
第50卷第2期 Vol.50,No.2
2020年2月 JOURNALOFUNIVERSITYOFSCIENCEANDTECHNOLOGYOFCHINA Feb.2020

文章编号:0253-2778(2020)02-0087-07

  Received:2019-12-02;Revised:2020-02-10
Foundationitem:Supportedby NNSFofChina(11931009,11971450),AnhuiInitiativein Quantum Information Technologies

(AHY150200),theFundamentalResearchFundsfortheCentralUniversities.
Biography:FENGYu,male,bornin1990,PhDcandidate.Researchfield:Differentialgeometry.E-mail:yuf@mail.ustc.edu.cn
Correspondingauthor:XUBin,PhD/associateProf.E-mail:bxu@ustc.edu.cn

Characterizingisolatedsingularitiesofconformalhyperbolicmetrics

FENGYu,SHIYiqian,XUBin
(CASWuWen-TsunKeyLaboratoryofMathematics,SchoolofMathematicalSciences,

UniversityofScienceandTechnologyofChina,Hefei230026,China)

Abstract:Theexplicitlocalmodelswereclassifiedforisolatedsingularitiesofcomplexone-
dimensionalhyperbolicmetricsbycomplexanalysis,whichisinterestinginitsownwayand
couldpotentiallybeextendedtohigherdimensionalcases.
Keywords:conformalhyperbolicmetrics;conicalsingularity;cuspsingularity;developingmap
CLCnumber:O186.1   Documentcode:A  doi:10.3969/j.issn.0253-2778.2020.02.001
2010MathematicsSubjectClassification:Primary51M10;Secondary34M35

Citation: FENGYu,SHIYiqian,XUBin.Characterizingisolatedsingularitiesofconformalhyperbolicmetrics
[J].JournalofUniversityofScienceandTechnologyofChina,2020,50(2):87-93.
冯宇,史毅茜,许斌.刻画共形双曲度量的孤立奇点[J].中国科学技术大学学报,2020,50(2):87-93.

刻画共形双曲度量的孤立奇点

冯 宇,史毅茜,许 斌

(中国科学技术大学数学科学学院中科院吴文俊数学重点实验室,安徽合肥230026)

摘要:利用复分析方法给出了共形双曲度量的孤立奇点的局部模型.这种方法本身有趣,并且有可能推广到

高维的情况.
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0 Introduction
Let Σ be a Riemann surface and D=

∑
∞

i=1

(θi-1)piaRR-divisoronΣsuchthat0≤θi≠

1,where{pi}∞i=1 ⊂Σisacloseddiscretesubset.
Wedenoteby M(Σ)thesetofC∞ conformal
metricsofconstantcurvature-1onaRiemann
surfaceΣ.Wecalldσ2 a (singular)conformal
hyperbolicmetricrepresentingDifandonlyif

①dσ2 ∈ M(Σ\suppD),wheresuppD =

{p1,…,pn,…}.
②Ifθi >0,thendσ2hasaconicalsingularity

atpi withconeangle2πθi > 0.Thatis,ina
neighborhoodUofpi,dσ2=e2u|dz|2,wherezisa
complexcoordinateofU withz(pi)=0andu -
(θi-1)ln|z|extendstoacontinuousfunctioninU .

③Ifθi=0,thendσ2hasacuspsingularityat

pi .Thatis,inaneighborhoodV ofpi,dσ2=
e2u|dz|2,wherezisacomplexcoordinateofV
withz(pi)=0andu+ln|z|+ln(-ln|z|)



extendstoacontinuousfunctioninV .
Therehavebeensomestudiesonthelocal

behaviorofaconformalhyperbolicmetricnearan
isolatedsingularity.Nitsche[1],Heins[2],Chou
andWan[3-4]provedthatanisolatedsingularityofa
conformalhyperbolic metric must beeithera
conicalsingularityoracuspone.Theyallobtained
theresult by studying the behaviour ofthe
solutionsoftheLiouvilleequation

Δu=e2u

nearisolatedsingularities.Yamada[5]considered
thesameproblemfromtheperspectiveofcomplex
analysis.However,allofthem only gavean
asymptoticmodelforahyperbolicmetricnearan
isolatedsingularity. We wantto seekforan
explicitlocalmodel.

