,6,6,

6,6,11,11,11,11,11,11).Thesixverticesof
degree11mustbeadjacenttoeveryvertex,sothey
induceaK6.Theremainingsixverticesnowhave
degree6,sotheyinducea6K1.Thenthegraph
mustbe6K1 ∨ K6,whichisnot Hamilton-
connected.

Theproofiscompleted.
Theorem2.2 LetGbeaconnectedgraphof

ordern≥6withδ(G)≥3,andonlyonevertexof
degreethreewhenδ(G)=3.

①Ifρ(G)≥1+ n2-
17
2n+28,thenGis
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Hamilton-connected.

②Ifq(G)≥2n-
13
2 +

39
2(n-1)

,thenGis

Hamilton-connected.
Proof ①Supposethat

ρ(G)≥1+ n2-
17
2n+28

andGisnotHamilton-connected.ByLemma1.3,

wehave

1+ n2-
17
2n+28≤ρ(G)≤

1+ 2e(G)-3n+4.

Thuse(G)≥
n2-

11
2n+24

2 .ByTheorem2.1,

G=4K1 ∨K4,orG=5K1 ∨K5,orG=6K1 ∨
K6.Bydirectcalculationρ(4K1 ∨K4)=5.772,

ρ(5K1 ∨K5)=7.3852,ρ(6K1∨K6)=9,which

donotsatisfyρ(G)≥ 1+ n2-
17
2n+28,a

contradiction.

②Supposethatq(G)≥2n-
13
2 +

39
2(n-1)

andGisnotHamilton-connected.ByLemma1.4,

wehave

2n-
13
2+

39
2(n-1)≤q(G)≤

2e(G)
n-1+n-2.

Thuse(G)≥
n2-

11
2n+24

2 .ByTheorem2.1,

G=4K1 ∨K4,orG=5K1 ∨K5,orG=6K1 ∨
K6.Bydirectcalculationq(4K1 ∨ K4)=12,

q(5K1 ∨ K5)=15.4031,q(6K1 ∨ K6)=

11.3383,whichdonotsatisfyq(G)≥2n-
13
2 +

39
2(n-1)

,acontradiction.

Theproofiscompleted.
Chen and Zhang[4] have given sufficient

spectralconditionsforagraphwithlargeminimum
degreeto be Hamilton-connectedin terms of
spectralradiusand signless Laplacian spectral
radiusofthegraph.Weuseclk(G)bethegraph
whichobtainedfromGbysuccessivelyjoiningpairs

ofnonadjacentverticesx,y∈V(G)whosedegree
sumisatleastkuntilnosuchpairremains.

Theorem2.3[4] LetGbeaconnectedgraphof
ordern≥6k2-8k+5withδ(G)≥k≥2.

①If

ρ(G)>                   

k-1
2 + n2-(3k-1)n+

k2+10k-15
4

,

thenGisHamilton-connectedunlesscln+1(G)=K2∨
(Kn-k-1 ∪ Kk-1)orcln+1(G)= Kk ∨ (Kn-2k+1 ∪

Kk-1).

②Ifq(G)>2n -2k -
2

n-1
,thenGis

Hamilton-connected unlesscln+1(G) = K2 ∨
(Kn-k-1 ∨Kk-1)orcln+1(G)=Kk ∨ (Kn-2k+1 ∪

Kk-1).
Remark2.1 WenowcompareTheorems2.2

and2.3whenk=3.
①Ifn>44,weget

k-1
2 + n2-(3k-1)n+

k2+10k-15
4 =

1+ n2-8n+6>1+ n2-
17
2n+28.

  ②Ifn>44,weget

2n-2k-
2

n-1=2n-6-
2

(n-1)>

2n-
13
2+

39
2(n-1)

.

  Thatisto say,Theorem 2.2 improves
Theorem2.3whenk=3,onlyonevertexofdegree
threeandn>44.

ByLemma1.2andTheorem2.1,weobtaina
sufficientconditionforagraphtobetraceablefrom
everyvertex.

