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Sufficient conditions for a graph to be Hamilton-connected
and traceable from every vertex
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Abstract: A path passing through all the vertices of a graph is called a Hamilton path. The graph

G is said to be Hamilton-connected if any two vertices of G are connected by a Hamilton path. The

graph G is traceable from any vertex if it contains a Hamilton path from every vertex of G . In

terms of the edge number, the spectral radius and the signless Laplacian spectral radius of a

graph, some sufficient conditions for the graph to be Hamilton-connected and to be traceable

from every vertex were presented, respectively.
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0 Introduction

Let G=(V(G), E(G)) be a simple undirected
graph with vertex set V(G) and edge set E(G),
denote by ¢e(G) =| E(G) | the number of edges of
G .Letv; € V(G) , we denote the degree of v; by
d; =d, =d;(v;), the minimum degree of G by
0(G), the degree sequence of G by (d,, d;, *,
d,), where d, < d, << ++ < d,. The set of
neighbours of a vertex v in G is denoted by
Ni (o) . Let K, be a complete graph of order n .
Let G and H be two disjoint graphs, the union of G
and H, denoted by G U H, is the graph with
vertex set V(G) U V(H) and edge set E(G) U
E(H) . Specially if G, =G, =+ =G, , we denote
G, UG, U UG, bykG,. The join of G and H ,
denoted by G V H., is the graph obtained by
joining every vertex of G to every vertex of H .

The adjacency matrix of G is defined to be a
matrix A(G)=C(a;) of ordern, wherea; =1il v, is
adjacent to v;, and a; = 0 otherwise. The degree
matrix of G is denoted by D(G) = diag(d;(v,),
di(vy) sy dg(v,)) . The matrix Q(G) =D (G) +
A (G) is called the signless Laplacian matrix of G .
The largest eigenvalue of A(G), denoted by p(G)
is called the spectral radius of G . The largest
eigenvalue of Q(G), denoted by ¢(G), is called the
signless Laplacian spectral radius of G .

A cycle(path) passing through all the vertices
of a graph is called a Hamilton cycle (path). The
graph G is said to be Hamiltonian (traceable) if it
contains a Hamilton cycle (path). The graph G is
said to be Hamilton-connected if any two vertices
of G are connected by a Hamilton path. The graph
G is traceable from every vertex if it contains a
Hamilton path from every vertex of G . We note
that for an integer £, kK, V K, is not Hamilton-
connected and kK, V K, , is not traceable from
every vertex.

The problem of deciding whether a given
graph is Hamiltonian, traceable or Hamilton-
connected is one of the most difficult classical

problems in graph theory, which is in fact NP-

complete. Recently there are many reasonable
sufficient and necessary conditions for a graph to
be Hamiltonian and traceable. Yu and Fan"
established the spectral conditions for a graph to be
Hamilton-connected in terms of the spectral radius
of the adjacency matrix and signless Laplacian of
the graph and its complement. Ho et al. " gave a
sufficient condition for a graph to be Hamilton-
connected in terms of the number of edges of the

1 showed spectral conditions

graph. Zhou and Wang"
for a graph with minimum degree §(G) = 3 to be
Hamilton-connected and traceable from every
vertex in terms of the spectral radius and signless
Laplacian spectral radius of the graph. Chen and
Zhang' studied sufficient spectral conditions for a
graph with large minimum degree to be Hamilton-
connected in terms of spectral radius, signless
Laplacian spectral radius of the graph and its
complement.

In this paper, motivated by the ideas in Refs.
[3-4], we continue to study the problem. In terms
of the edge number, the spectral radius and the
signless Laplacian spectral radius of a graph with
minimum degree §(G) = 3, we establish some
sufficient conditions for the graph to be Hamilton-
connected and traceable from

every vertex,

respectively.

1 Preliminaries

We first give some lemmas that will be used
later.

Lemma 1.1  Let G be a graph of order n =
3 with degree sequence (d,, d;.***y d,)s where

d, <d, <+ < d,.If there is no integer 2 <C

bk < — such thatd, , <k andd,, <n—F, thenG

n

2

is Hamliton-connected.
Lemma 1.2 Let G be a graph of order n =

3. Then G is traceable from every vertex if and only

if G V K, is Hamliton-connected.

Lemma 1. 3"

with 6 (G) =6 . Then

Let G be a graph of order n
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o—1 5+ 17
p(G)<2+J26(G)n5+(t).
Let

—1 4+ D?
f(I)IZJrN/Zener(l—Z),

it is easy to see that the function f(x) is

decreasing in x forx € [k, n — 1] withk = 2 and

2e <nn—1).
Lemma 1, 4%

n . Then

Let G be a graph of order

20 (G
(G < 2D
n—1

+n — 2.

