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On 2-extra edge connectivity of folded crossed cube
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Abstract: The g-extra edge connectivity is an important parameter in measuring the reliability
and fault tolerance of large interconnection networks. Let G be a connected graph and an integer
g=0, the g-extra edge connectivity of G, denoted by A, (G), is the minimum cardinality of a set
of edges of G, if it exists, whose deletion disconnects G and leaves each remaining component to
have at least g +1 vertices. Note that 1,(G)=A(G) and A,(G) is the super edge connectivity of
G . The n-dimensional folded crossed cube FCQ, is obtained from the crossed cube CQ, by
adding extra 2" ! edges. Here it was proved that A, (FCQ,)=3n—1 for n=5.
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and notation we follow Ref. [1].
Let G=(V,E) be a graph and KCV(G), the
We consider only finite, undirected, simple neighborhood ( neighbors) of K in G, denoted by

0 Introduction

and connected graphs. For the graph definitions N;(K), is the set of vertices in G adjacent to
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in K. The edge
(neighboring edges) of K in G, denoted by

some vertex neighborhood
NE;(K), is the set of edges in G incident to some
vertex in K. In particular, if K consists of one
vertex v, we omit the brackets, and let d; (v) =
IN;(0)| be the degree of v in G and NE;[v]=
NE; () U{v}.
the indices and just write d (v), N (v) and
N[v], etc.

The underlying topology of an interconnection

If no ambiguity can arise, we omit

network is usually presented by a connected graph,
where the vertices represent the processors and the
edges represent the communication links in the

21 The classical connectivity « (G) and

network
edge connectivity A (G ) are the two significant
factors for measuring the reliability and fault
tolerance of the network™ . However, these two
parameters have an obvious deficiency, that is,
they tacitly assume that either all vertices adjacent
to or all edges incident with the same vertex of G
which is

can potentially fail simultaneously,

almost unlikely to happen in the practical
applications of networks. Consequently, these two
measurements are inaccurate for large-scale
processing systems in which all processors adjacent
to or all links incident with the same processor
cannot fail at the same time. To address this
deficiency, it would seem natural to generalize the
notion of the classical connectivity (resp. edge
connectivity) by imposing some conditions or
restrictions on the components of G-S. Harary-"
first considered this problem by introducing the
concept of the conditional connectivity (resp. edge
connectivity).

Let G be a graph, and % a graph-theoretic
property. defined the

connectivity & (G: &) (resp.

Harary-* conditional
edge connectivity
A(G: ?)) as the minimum cardinality of a set of
vertices (resp. edges), if any, whose deletion
disconnects G and every remaining component has
property . Subsequently, Fabrega and Fiol®®
investigated the following kind of conditional

connectivity(resp. edge connectivity).

A vertex cut S (resp. edge cut) of G is a
vertex (resp. edge) set of G such that G-S is
disconnected or trivial. A vertex cut S (resp. edge
cut) is called an R,-vertex cut (resp. R,-edge
cut), where g is a non-negative integer, if every
component of G-S has at least g +1 vertices. If G
has at least one R,-vertex cut(resp. R,-edge cut),
the g-extra connectivity ( resp. g-extra edge
connectivity) of G, denoted «, (G) (resp. A,(G)),
is then defined as the minimum cardinality over all
R ,-vertex cuts(resp. R,-edge cut) of G. Clearly,
k0 (G)=k(G) and A,(G) =A(G) for any graph G
that is not a complete graph. Thus, the g-extra
connectivity (resp. g-extra edge connectivity) can
be regarded as a generalization form of the classical
connectivity and can provide more accurate
measures for the reliability and the tolerance of a
large-scale parallel processing system. During the
last two decades, among a large number of results
on a variety kind of conditional connectivity
measures of networks (graphs), many research
works on the g-extra connectivity (resp. g-extra
edge connectivity) of networks (graphs) have been
reported, please refer to Refs. [ 7-27 ] for more
details.