Forthispurpose,someexplorations were
done.Firstly,inRef.[6],byusingPDEsthe
authorsprovedthefollowinglemma:

Lemma 0.1  Let dσ2 be a conformal
hyperbolicmetriconaRiemannsurfaceΣ,and

supposedσ2representsadivisorD=∑
∞

i=1

(θi-1)pi,

0≤θi ≠1.SupposethatF:Σ\suppD → DDisa
developing map ofdσ2.Then the Schwarzian

derivative {F,z}=
F‴(z)
F'(z) -

3
2

F″(z)
F'(z)  

2

of

Fequals

{F,z}=
1-θi

2

2z2 +
di

z +ϕi(z)

inaneighborhoodUiofpiwithcomplexcoordinate
zandz(pi)=0,wherediareconstantsandϕiare
holomorphicfunctionsinUi,dependingonthe
complexcoordinatez.

BasedonLemma0.1,weobtainedthelocal
expressions of developing maps near isolated
singularitiesofhyperbolicmetrics(seeRef.[7,

Lemma2.4]).Inthisprocess,wesolveda
Fuchsianequationofsecondorder.Usingthese
expressions,wefinallygotthelocalmodelofa
singularconformalhyperbolicmetric.Therefore,

thisproofprocesshassometwistsandturns.
AfterreadingRef.[5],wespeculatedthatthere

shouldbeadirectproofusingcomplexanalysis
only,which motivatedthis manuscript.Inthis
note,wecompletethismodestproject.

Belowwepresentthemainresultofthisnote.
Theorem 0.1[7,Theorem1.2]  Let dσ2 be a

conformalhyperbolicmetriconthepunctureddisk
DD *={w ∈CC|0<|w|<1}.Then0iseithera
conicalsingularityoracuspsingularityofdσ2.If
dσ2hasaconicalsingularityatw=0withtheangle
2πα>0,thenthereexistsacomplexcoordinatez
onΔε ={w ∈CC||w|<ε}forsomeε>0with
z(0)=0suchthat

dσ2|Δε =
4α2|z|2α-2

1-|z|2α  2|
dz|2.

Moreover,zisuniqueuptoreplacementbyλz
where|λ|=1.Ifdσ2hasacuspsingularityatw=
0,thenthereexistsacomplexcoordinatezonΔε=
{w ∈CC||w|<ε}forsomeε>0withz(0)=0
suchthat

dσ2|Δε =|z|-2ln|z|  -2|dz|2.
Moreover,zisuniqueuptoreplacementbyλz
where|λ|=1.

FromtheproofofTheorem 0.1,wecan
directlyobtainthelocalexpressionsofdeveloping
mapsnearisolatedsingularitiesofthemetrics.

Theorem0.2 LetF:Σ\suppD → DDbea
developing map of the singular conformal
hyperbolicmetricdσ2representingD .Ifpisa
conicalsingularity ofdσ2,thenthereexistsa
neighborhoodUofpwithcomplexcoordinatezand
L∈PSU(1,1)suchthatz(p)=0andG=L􀳱Fhas
theformG(z)=zα .Ifqisacuspsingularityof
dσ2,weassumeF:Σ\suppD→HHforconvenience,

whereHHistheupperhalf-plane modelofthe
hyperbolicplane,thenthereexistsaneighborhood
V ofq with complex coordinatez and L ∈
PSL(2,RR),suchthatz(q)=0andG=L􀳱Fhas

theformG(z)=- -1logz.
Moreover,theproofprocessofTheorem0.1

providesa possible approach to studying the
codimension-one singularities of complex
hyperbolicmetricsinhigherdimension.Weshall
investigatethefollowing problem in the near
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future.
Problem 0.1  Whatis the asymptotic

behavior of a complex hyperbolic metric on
DD×…×DD􀮩 􀮫􀮪􀪁􀪁􀪁 􀪁􀪁􀪁

n

\{z1z2…zn =0}forn≥2?

Weorganizetheleftpartofthemanuscriptas
follows.In Section1,weatfirstgivesome
knowledgeofhyperbolicgeometrythatweneedto
use.Thenwestatethedefinitionandpropertiesof
developing maps.Section 2isthe proofsfor
Theorem0.1andTheorem0.2.

