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折叠交叉立方体的2-外边连通度

蔡学鹏,杨 伟

(新疆农业大学数理学院,新疆乌鲁木齐830052)

摘要:g-外边连通度是衡量大型互连网络可靠性和容错性的一个重要参数.设G 是连通图且g 是非负整

数,如果G 中存在某种边子集使得G 删除这种边子集后得到的图不连通并且每个分支至少有g+1个点,
则所有这种边子集中基数最小的边子集的基数称为图G 的g-外边连通度,记作λg(G).由定义可知λ0(G)=
λ(G)并且λ1(G)是图G 的超边连通度.n 维折叠交叉立方体FCQn 是由交叉立方体CQn 增加2n-1 条边后

所得.证明了λ2(FCQn)=3n-1,n≥5.
关键词:交叉立方体;折叠交叉立方体;g-外边连通度;互连网络

0 Introduction
Weconsideronlyfinite,undirected,simple

andconnectedgraphs.Forthegraphdefinitions

andnotationwefollowRef.[1].
LetG=(V,E)beagraphandK⊂V(G),the

neighborhood(neighbors)ofKinG,denotedby
NG(K),isthesetofverticesinG adjacentto



some vertex in K. The edge neighborhood
(neighboringedges)of K in G,denoted by
NEG(K),isthesetofedgesinGincidenttosome
vertexinK.Inparticular,ifK consistsofone
vertexv,weomitthebrackets,andletdG(v)=
|NG(v)|bethedegreeofvinGandNEG[v]=
NEG(v)∪{v}.Ifnoambiguitycanarise,weomit
theindicesandjustwrited (v),N (v)and
N[v],etc.

Theunderlyingtopologyofaninterconnection
networkisusuallypresentedbyaconnectedgraph,

wheretheverticesrepresenttheprocessorsandthe
edgesrepresentthecommunicationlinksinthe
network[2].Theclassicalconnectivityκ(G)and
edgeconnectivityλ(G)arethetwosignificant
factorsfor measuringthereliability andfault
toleranceofthenetwork[3].However,thesetwo
parametershaveanobviousdeficiency,thatis,

theytacitlyassumethateitherallverticesadjacent
tooralledgesincidentwiththesamevertexofG
can potentially fail simultaneously, which is
almost unlikely to happen in the practical
applicationsofnetworks.Consequently,thesetwo
measurements are inaccurate for large-scale
processingsystemsinwhichallprocessorsadjacent
tooralllinksincidentwiththesameprocessor
cannotfailatthesametime.Toaddressthis
deficiency,itwouldseemnaturaltogeneralizethe
notionoftheclassicalconnectivity(resp.edge
connectivity)byimposing someconditions or
restrictionsonthecomponentsofG-S.Harary[4]

firstconsideredthisproblem byintroducingthe
conceptoftheconditionalconnectivity(resp.edge
connectivity).

LetG beagraph,andPagraph-theoretic
property. Harary[4] defined the conditional
connectivityκ(G:P)(resp.edgeconnectivity
λ(G:P))astheminimumcardinalityofasetof
vertices (resp.edges),ifany,whosedeletion
disconnectsGandeveryremainingcomponenthas
propertyP.Subsequently,FbregaandFiol[5-6]

investigated the following kind of conditional
connectivity(resp.edgeconnectivity).

AvertexcutS (resp.edgecut)ofGisa
vertex(resp.edge)setofG suchthatG-Sis
disconnectedortrivial.AvertexcutS (resp.edge
cut)iscalledanRg-vertexcut(resp.Rg-edge
cut),wheregisanon-negativeinteger,ifevery
componentofG-Shasatleastg+1vertices.IfG
hasatleastoneRg-vertexcut(resp.Rg-edgecut),

the g-extra connectivity (resp.g-extra edge
connectivity)ofG,denotedκg(G)(resp.λg(G)),

isthendefinedastheminimumcardinalityoverall
Rg-vertexcuts(resp.Rg-edgecut)ofG.Clearly,
κ0(G)=κ(G)andλ0(G)=λ(G)foranygraphG
thatisnotacompletegraph.Thus,theg-extra
connectivity(resp.g-extraedgeconnectivity)can
beregardedasageneralizationformoftheclassical
connectivity and can provide more accurate
measuresforthereliabilityandthetoleranceofa
large-scaleparallelprocessingsystem.Duringthe
lasttwodecades,amongalargenumberofresults
on a variety kind of conditionalconnectivity
measuresofnetworks (graphs),manyresearch
worksontheg-extraconnectivity(resp.g-extra
edgeconnectivity)ofnetworks(graphs)havebeen
reported,pleaserefertoRefs.[7-27]formore
details.