[28-30] and

The n-dimensional crossed cube CQ,
FQ,P" are

regarded as two of the most versatile and efficient

n-dimensional folded hypercube
interconnection networks for parallel computer
systems. Based on the n-dimensional crossed cube
and folded hypercube, an interconnection network
called folded crossed cube, denoted by FCQ, , was
introduced in Refs. [32-33]. Many properties of
folded crossed cube have been studied. It turns out
that FCQ, 1is a

architecture with some appealing properties such as

high-performance-low-cost

short diameter, short mean internode distance and
very low message traffic density. Very recently,
Pai et al. studied the vertex-transitivity of
FCQ,".
FCQ, see Refs. [7,32-347].

Previous results have shown that x (FCQ, ) =

ko (FCQ,)=A(FCQ,)=A,(FCQ,)=n+1 for n=

For the details of the researches on
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2 in Ref. [327]. In Ref. [ 7], we determined
k, (FCQ,)= X, (FCQ,) =2n for n =4, In this
paper, we will show that A, (FCQ,)=3n —1 for
n=5.

1 Definitions and lemmas

Definition 1.1 Two binary strings x =x,x,
and y =y, y, are pair related, denoted by x~y, if
and only if (x,y) € {(00,00),(10,10),(01,11),
(11,01)}. Otherwise, they are not pair related,
denoted by x7y.

The vertex set of an n-dimensional crossed
cube CQ, is {b,—1b,—y by | b, € {0,1},0<i <
n—1}, and CQ, is defined inductively as follows.

Definition 1.2} CQ, is the complete graph
on two vertices with labels 0 and 1. For n =2,
CQ, consists of two subcubes CQ’_, and CQ!_,
such that the (n — 1) th bit of every vertex in
CQY | and CQ! | is 0 and 1, respectively. Two
vertices u = Ou,—, = u, € V(CQ,)-,) and v =
lv, 5,0, €V (CQ) ;) are adjacent in CQ, if and
onlyif © u, ,=wv, ,if n is even, and @ for 0<<C

n—1

i< 2

J’ Ugit1Uz "7 V2i+1UV2 .

From the above definition, it is immediate to
get the following observation.
Observation 1, 1% Two vertices u =
Uy U, 2 Uy and v = v, 1U,_» *** v, of CQ, are
adjacent if and only if there exists an integer [/,
with 1 <</ <<, such that the following four

=Un,—1°""Us 3 @

Ui 17,13 ®u172:‘vl*2 if [ is even; @u2;’+1u2iN

conditions are satisfied: Qu,—_, ** u,

[—1
Uyt Uy fOr O<Z<|_?J

By definition, CQ, is an n-regular graph with
In addition, CQ,
(n==2) can be partitioned into two sub-crossed
cubes CQ’_; and CQ!_,, where CQ!_, is the
subgraph of CQ, induced by {iu, , u,} for i €
{0,1}. Note that CQ?_, and CQ}_, are connected

2" vertices and n2" ! edges.

by a perfect matching.
Definition 1. 3 The n-dimensional folded
crossed cube, denoted by FCQ,, is the graph

obtained from the crossed cube CQ, by adding an
edge between any two complementary vertices x =
Ty Xpsxoand x=x, 2, 2°*xys where x;, =
These edges, denoted by M. are called
complementary edges of FCQ,, and the edges in
FCQ, —M are called cross edges.

Fig. 1 shows CQ; and FCQ;. By definition,
FCQ, is (n + 1)-regular with 2" vertices and
(n+1)2""" edges.

1— x;.

(a) CO, (b) FCQ,
Fig.1 CQ; and FCQ;

If two vertices u and v in FCQ, ., are adjacent
by cross edges and their leftmost differing bit
position is i, 0 << i <X n, we say that they are
adjacent along dimension i. We also say that v is
the i-neighbor of u, denoted by v=u,. Similarly,
we use u,; to denoted the j-neighbor of u,.
Clearly, u;=u. The edge (u,u;) € E(FCQ,., —
M), denoted by e, (u), is referred to as a i-edge in
FCQ, ., —M incident with vertex u. We use e(u) €M

to denoted the edge in M incident with u.