1 Preliminaries
1.1 Conformalisometriesofthehyperbolicplane

Wewillwork withboththePoincarédisk
model

DD={z∈CC:|z|<1},dσ2DD=
4|dz|2
(1-|z|2)2  

andtheupperhalf-planemodel

HH={z∈CC:Imz>0},dσ2HH=
|dz|2
(Imz)2  

ofthehyperbolicplaneatconvenience.Wedenote

PSU(1,1)={z
az+b
bz+a

:a,b∈CC,

|a|2-|b|2=1}

and

PSL(2,RR)={z
az+b
cz+d

:a,b,c,d∈RR,

ad-bc=1}

thegroupofallorientation-preservingisometries
ofDDandHH,respectively.

Definition1.1[8] IfL,K∈I(DD)andL is
nottheidentitymapofDD,thenL hasafixed
pointinDD,whereI(DD)istheisometrygroupof
DD.ThetransformationLissaidtobe

①ellipticifLfixesapointofDD;

②parabolicifLfixesnopointofDDandfixesa
uniquepointof􀆟DD;

③hyperbolicifLfixesnopointofDDandfixes
twopointsof􀆟DD.

Lemma1.1[9-10] InthePoincarédiskmodel
DD,ifL∈PSU(1,1)iselliptic,thenthereexists
K∈PSU(1,1)suchthatK􀳱L􀳱K-1(z)=eiθzfor
somerealnumberθ.Intheupperhalf-planemodel

HH,ifL ∈ PSL(2,RR)isparabolic,thenthere
existsK∈PSL(2,RR)suchthatK􀳱L􀳱K-1(z)=z+
tforsomerealnumbert.Intheupperhalf-plane
modelHH,ifL∈PSL(2,RR)ishyperbolic,then
thereexistsK∈ PSL(2,RR)suchthatK􀳱L􀳱
K-1(z)=λzforsomepositiverealnumberλ.

Lemma1.2[9,Theorem4.16] Letf:HH → HHbe
holomorphic.Iffisahomeomorphism,thenf ∈
PSL(2,RR).Iffisnotahomeomorphism,then
dHH (f(z1),f(z2))<dHH (z1,z2)foralldistinct
z1,z2 ∈ HH,wheredHH denotesthehyperbolic
distanceofHH.

Lemma1.3[10] ForanyisometryLletmbe
theinfimumofdHH (z,Lz)takenwithrespectto
z∈HH.ThenLishyperbolicifandonlyifm >0;
ifm =0,thenLisellipticwhenmisattainedand
parabolicwhenmisnotattained.
1.2 Developingmap

Amulti-valuedlocallyunivalentmeromorphic
functionFonaRiemannsurfaceΣissaidtobe
projectiveifanytwofunctionelementsF1,F2ofF
nearapointp∈Σarerelatedbyafractionallinear
transformationL∈PGL(2,CC),i.e.,F1=L􀳱F2.

Definition1.2 Letdσ2 beaconformal
hyperbolic metriconaRiemannsurfaceΣ,not
necessarilycompact,representingthedivisorD .
WecallaprojectivefunctionF:Σ\suppD → DDa
developingmapofthemetricdσ2ifdσ2=F*dσ2DD ,

wheredσ2DD =
|dz|2

(1-|z|2)2
isthehyperbolicmetric

ontheunitdiscDD.AndFcanalsobeviewedasa

locallyschlichtholomorphicfunctionfromΣ􀮨toDD,

whereΣ􀮨istheuniversalcoverofΣ\suppD .
Lemma1.4[7,Lemma2.1andLemma2.2] Letdσ2bea

conformalhyperbolicmetriconaRiemannsurface
Σ,representingthedivisorD .Thenthereexistsa
developingmapFfromΣ\suppDtotheunitdiscDD
such that the monodromy of F belongs to
PSU(1,1)and

dσ2=F*dσ2DD ,

wheredσ2DD =
|dz|2

(1-|z|2)2
isthehyperbolicmetric

onDD.Moreover,anytwodevelopingmapsF1,F2
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ofthemetricdσ2arerelatedbyafractionallinear
transformationL∈PSU(1,1),i.e.,F2=L􀳱F1.

Remark1.1 Thereexistsananalogueofthe
abovelemmaontheupperhalf-planemodelHH.