2 Main results

Theorem 2. 1
order n — 6 with 6 (G) = 3, and only one vertex of

Let G be a connected graph of

degree three when §(G) = 3. U e(G) =
o1
n“—7n+24

5 , then G is Hamilton-connected

unlessG =4K,; V K, orG=5K,; V K:, orG =
6K, V K.

L
n 27’1

2

and G is not Hamilton-connected. Letd =(d+, d, ,

Proof Suppose that ¢(G) =

-, d,) be the degree sequence of G with d, <<
d, <+ <d, and v; be the vertex of degree d; for

all1 <<i <<n.By Lemma 1. 1, there is an integer

2 k<K ysuch thatd, |, <k andd,, <n—=Fk.

n

2

Then
20(G)=D,d, <

i=1
(bk—Dk+m—2k+Dn—k)+kn—1) =
n® 4+ (1 —2k)n + 3k* — 3k.
Thus
n*+ (1 —2k)n+3k*—3k =

, 11
2¢(G) = n* *?n + 24,

13
3k — 3k — 24 = (2k — ?)n.

Whenk:29 dl <2’ Whenk :37 dl <d2 <3’

which are inconsistent with the conditions of

, 13
theory. When b >4, 3k*—3k —24=> (Zk*?)n =

13
2/2(2/3*?), ie. k2—10k4+24<C0 , we have4 <<

k < 6. Then we discuss the following three cases.

Case 1 Assume £ = 4. In this case we have

) 11
n 28.Sincenzf7n+24<26(G) <n:—Tn+

36, we also can get n < 8. Thus n =8 and ¢ (G) =
22, which imply the degree sequence (4, 4, 4, 4,
7,7, 7, 7). The four vertices of degree 7 must be
adjacent to every vertex, so they induce a K,. The
remaining four vertices now have degree 4, so they
induce a 4K ;. Then the graph must be 4K, V K,
which is not Hamilton-connected.
Case 2

n == 10. Since

Assume £ = 5. In this case we have

11
n? _?77+24<23(G) < n?—9n + 60,

we also can getn << - Thusn=10and e(G) =35,

which imply the degree sequence (5, 5, 5, 5, 5,
9,9, 9,9, 9. The five vertices of degree 9 must
be adjacent to every vertex, so they induce a K.
The remaining five vertices now have degree 5, so
they induce a 5K . Then the graph must be 5K, V
K, which is not Hamilton-connected.

Case 3 Assume £ = 6. In this case we have

11
n = 12.Sincen2*7n+24<Ze(G) <n*—1ln-+

90, we also can getn << 12. Thusn =12 and e (G) =
51, which imply the degree sequence (6, 6, 6, 6,
6,6, 11, 11, 11, 11, 11, 11) . The six vertices of
degree 11 must be adjacent to every vertex, so they
induce a K. The remaining six vertices now have
degree 6, so they induce a 6K,. Then the graph
must be 6K,

connected.

V Kg, which is not Hamilton-

The proof is completed.

Theorem 2, 2
order n == 6 with §(G) = 3,and only one vertex of
degree three when 6(G) =3.

17
O HplG) =1+ /712*?77—0—28, then G is

Let G be a connected graph of
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Hamilton-connected.

39

> vy
@ If ¢(G) = 2n o — 1)

13
5 + , then G is
Hamilton-connected.

Proof (D Suppose that

l 17
o(G) =1+ 7714-28

and G is not Hamilton-connected. By LLemma 1. 3,

we have

17
1+ [n®— 5 +28 < p(G) <

1++/2e(G) —3n + 4.

11
n’ *771 + 24

2
G=4K, V K,,orG=5K, V K;,orG=6K, V
K. By direct calculation p(4K, V K,) =5.772,
(5K, V K;)=7.3852, p(6K, V K;) =9, which

17
do not satisfy p(G) =1 + |n fn+28, a

contradiction.

Thus e(G) = . By Theorem 2. 1,

13 39
= - -
@ Suppose that g(G) = 2n 5 -+ S — 1)

and G is not Hamilton-connected. By Lemma 1. 4,

we have
13 39 Ze(G)
, 11
n’ - + 24

Thus e (G) = . By Theorem 2. 1,

2
G=4K, V K,sorG=5K, V Ks;, orG=6K, V
K;. By direct calculation ¢q(4K, V K, = 12,
q(5K, V K;) = 15.4031, q(6K, V K;) =

13
11. 3383, which do not satisfy ¢(G) = 2n — - +

39
2n — 1)
The proof is completed.

Chen and Zhang' have

spectral conditions for a graph with large minimum

, a contradiction.

given sufficient
degree to be Hamilton-connected in terms of
spectral radius and signless Laplacian spectral
radius of the graph. We use ¢/, (G) be the graph

which obtained from G by successively joining pairs

€ V(G) whose degree
sum is at least £ until no such pair remains.