Note that in an (n + 1)-dimensional folded
crossed cube FCQ,., the two isomorphic n-
dimensional crossed cubes L = CQ! and R = CQ!
with respectively the prefix bits 0 and 1 in each

vertex, are connected by two perfect matchings M
and M, , where M, ={(u, u,) €EE(FCQ,+,)u€
VL), u, €V(R)}. We write FCQ, ., =L®R.
Lemma 1. 157 £, (CQ,)=21,(CQ,)=2n—2
for n=3.
Lemma 1, 25
n=3.

Ref. [7] proved the following lemma.

CQ, contains no triangle for



% 2H

On 2-extra edge connectivity of folded crossed cube 97

Lemma 1. 3™
n=4.

For the sake of convenience, in the following

FCQ), contains no triangle for

discussion, we consider FCQ), , rather than FCQ,.

2 Main results

Lemma 2.1 Let K be a set of edges in
FCQ, ., =L®R, where L =CQ° and R =CQ!,

and let K, =KNE(L), Kx=KNE(R), Ky =
KNM, and Ky =K NM. If |K|[<3n+1 and
there are neither isolated vertices nor isolated
edges in FCQ, , —K , then every vertex in L — K
(resp. R—Ky) is connected to a vertex in R — Ky
(resp. L—K ).

Proof Letu&V(L—K,). Ife,,(u)GEKM” or
e(u) & Ky, then we are done. Hence, suppose
that ¢, (u) € K and e(u)E Ky, Let I,={0,1,
2,on—1}). Set A={e; (u), e, (u]i€l,}NK.
If |A|<n, then there is some 7 such that ¢; (u) &
K and ¢, (u;) ¢ K, then we are done. Hence,
Because FCQ,., — K
contains no isolated vertices, there is some p € I,
such thate, (W) K. Ife,(u,) &K oreu,) €K,
we are done. Hence, suppose that e, (u,) € K and
e(u,)EK. Let B={e; (u,)s e, (u,d)l j€I,—
{p}'NK. If |B|<<n—1, then there is some j €
I,—{p} such that e¢; (u,) & K and ¢, (u,;) ¢ K,

we are done. Hence, suppose that | B | =n —1.

suppose that | A | = n.

Because FCQ,., — K contains no isolated edges,
there is some ¢ such that e, (u,) € K. If e,(u,,)
€K or e(u,) & K, then we are done. Hence,
suppose that e, (u,,) € K and e (u,,) € K. For
convenience, let K' = {e, (u)se (u),e, Cu,)s
eCu,)ve, (up)se(u,)t. Now let C={e, (u,,),
e,,(u,)q,,)| rel,—{p,q}). Then

I CNKI|I<|K—(AUBUK"I<

@Bn+1D—n——1)—6=n—4.
Because there are n — 2 pairs of edges in C, so
there exists a pair of edges e, (u,,) s e,(u,,) (r&
I,— {p,q}) which is not in K. Hence, this
implies u is connected to some vertex in R —Ky.

In the same way, we can prove that every

vertex in R — Kx is connected to a vertex in
L—K,.

Theorem 2.1 A, (FCQ,+,)=23n-+2 for n=>4.

proof Suppose n =>4, Let P, be a path of
length two in FCQ,.;. By the definition of
FCQ, . we may know that \NEH;Q”H (P, | =
3n+2. Let Y = FCQ,-, — V (Py).
|[V(P,)|=3 and « (FCQ,-,) =n+2=>6, Y is
connected, Furthermore, |V (Y)|=2"""—3=3,
Therefore, NErcq, , (P3) is a R,-edge cut of
FCQ, ., implying A, (FCQ, .,)<3n+2 for n=>4.

Next, we will show that 1, (FCQ, ,)=3n+2
for n =4. Let K be an arbitrary set of edges in
FCQ,., such that | K | =3n + 1 and there are
neither isolated vertices nor isolated edges in
FCQ,,,— K. To prove A, (FCQ,,)=3n+2, it
suffices to show that FCQ,,, — K is connected.
Let FCQ, , =L®@R.