2 ProofsforTheorem0.1andTheorem
0.2
Letdσ2 ∈ M(DD*)andHHbetheupperhalf-

plane.Considertheuniversalcoveringfrom HHto

DD*,z eiz,whosecoveringgroupΓisgenerated

byτ(z)=z+2π.Since(eiz)*dσ2∈M(HH),there
existsalocallyschlichtholomorphicfunctionf
fromHHtoDDsuchthat(eiz)*dσ2=f*dσ2DDbyLemma
1.4. Moreover, we obtain the monodromy
homomorphismM:Γ→PSU(1,1).Sowehavef􀳱
τ=M(τ)􀳱f,setL=M(τ).

Lemma2.1[5,Lemma7] Lisnotahyperbolic
transformation.

Proof ByLemma1.2,

dDD (f(z),L􀳱f(z))=          
dDD (f(z),f(z+2π))≤dHH (z,z+2π).

  Letz=iy,γ(t)=t+iy,0≤t≤2π.Then
thelengthofγ(t)equals

l(γ(t))=∫
2π

0

1
y
dt=

2π
y

.

SodHH (z,z+2π)→0asy →+ ∞ .Hencem=
infdDD (z,L􀳱z)=0,LisnothyperbolicbyLemma
1.3.

Lemma2.2 Thefollowingexpressionshold
neartheorigin.

①IfLisparabolic,then
dσ2|Δε =|ξ|-2ln|ξ|  -2|dξ|2,

whereΔε ={w ∈CC||w|<ε}forsomeε>0.
Moreover,ξisuniqueuptoreplacementbyλξ
where|λ|=1.

②IfLiselliptic,then

dσ2|Δε =
4(k+α)2|ξ|2k+2α-2

(1-|ξ|2k+2α)2 |dξ|2,

where0<α <1,kisanonnegativeintegerand
Δε = {w ∈ CC||w |<ε}forsomeε > 0.
Moreover,ξisuniqueuptoreplacementbyλξ
where|λ|=1.

③IfListheidentity,then

dσ2|Δε =
4k2|ξ|2k-2

(1-|ξ|2k)2
|dξ|2,

wherekisapositiveintegerandΔε ={w ∈CC|
|w|<ε}forsomeε>0.Moreover,ξisunique
uptoreplacementbyλξwhere|λ|=1.

Proof ①Lemma1.1andLemma1.4imply
thatthereexistsalocallyschlichtfunctionf:HH→
HHsuchthat(eiz)*dσ2 =f*dσ2HHandf(z+2π)=
f(z)+tforallz ∈ HH,wheret ≠0isareal
number.

(i)Ift<0,then

f􀮨=

2π
-t 0

0 -t
2π

􀮠

􀮢

􀪁
􀪁
􀪁
􀪁
􀪁􀪁

􀮦

􀮨

􀪁
􀪁
􀪁
􀪁
􀪁􀪁

􀳱f=-
2π
tf

isalsoadevelopingmapbyLemma1.4.Wehave

f􀮨(z+2π)=f􀮨(z)-2π.Letg(z)=f􀮨(z)+z,then
g(z+2π)=g(z).Andg(z)isasimplyperiodic
functionwithperiod2π.Letw =eiz,thenthere
existsauniqueholomorphicfunctionGinDD *=
{w|0<|w|<1}suchthatg(z)= G(w).
Thus by Ref.[11] we have the complex
Fourierdevelopment

g(z)=∑
∞

n= -∞
aneniz.

Sof􀮨(z)=∑
∞

n= -∞
aneniz -z,andImf􀮨 >0,i.e.

Im∑
∞

n= -∞
anwn -ln

1
|w|>

0for0<|w|<1

(1)

WeknowthatG(w)=∑
∞

n= -∞
anwnisaholomorphic

functioninDD* .
If0isaremovablesingularityofG(w),it

contradictstheaboveinequalityaswtendsto0.
Supposethat0isapoleofordermforG(w).

Thenby(1)wehave

Im ∑
∞

n= -∞
anwn =Imw-mh(w)>0

for0<|w|<1,whereh(w)isaholomorphic
functioninDD.Contradiction!