Then-dimensionalcrossedcubeCQn
[28-30]and

n-dimensional folded hypercube FQn
[31] are

regardedastwoofthemostversatileandefficient
interconnection networksfor parallelcomputer
systems.Basedonthen-dimensionalcrossedcube
andfoldedhypercube,aninterconnectionnetwork
calledfoldedcrossedcube,denotedbyFCQn,was
introducedinRefs.[32-33].Manypropertiesof
foldedcrossedcubehavebeenstudied.Itturnsout
that FCQn is a high-performance-low-cost
architecturewithsomeappealingpropertiessuchas
shortdiameter,shortmeaninternodedistanceand
verylow messagetrafficdensity.Veryrecently,

Pai et al.studied the vertex-transitivity of
FCQn

[34].Forthedetailsoftheresearcheson
FCQnseeRefs.[7,32-34].

Previousresultshaveshownthatκ(FCQn)=
κ0(FCQn)=λ(FCQn)=λ0(FCQn)=n+1forn≥
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2in Ref.[32].In Ref.[7],wedetermined
κ1(FCQn)=λ1(FCQn)=2nforn≥4.Inthis
paper,wewillshowthatλ2(FCQn)=3n-1for
n≥5.

1 Definitionsandlemmas
Definition1.1 Twobinarystringsx=x1x0

andy=y1y0arepairrelated,denotedbyx~y,if
andonlyif(x,y)∈{(00,00),(10,10),(01,11),
(11,01)}.Otherwise,theyarenotpairrelated,

denotedbyx≁y.
Thevertexsetofann-dimensionalcrossed

cubeCQnis{bn-1bn-2…b0|bi∈{0,1},0≤i≤
n-1},andCQnisdefinedinductivelyasfollows.

Definition1.2[28] CQ1isthecompletegraph
ontwoverticeswithlabels0and1.Forn ≥2,

CQnconsistsoftwosubcubesCQ0
n-1andCQ1

n-1

suchthatthe (n-1)thbitofeveryvertexin
CQ0

n-1andCQ1
n-1is0and1,respectively.Two

verticesu=0un-2 …u0 ∈V (CQ0
n-1)andv=

1vn-2…v0∈V(CQ1
n-1)areadjacentinCQnifand

onlyif①un-2=vn-2ifniseven,and②for0≤

i<
n-1
2

,u2i+1u2i~v2i+1v2i.

Fromtheabovedefinition,itisimmediateto
getthefollowingobservation.

Observation 1.1[28]  Two vertices u =
un-1un-2…u0andv=vn-1vn-2…v0ofCQnare
adjacentifandonlyifthereexistsanintegerl,

with1≤l≤n,suchthatthefollowingfour
conditionsaresatisfied:①un-1…ul=vn-1…vl;②
ul-1≠vl-1;③ul-2=vl-2ifliseven;④u2i+1u2i~

v2i+1v2ifor0≤i<
l-1
2 .

Bydefinition,CQnisann-regulargraphwith
2n verticesandn2n-1 edges.Inaddition,CQn

(n≥2)canbepartitionedintotwosub-crossed
cubesCQ0

n-1 and CQ1
n-1,whereCQi

n-1 isthe
subgraphofCQninducedby{iun-2…u0}fori∈
{0,1}.NotethatCQ0

n-1andCQ1
n-1areconnected

byaperfectmatching.
Definition1.3 Then-dimensionalfolded

crossedcube,denotedbyFCQn,isthegraph

obtainedfromthecrossedcubeCQnbyaddingan
edgebetweenanytwocomplementaryverticesx=
xn-1xn-2…x0andx=xn-1xn-2…x0,wherexi=

1-xi.Theseedges,denotedbyM,arecalled
complementaryedgesofFCQn,andtheedgesin

FCQn-Marecalledcrossedges.
Fig.1showsCQ3andFCQ3.Bydefinition,

FCQn is (n +1)-regular with2n verticesand
(n+1)2n-1edges.

Fig.1 CQ3andFCQ3

IftwoverticesuandvinFCQn+1areadjacent
bycrossedgesandtheirleftmostdifferingbit
positionisi,0≤i≤n,wesaythattheyare
adjacentalongdimensioni.Wealsosaythatvis
thei-neighborofu,denotedbyv=ui.Similarly,

weuseuij to denotedthej-neighborofui.
Clearly,uii=u.Theedge(u,ui)∈E(FCQn+1-

M),denotedbyei(u),isreferredtoasai-edgein

FCQn+1-Mincidentwithvertexu.Weusee(u)∈M

todenotedtheedgeinMincidentwithu.
Notethatinan (n+1)-dimensionalfolded

crossed cube FCQn+1 the two isomorphic n-
dimensionalcrossedcubesL=CQ0

nandR=CQ1
n

withrespectivelytheprefixbits0and1ineach
vertex,areconnectedbytwoperfectmatchingsM
andMn,whereMn={(u,un)∈E(FCQn+1)|u∈
V(L),un∈V(R)}.WewriteFCQn+1=LR.