Theorem2.4 LetGbeaconnectedgraphof
ordern≥5withδ(G)≥2,andonlyonevertexof
degree two when δ(G) = 2.If e(G) ≥

n2-
11
2n+

39
2

2
,thenGistraceablefrom every

vertexunlessG=4K1∨K3,orG=5K1∨K4,or
G=6K1 ∨K5.

Proof Since|V(G ∨K1)|=n+1,
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e(G ∨K1)=e(G)+n≥
n2-

11
2n+

39
2

2 +n=

(n+1)2-
11
2
(n+1)+24

2
,

andonlyonevertexofdegreethreeinG ∨ K1

whenδ(G)=2.ByTheorem 2.1,G ∨ K1is
Hamilton-connectedunlessG ∨K1=4K1 ∨K4,

orG ∨K1=5K1∨K5,orG∨K1=6K1∨K6.
AccordingtoLemma1.2,Gistraceablefrom
everyvertexunlessG=4K1 ∨K3,orG=5K1∨
K4,orG=6K1 ∨K5.

Theresultfollows.
Theorem2.5 LetGbeaconnectedgraphof

ordern≥5withδ(G)≥2,andonlyonevertexof
degreetwowhenδ(G)=2.

①Ifρ(G)≥
1
2+ n2-

15
2n+

87
4
,thenGis

traceablefromeveryvertex.

②Ifq(G)≥2n-
13
2 +

15
(n-1)

,thenGis

traceablefromeveryvertex.

Proof ① Suppose thatρ(G) ≥
1
2 +

n2-
15
2n+

87
4andGisnottraceablefromevery

vertex.ByLemma1.3,wehave

1
2+ n2-

15
2n+

87
4 ≤ρ(G)≤

1
2+ 2e(G)-2n+

9
4.

Thuse(G)≥
n2-

11
2n+

39
2

2 .ByTheorem2.4,G=

4K1∨K3,orG=5K1∨K4,orG=6K1 ∨K5.
Bydirectcalculationρ(4K1 ∨ K3)=4.6056,

ρ(5K1 ∨K4)=6.2170,ρ(6K1 ∨K5)=7.8310,

whichdonotsatisfy

ρ(G)≥
1
2+ n2-

15
2n+

87
4
,

acontradiction.

②Supposethatq(G)≥2n-
13
2+

15
(n-1)

and

Gisnottraceablefromeveryvertex.ByLemma
1.4,wehave

2n-
13
2+

15
(n-1)≤q(G)≤

2e(G)
n-1+n-2.

Thuse(G)≥
n2-

11
2n+

39
2

2 .ByTheorem2.4,

G=4K1 ∨K3,orG=5K1 ∨K4,orG=6K1 ∨
K5.Bydirectcalculationq(G =4K1 ∨ K3)=
9.7720,q(5K1∨K4)=13.1789,q(6K1∨K5)=

16.5887,whichdonotsatisfyq(G)≥2n-
13
2 +

15
n-1

,acontradiction.

Theproofiscompleted.
Zhou and Wang[3] have given sufficient

spectralconditionsforagraph with minimum
degreeδ(G)≥2tobetraceablefromeveryvertex
interms ofthe spectralradius and signless
Laplacianspectralradiusofthegraph.

Theorem2.6[3] LetGbeaconnectedgraphof
ordern≥5withδ(G)≥2.

① Ifρ(G)≥ n2-6n+15,thenG is
traceablefromeveryvertex.

②Ifq(G)≥2n -6+
10

(n-1)
,thenGis

traceablefromeveryvertex.
Remark2.2 WenowcompareTheorems2.5

and2.6.
①Ifn≥9,weget

n2-6n+15>
1
2+ n2-

15
2n+

87
4.

  ②Ifn≥12,weget

2n-6+
10

(n-1)>
2n-

13
2+

15
(n-1)

.

  Thatistosay,Theorem2.5greatlyimproves
Theorem2.6whenn≥12andδ(G)≥3.
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