Supposethat0isanessentialsingularityof
G(w).Thenitcontradicts (1)bythe Great
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PicardTheorem.
Therefore,wehaveexcludedcaset<0.
(ii)Ift>0,then

f􀮨=

2π
t 0

0
t
2π

􀮠

􀮢

􀪁
􀪁
􀪁
􀪁
􀪁􀪁

􀮦

􀮨

􀪁
􀪁
􀪁
􀪁
􀪁􀪁

􀳱f=
2π
tf

isalsoadevelopingmapbyLemma1.4.Wehave

f􀮨(z+2π)=f􀮨(z)+2π.Letg(z)=f􀮨(z)-z,then
g(z+2π)=g(z).Andg(z)isasimplyperiodic
functionwithperiod2π.Letw =eiz,thenthere
existsauniqueholomorphicfunctionGinDD *=
{w|0<|w|<1}suchthatg(z)= G(w).
ThuswehavethecomplexFourierdevelopment

g(z)=∑
∞

n= -∞
aneniz.

Sof􀮨(z)=∑
∞

n= -∞
aneniz +z,andImf􀮨 >0,i.e.

Im∑
∞

n= -∞
anwn +ln

1
|w|>

0for0<|w|<1

(2)

  We know thatG(w)= ∑
∞

n= -∞
anwn isa

holomorphicfunctiononDD* .By(2)wehave
eImG(w)= e- -1G(w) >|w|for0<|w|<1.

So e
- -1G(w)

w >1and
e- -1G(w)

w isaholomorphic

functioninDD * .BytheGreatPicardTheorem,0

isnotanessentialsingularityof
e- -1G(w)

w .

IfG(w)hasanessentialsingularityat0,

considerany non-zeroc ∈ CC.By Casorati-
Weierstrass theorem[12,Theorem3.3], there is a

sequencezn →0suchthatG(zn)→ -1logc.So

exp(- -1G(zn))→c.Sincethisistrueforall

non-zeroc,exp(- -1G(w))musthavean

essentialsingularityat0,then
e- -1G(w)

w doestoo.

Contradiction!

Supposethat0isapoleoforderm for
G(w).Then

- -1G(w)=
h(w)
wm

,

whereh(w)isholomorhiconDDanddoesnotvanish
neartheorigin.Leth(0)=re -1θ,r>0.Consider
thesequence

zk =
exp(-1θ/m)

k

then- -1G(zk)=h(zk)exp(- -1θ)km .

Since h(zk) → re -1θ,exp(- -1G(zk))

convergesto+∞ .Ifweconsider

wk =
exp(-1(π+θ)/m)

k
,

thenwehaveexp(- -1G(wk))convergeto0.

Soexp(- -1G(w))haveanessentialsingularity
at0,contradiction!

Hence G(w) extends to w = 0
holomorphically.

Sof􀮨(z)=∑
∞

n=k
aneniz +z,wherek≥0.And

f􀮨(w)=- -1logw+∑
∞

n=k
anwncanbeviewedasa

developingmapfromDD *toHH.Sowecanchoose
anothercomplexcoordinateξnear0withξ(0)=0
suchthat

ξ=w·exp -1∑
∞

n=k
anwn  ,

then

dσ2|Δε =f􀮨*dσ2HH=|ξ|-2ln|ξ|  -2|dξ|2,

whereΔε ={w ∈CC||w|<ε}forsomeε>0.
Hereweshowtheuniquenessofthecomplex

coordinateξ.Letξandξ􀮨becoordinatessuchthat
conditionsofthelemmaaresatisfied,then

F(ξ)=- -1logξ,f􀮨(ξ􀮨)=- -1logξ􀮨

arealldevelopingmapsofdσ2.ByRemark1.1,

thereexistsL∈PSL(2,RR)suchthatF􀮨=L􀳱F,

thenF􀮨=
aF+b
cF+d

,ad-bc=1.Sinceξ(0)=ξ􀮨(0)=

0,F(0)= F􀮨(0)= ∞,wehavec =0bya

calculation.ThusF􀮨=
aF+b

d =a2F+ab,then

- -1logξ􀮨=-a2 -1logξ+ab,

ξ􀮨=ξa2·e -1ab.
SothereexistsanopendiskVwhichisnear0and
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doesnotcontain0suchthata2=1,logξ􀮨 =logξ+

