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1 Introduction

The moduli space of the Riemann sphere with n-marked
points is
My, = 1(x,000x,) €
TICP '| x, #x,V1 <i#j<n}/PGL,(C).
The symmetric group S, naturally acts on .7, ,. For any
oe §,and any [x,,--,x, ] €.7,,, we have
o [xm,] = ()X )

Ref. [ 1] investigated the locus with nontrivial
stable subgroups, and proved that the stable subgroups
must be cyclic. However, we find examples with the
stable subgroups being cyclic groups, dihedral groups,
A,, S,, or A;. In this paper, we study stable subgroups
on .#,,, n =4, and obtain all types of stable
subgroups. For the convenience of description, we
introduce the following notations. We write {,,d=1, to
denote the primitive d-th root of unity in C , and write

A to denote the image of A € GL,(C ) in the projective
general linear group PGL,(C ). Let xe.7,,, then the
stable subgroup of x is

Stab(x)={oe S, lo - x=x}.

We first prove that the stable subgroup is
isomorphic to a finite subgroup G of PGL,(C ), and
then obtain the types of p-subgroups by using the
properties of elements in G, and then obtain the types of
finite subgroups in PGL, (C ). Then we obtain the
classification of stable subgroups (see Theorem 2. 1).
Finally, we further discuss stable subgroups for a more
accurate description (see Proposition 3. 1), and show
the existence of these possible types by some examples
(see Example 3.1).

2 Finite subgroups of PGL,(C )

Theorem 2. 1 Let x € .7,,, then Stab (x) is

isomorphic to a cyclic group, a dihedral group, A,, S,
or As.

Letx=[a,,-,a,] € #,, and (a,,a,,a,)= (0,
© ,1). Then for every o € Stab (x), there exists a

unique Ae PGL,(C ) such that o + (a,, ---,an)=2 .
(a,,+,a,). So we can define a map @ Stab(x)—
PGL,(C ). Obviously, & is a group homomorphism
and it is injective. Therefore, we obtain the following
conclusion :

Proposition 2.1 Let x .7, then Stab(x) is
isomorphic to a finite subgroup of PGL,(C ).

Therefore, we need to consider the types of finite
subgroups of PGL,(C ).

Lemma 2.1 Let G be a finite subgroup of

PGL,(C), and let A,,A, € G\ {L,|. Let A, have
characteristic ~ subspaces V, , V,  belonging to

no

eigenvalues A, ,A,. Then:

(i) A,A,=A,A, if and only if AV, =V, fori=1,
2 or 0(A,)=0(A,)=2,A,V, =V, for | Si#j<2.

(i) Let A, e G and 0(A,)>2. If A, and A,
commute with Z, then Z commutes with Z

(iii) If A,A,=A,A, and 0(A,),0(A,) are not all
2, then A,,A, e(AA,).

(iv) Let A,A,A;" commutes with A, and 0(A,)>

2. Then A,AA,'=A?, and A,A,A,' =A," if and only
if 0(A,)=2 and A,V, =V, for I <i#j<2.

Proof Since G is a finite group and Z,Aj e G\
{E% , it follows that A, and A, are diagonalizable.

(i) Suppose that A,A,A;' =A,. Let A,AA;' =
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AA,, then {A,, A} ={AA,, AN, |. If A, =AA,, then
AV, =V, fori=1,2. If A, =AA,, then A, =-A, and
AV, =V, for 1<i#j<2, then 0(1472)22:0(147]).
Conversely, if A,V, =V, for i=1,2, then A,A, =
AA,, so AA, =AA,. If 0(A,)=0(A,)=2 and
AV, =V, for 1Si#j<2, then A,A A} =4, 1,A]", so

AA A=A =A, .

(ii) The proof of (ii) is trivial by (i).