Let M, for i=0,1,,n—1 be set of edges in
E(FCQ,., — (M, U M) in which the two end-
vertices differ in the leftmost i-bit position. Note
that My, M, , -+
E(FCQ, ). If IM, NK |<<2 for every i €{0,1,
«=«,n} and \MﬂK |<<2, then 2(n+2)<< 3n+1=
| K| for n==4. Hence, |M, K |>=3 for some i €
{0,1,+sn} or IMNK|=3. In addition, the
vertices of FCQ,., can be labeled such that

KN M, UM =3

For convenience, let K, =K NE(L),K; =
KNE(R),Ky =K NM, and Ky = K N M.
Therefore, |K; |+ |Krl<<3n+1—3=3n—2.

Since 3n —2<4n—4 for n=3, |K,.|<2n—2

Because

, M, and M form a partition of

or |Kx|<C 2n—2. Without loss of generality, we
suppose that |K; |<<|Kg|. Then| K, |<2n—2.
We distinguish the following cases.

Case 1 There are no isolated vertices in L. —
K. Then L —K contains no isolated edges since
|IK, |<<2n—2=2x,(L)=2A,(CQ,). Hence, L —
K, is connected. By using Lemma 2. 1, every
vertex in R — K is connected to a vertex in L —

K,. Thus FCQ, , —K is connected.

Case 2 There is an isolated vertex u in L —
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K,. Since A(L —{u}) =k (L —{u})=n—1 and
IECL—{upDNK, [<|IK, | —INE, (u)|<n—2,
L—K,—{u} is connected. Next, we only need to
prove that u is connected to a vertex in L —K, —{u}
under FCQ,.; — K. Because FCQ,.; — K has no
isolated vertices, e, (u) & Ky or e(u) & K.

Suppose that e, (u) & Ky and e(u) ¢ Ky I
e(u, )& Ky or e, (u) & Ky » we are done. So,
suppose that e (u,) € K3 and e, (u) € Ky . Let
NeCu)={u,,u) and S="{e(u,), e, (u)}. By
definition of FCQ, ., and Lemma 1. 3, there are in
total | NEgx ({u, su}) | =|NEg (u,) |+ NEx Q) | =
n+n = 2n pairwise edge-disjoint paths in which
each connects {u,,u} to L — K, — {u} under
FCQ,., —S. However, these paths contain at
most |[K|— K, |—[S|<Bn+1)—n—2=2n—1
edges in K. Hence, u can be connected to a vertex
in L—K, —{u} under FCQ,., — K.

Next we suppose that (e, (u) €& KM” and
e(u)EKy) or (e, (u) €Ky and e (u) & Ky).
Without loss of generality, we say the former. If
e(u,)¥¢ Kw» then we are done. Therefore, we
Because FCQ, .,
contains no isolated edges, u, has a neighbor v in
R—Ky. e, (v)=C(v,0,)¢Ky ore(v)="(v,v)
¢ K3, then we are done. Hence, suppose that
e,(v)=(v,v,) €Ky and e(v) = (v,v) € Ky.
For convenience, K = {e(u), ¢ (u,)s e, (v),
e(v)) and A = {u,s v).
Definition 1. 3, there are in total

| NEx(A) [=] NEg . («,) |+| NEg, (v) |=
m—D+m—1)=2n—2
pairwise edge-disjoint paths in which each connects
Ato L —K, —{u} under FCQ,., — (K" U
{e,(u)}). However, these paths contain at most
|IK| =K, | =K' |<@n+1)—n—4=2n—3
edges in K. Hence, u can be connected to a vertex

in L—K; —{u} under FCQ,.,— K.

suppose that e (u,) € Ki.

By Lemma 1. 2 and

3 Conclusion

In this paper, we concentrate on a novel

measurement parameter for the reliability and the

tolerance of networks: 2-extra edge connectivity
A, (G) of a graph G, which not only compensates
for some shortcomings but also generalizes the
classical edge connectivity A (G ), and so can

provide more accurate measurement for the

reliability and the tolerance of a large-scale parallel
processing system. For the folded crossed cube
FCQ, . a significant variant of the crossed cube
CQ, s we show that A, (FCQ,)=3n—1 for n=5.
In other words, The result determines that at least
3n—1(n=5) edges must be removed to disconnect
the n-dimensional folded crossed cube, provided
that the removal of these edges does not isolate

either a vertex or an edge. Future work will

consider the g-extra edge connectivity (g=3) of
the folded crossed cube FCQ,.
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