ab -1.Thereforewehaveξ􀮨 =λξonV with

|λ|=1.Sinceξ,ξ􀮨andwarecoordinatesnear0,z

andξ􀮨areholomorphicfunctionsofw,thenξ􀮨=λξ,

|λ|=1holdsinaneighborhoodof0.
② Asincase①thereexistsaholomorphic

functionf:HH→DDsuchthat(eiz)*dσ2=f*dσ2
DDand

thatf(z+2π)=e2παif(z),0<α<1.Letg(z)=
f·exp(-iαz),theng(z+2π)=g(z).And
g(z)isasimplyperiodicfunctionwithperiod2π.
Letw=eiz,thenthereexistsauniqueholomorphic
functionGinDD *={w|0<|w|<1}suchthat
g(z)= G(w).Thus we have the complex
Fourierdevelopment

g(z)=∑
∞

n= -∞
aneniz.

WeknowthatG(w)=∑
∞

n= -∞
anwnisaholomorphic

functioninDD* .Wehave|G(w)|·|w|α <1by
therangeoff,then wehavethatw =0isa
removablesingularityofG(w)by|G(w)|<
|w|-αand0<α<1.So

f(w)=wα∑
∞

n=k
anwn,

wherek(≥0)isanintegerandak ≠0.Andf(w)
canbeviewedasadevelopingmapfromDD*toDD.
Sowecanchooseanothercomplexcoordinateξ
near 0 with ξ(0) = 0 such that ξα+k =

wα∑
∞

n=k
anwn,then

dσ2|Δε =
4(k+α)2|ξ|2k+2α-2

(1-|ξ|2k+2α)2 |dξ|2,

whereΔε ={w ∈CC||w|<ε}forsomeε>0.
Weshow the uniqueness ofthe complex

coordinateξ.Letξandξ􀮨becoordinatessuchthat
conditionsofthelemmaaresatisfied,thenF(ξ)=

ξα,F􀮨(ξ􀮨)=ξ􀮨αarealldevelopingmapsofdσ2.By
Lemma1.4,thereexistsL∈PSU(1,1)suchthat

F􀮨=L􀳱F,thenF􀮨=
aF+b
bF+a

,|a|2-|b|2=1.Since

ξ(0)=ξ􀮨(0)=0,F(0)=F􀮨(0)=0,wehaveb=0by

acalculation.ThusF􀮨=
a
a
F=μF,|μ|=1,then

thereexistsanopendiskVwhichisnear0anddoes

notcontain0suchthatξ􀮨α =μξα .Thereforewe

haveξ􀮨=λξonVwith|λ|=1.Sinceξ,ξ􀮨andware

coordinates near0,ξ andξ􀮨 are holomorphic

functionsofw,thenξ􀮨 =λξ,|λ|=1holdsina
neighborhoodof0.

③SinceListheidentity,f(z+2π)=f(z),

thenf(z)isasimplyperiodicfunctionwithperiod
2π.Letw =eiz,thenthereexistsaunique
holomorphicfunctionFinDD*={w|0<|w|<1}

suchthatf(z)= F(w).Thus wehavethe
complexFourierdevelopment

f(z)=∑
∞

n= -∞
aneniz.

WeknowthatF(w)=∑
∞

n= -∞
anwnisaholomorphic

functioninDD*and|F|=|f|<1,sow =0isa
removablesingularityandF(w)extendstow =0
holomorphically.Let

F(w)=∑
∞

n=k
anwn,

wherek(≥0)isanintegerandak≠0.AndF(w)

canbeviewedasadevelopingmapfromDD*toDD.

Since
aF+b
bF+a

isalsoadeveloping,wherea,b∈CC

and|a|2 -|b|2 =1,sowecansetF(0)=0
withoutlossofgenerality.Thenwecanchoose
anothercomplexcoordinateξnear0withξ(0)=0

suchthatξk =∑
∞

n=k
anwn,then

dσ2|Δε =
4k2|ξ|2k-2

(1-|ξ|2k)2
|dξ|2,

wherekisapositiveinteger,Δε={w∈CC||w|<
ε}forsomeε>0.

Theuniquenessofthecoordinateξissimilar
totheabove.

Theproofiscompleted.
WehavethusobtainedTheorem0.1.Notethat

intheproofofLemma2.2,weactuallyobtainthe
localexpressionsofdσ2neartheoriginbychoosinga
specialdeveloping map underasuitablecomplex
coordinate.Fromtheproofoftheabovelemmaand
Lemma1.4,wecangettheTheorem0.2.
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