Lemma1.1[30] κ1(CQn)=λ1(CQn)=2n-2
forn≥3.

Lemma1.2[3] CQncontainsnotrianglefor
n≥3.

Ref.[7]provedthefollowinglemma.
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Lemma1.3[7] FCQncontainsnotrianglefor
n≥4.

Forthesakeofconvenience,inthefollowing
discussion,weconsiderFCQn+1ratherthanFCQn.

2 Mainresults
Lemma2.1 LetK beasetofedgesin

FCQn+1=LR,whereL=CQ0
nandR=CQ1

n,

andletKL=K∩E(L),KR=K∩E(R),KMn=

K∩MnandKM =K∩M.If|K|≤3n+1and
thereare neitherisolated verticesnorisolated
edgesinFCQn+1-K,theneveryvertexinL-KL

(resp.R-KR)isconnectedtoavertexinR-KR

(resp.L-KL).
Proof Letu∈V(L-KL).Ifen(u)∉KMnor

e(u)∉KM,thenwearedone.Hence,suppose
thaten(u)∈KMnande(u)∈KM.LetIn={0,1,

2,…,n-1}.SetA={ei(u),en(ui)|i∈In}∩K.
If|A|<n,thenthereissomeisuchthatei(u)∉
Kanden(ui)∉K,thenwearedone.Hence,

supposethat|A|≥n.BecauseFCQn+1 -K
containsnoisolatedvertices,thereissomep∈In

suchthatep(u)∉K.Ifen(up)∉Kore(up)∉K,

wearedone.Hence,supposethaten(up)∈Kand
e(up)∈K.LetB={ej(up),en(upj)|j∈In-
{p}}∩K.If|B|<n-1,thenthereissomej∈
In-{p}suchthatej(up)∉Kanden(upj)∉K,

wearedone.Hence,supposethat|B|≥n-1.
BecauseFCQn+1-K containsnoisolatededges,

thereissomeqsuchthateq(up)∉K.Ifen(upq)

∉K ore(upq)∉K,thenwearedone.Hence,

supposethaten(upq)∈K ande(upq)∈K.For
convenience,letK'={en (u),e(u),en (up),

e(up),en(upq),e(upq)}.NowletC={er(upq),

en(upqr)|r∈In-{p,q}}.Then
|C ∩K|≤|K -(A ∪B ∪K')|≤
(3n+1)-n-(n-1)-6=n-4.

Becausetherearen-2pairsofedgesinC,so
thereexistsapairofedgeser(upq),en(upqr)(r∈
In- {p,q})whichisnotinK.Hence,this
impliesuisconnectedtosomevertexinR-KR.

Inthesameway,wecanprovethatevery

vertexinR -KR isconnectedtoavertexin
L-KL.

Theorem2.1 λ2(FCQn+1)=3n+2forn≥4.
proof Supposen≥4.LetP3beapathof

lengthtwoin FCQn+1.By the definition of
FCQn+1,wemayknowthat|NEFCQn+1

(P3)|=
3n+2.LetY = FCQn+1 -V (P3).Because
|V(P3)|=3andκ(FCQn+1)=n+2≥6,Yis
connected.Furthermore,|V(Y)|=2n+1-3≥3.
Therefore,NEFCQn+1

(P3)isaR2-edgecutof
FCQn+1implyingλ2(FCQn+1)≤3n+2forn≥4.

Next,wewillshowthatλ2(FCQn+1)≥3n+2
forn≥4.LetK beanarbitrarysetofedgesin
FCQn+1suchthat|K|=3n+1andthereare
neitherisolated vertices norisolated edgesin
FCQn+1-K.Toproveλ2(FCQn+1)≥3n+2,it
sufficestoshowthatFCQn+1-Kisconnected.
LetFCQn+1=LR.