Theorem 2. 3"

of nonadjacent vertices x, y

Let G be a connected graph of

order n = 6k* — 8k + 5 with 6(G) =k = 2.
ORE
e(G) >
k—l k*+ 10k — 15
+J *(Skfl)n—l—%,

then G is Hamilton-connected unless ¢/, (G)= K, V
(K,ow U Kim) or el (G) = K V (K, U
K, ).

2
1’ then G is

n —

@ If ¢(G) > 2n — 2k —

Hamilton-connected unless ¢/, (G) = K, V
(K, V Kim) orel, oy (G) =K, V (K, 5y U
Koo,

Remark 2.1
and 2. 3 when k& = 3.

@ Ifn > 44, we get

kl+¢ TR LIRS LR “213*15

1+vn" —8n+6 >1+ /nQ—%nJrZS.

@ Ifn > 44, we get

We now compare Theorems 2. 2

Pn— 2k —m L~
" n—1 & (n—1)
13 39
N N TR b

That is to say, Theorem 2. 2 improves
Theorem 2. 3 when £ =3,0nly one vertex of degree
three and n > 44,

By Lemma 1. 2 and Theorem 2.1, we obtain a
sufficient condition for a graph to be traceable from
every vertex.

Theorem 2.4 Let G be a connected graph of
order n =5 with 8(G) = 2, and only one vertex of

degree two when §(G) = 2. If e(G) =
11 39
T’Z) _?T’I +?
5 , then G is traceable from every
vertex unlessG=4K, V K;, orG=5K, V K,, or
G:6K1 \/ KS-

Proof Since | V(G V K,) |=n+1,
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11 39
717*?71—’—7
e(GV K,) =e(G) +n >f+n—

(71+1)2*%(n+1)+24
2

9

and only one vertex of degree three in G V K,
when 6(G) = 2. By Theorem 2. 1, G V K, is
Hamilton-connected unlessG V K, =4K, V K,,
orGV K,=5K, V K;,orGV K, =6K, V K.
According to Lemma 1. 2, G is traceable from
every vertex unless G =4K, V K;, orG=5K, V
K,,orG=6K, V Ks.

The result follows.

Theorem 2. 5
order n = 5 with 6§ (G) = 2, and only one vertex of

Let G be a connected graph of

degree two when 6 (G) =2.

1 15
®H‘O(G)>?+ n’ 7,1_,_ ,thenGis
traceable from every vertex.
13 15
@UqG) =2n—— + ——, thenG is
2 (n—1)

traceable from every vertex.

1

Proof @ Suppose that p(G) = 5 +
15 87
n* — 5N + vy and G is not traceable from every

vertex. By Lemma 1. 3, we have

15
*Jf [n 7”+ < p(G) <

1 . 9
2+J2e<(,> 20+

11 39
712*?774’?
Thuse(G) = 5 . By Theorem 2.4, G =

4K, V K;,orG= 5K, V K, orG= 6K, V K;.
V K;) = 4.6056,
(5K, V K,)=6.2170, p(6K, V K;) =7.8310,
which do not satisfy

By direct calculation p(4K,

1 15 87
~ 2 _ 2 7 _
e(G) 5 + [n " + 1
a contradiction.
. 13 15
@ Suppose that ¢(G) =2n——+-———and
2 (n—0D

G is not traceable from every vertex. By Lemma

1.4, we have

13 15 2¢(G)
e T I
2n 2+(n*1)\q((])\ 1Jrn 2
11 39
n?*?n—ﬁ—?
Thus e (G) = — By Theorem 2. 4,

G:4K1vngorG:5K1VK470rG:6K1V
K;. By direct calculation ¢(G = 4K, V K;) =

16. 5887, which do not satisfy ¢(G) = 2n — — +
15 .
, a contradiction,
n—1
The proof is completed.
Zhou and Wang'® have given sufficient

spectral conditions for a graph with minimum
degree 6 (G) = 2 to be traceable from every vertex
in terms of the spectral radius and signless
Laplacian spectral radius of the graph.

Theorem 2. 6™ LetG be a connected graph of
order n = 5 with 6(G) = 2.

O 1 o(G) = Jnt —6n+15, then G is

traceable from every vertex.

10

- 1o
@ 1 ¢(G) = o1

2n — 6 + , then G is

traceable from every vertex.
Remark 2.2 We now compare Theorems 2.5
and 2. 6.

D Ifn =9, we get
1 15 87
2 __ By 1 = 2 _ Y 20
n 6n + 5>2—|— n 2n—|—4
@ Ifn =12, we get
10 13 15
2n — — n— — 4+ ———r.
" 6+(n*1)> " 2+(n*1)

That is to say, Theorem 2.5 greatly improves
Theorem 2.6 whenn = 12 and 6 (G) = 3.
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