LetMifori=0,1,…,n-1besetofedgesin

E(FCQn+1-(Mn∪ M))inwhichthetwoend-
verticesdifferintheleftmosti-bitposition.Note
thatM0,M1,…,Mn andM formapartitionof
E(FCQn+1).If|Mi∩K|≤2foreveryi∈{0,1,

…,n}and|M∩K|≤2,then2(n+2)<3n+1=
|K|forn≥4.Hence,|Mi∩K|≥3forsomei∈
{0,1,…,n}or|M ∩K|≥3.Inaddition,the
verticesofFCQn+1canbelabeledsuchthat

|K ∩ (Mn ∪ M)|≥3.
  Forconvenience,letKL=K∩E(L),KR=

K∩E(R),KMn =K ∩Mn andKM =K ∩M.
Therefore,|KL|+|KR|≤3n+1-3=3n-2.

Since3n-2<4n-4forn≥3,|KL|<2n-2
or|KR|<2n-2.Withoutlossofgenerality,we
supposethat|KL|≤|KR|.Then|KL|<2n-2.
Wedistinguishthefollowingcases.

Case1 TherearenoisolatedverticesinL-
KL.ThenL-KLcontainsnoisolatededgessince
|KL|<2n-2=λ1(L)=λ1(CQn).Hence,L-
KLisconnected.ByusingLemma2.1,every
vertexinR-KRisconnectedtoavertexinL-
KL.ThusFCQn+1-Kisconnected.

Case2 ThereisanisolatedvertexuinL-
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KL.Sinceλ(L-{u})≥κ(L-{u})≥n-1and
|E(L-{u})∩KL|≤|KL|-|NEL(u)|<n-2,

L-KL-{u}isconnected.Next,weonlyneedto
provethatuisconnectedtoavertexinL-KL-{u}

underFCQn+1-K.BecauseFCQn+1-K hasno
isolatedvertices,en(u)∉KMnore(u)∉KM.

Supposethaten(u)∉KMnande(u)∉KM.If
e(un)∉KM oren(u)∉KMn

,wearedone.So,

supposethate(un)∈KM anden(u)∈KMn.Let
NR(u)={un,u}andS={e(un),en(u)}.By
definitionofFCQn+1andLemma1.3,therearein
total|NER({un,u})|=|NER(un)|+|NER(u)|=
n+n=2npairwiseedge-disjointpathsinwhich
eachconnects {un,u}toL-KL - {u}under
FCQn+1 -S.However,thesepathscontainat
most|K|-|KL|-|S|≤(3n+1)-n-2=2n-1
edgesinK.Hence,ucanbeconnectedtoavertex
inL-KL-{u}underFCQn+1-K.

Nextwesupposethat (en (u)∉KMn and
e(u)∈KM)or(en(u)∈KMn ande(u)∉KM).
Withoutlossofgenerality,wesaytheformer.If
e(un)∉KM,thenwearedone.Therefore,we
supposethate (un)∈ KM.Because FCQn+1

containsnoisolatededges,unhasaneighborvin
R-KR.Ifen(v)=(v,vn)∉KMnore(v)=(v,v)

∉KM,thenwearedone.Hence,supposethat
en(v)=(v,vn)∈KMnande(v)=(v,v)∈KM.
Forconvenience,K'={e(u),e(un),en(v),

e(v)}andA = {un,v}.ByLemma1.2and
Definition1.3,thereareintotal
|NER(A)|=|NER-v(un)|+|NER-un

(v)|=
(n-1)+(n-1)=2n-2

pairwiseedge-disjointpathsinwhicheachconnects
AtoL -KL - {u}underFCQn+1 - (K'∪
{en(u)}).However,thesepathscontainatmost
|K|-|KL|-|K'|≤(3n+1)-n-4=2n-3
edgesinK.Hence,ucanbeconnectedtoavertex
inL-KL-{u}underFCQn+1-K.

3 Conclusion
Inthispaper,weconcentrateonanovel

measurementparameterforthereliabilityandthe

toleranceofnetworks:2-extraedgeconnectivity
λ2(G)ofagraphG,whichnotonlycompensates
forsomeshortcomingsbutalsogeneralizesthe
classicaledgeconnectivityλ (G),andsocan
provide more accurate measurement for the
reliabilityandthetoleranceofalarge-scaleparallel
processingsystem.Forthefoldedcrossedcube
FCQn,asignificantvariantofthecrossedcube
CQn,weshowthatλ2(FCQn)=3n-1forn≥5.
Inotherwords,Theresultdeterminesthatatleast
3n-1(n≥5)edgesmustberemovedtodisconnect
then-dimensionalfoldedcrossedcube,provided
thattheremovaloftheseedgesdoesnotisolate
eitheravertexoranedge.Future work will
considertheg-extraedgeconnectivity(g≥3)of
thefoldedcrossedcubeFCQn.
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