(iii) We get A,V, =V, for i=1,2 by (i). Then
there exists a matrix P e M,(C ), such that

A O w, 0
- -1 1 — -1 [
A= P (O )‘Z)P,AZ P (0 :U“z)P’
A 0
AA, = P‘( e )P.
n 0 Aty

Since A,A,=A,A,, then 0(A,) l0(A,A,) and 0(A,) |
0(AA,), so there are a,b e Z such that

()‘1:“1>a _ ﬁ, (/\Ilu‘l)b _ lﬂ
Aghty Ay A, )
Then (A,A,)" =A, and (A,A,)"=A,, so A, A, €

(Ai4,).
(iv) We get A,A\A)'V, =V, for i=1,2 by (i).
Note that A,V, and A,V, are the characteristic

subspaces of A,A,A;'. If A,V, =V, for i=1,2, then

AA A=A, TE AV, =V, for 1<i#j<2, then we

can get A,AA;' =A]' and o (A,) = 2 by the proof
similar to (i).

Lemma 2.2

(i) The dihedral group of order 2n has a
presentation D, ={a,bla"=b>=(ab)*=1).

(ii) The alternating group A, has a presentation
A,=(a,bla’=b’=(ab)*=1).

(ili) The symmetric group S, has a presentation
S,={a,bla*=b>=(ab)’=1).

(1v) The alternating group A has a presentation
A;=(a,bla’=b"=(ab)’=1).

(V) The symmetric group S has a presentation
Ss=(a,,a,,ay,a,1a:=(a,a,,)’ =(a,a,)’=1,1<i,j<
4,i+1<j).

Lemma 2. 3 Let G be a finite subgroup of
PGL,(C ), and let P be a p-subgroup of G. Then:

(i) If p>2, then P is cyclic.

(ii) If p=2, then P is a cyclic group or dihedral
group.

Proof (i) Let IPI>1, so IZ(P)|>1, then P is
abelian by Lemma 2. 1(ii). Let g e P such that 0(g)=
max{o(g')| Vg eP}, then for any g' € P, we get g,
g'e(gg’)={g) by Lemma 2. 1 (iii). Hence P is

cyclic.
(ii) Let IP1>2, so |Z(P) I>1. If there is g e
Z(P) such that o(g)>2, then P is cyclic by the same

proof as (i). Now, we suppose that there is Ae Z(P)

such that 0 (A)=2. Let V. ,V,, be the characteristic

subspaces of A belonging to eigenvalues A, ,A,. Let
4= 1{BePIBY, =V,,i=12],

and let

A= 1{BePlo(B)= 2,BV, =V, | <i#j<2|

So we have P=.ZU.% by Lemma 2. 1(i). Let ge.7
such that o (g)=max {o(g') | Yg' € .Z|. Note that

lg'e #lo(g')=2|=1{A!l. Forany ae P, we have a,

ge{ag )=(g) by Lemma2.1(i) and (iii), then . 2=

(g). It B=@, then P=_% is cyclic. If b e B#@D, then

bg e % and 0o(bg)=2. For any c € #\{b}, then bc e

#={g) by the definition of .7, Hence
P=(bglg= b= (bg)’=1)

is a dihedral group.

Lemma 2. 4%/ Let all Sylow subgroups of a
finite group G be cyclic groups. If G is commutative,
then G is a cyclic group; if G is not commutative, then
G is a metacyclic group determined by the following
definition relationship .

G= {(a,b)y,a" =b"=1,b"'ab= a,
ged((r=Dn,m)= 1, =1(mod m), | Gl = nm.

Lemma 2.57' Let G be a finite group, and let
O(G) be the largest normal subgroup of odd order in
G. If G has dihedral Sylow 2-subgroups, then G/O(G)
is isomorphic to either

(i) a subgroup of Aut(PSL(2, p")) containing
PSL(2, p"), where Aut(PSL(2, p")) is isomorphic to
the semidirect product of PGL(2, p") by a cyclic group
of order n and p is an odd prime,

(ii) the alternating group A, , or

(iii) a Sylow 2-subgroup of G.

Lemma 2. 6°) Let G=PSL(2,q) with g=p",
where ¢g>3 and p is an odd prime. If P is a Sylow p-
subgroup of G, then N,(P) is a Frobenius group with a

qg-1

cyclic complement of order which acts irreducibly

on P.

Theorem 2.2 Let G be a finite group. Then G is
isomorphic to a subgroup of PGL,(C ) if and only if G
is isomorphic to a cyclic group, a dihedral group, A,,
S, or As.

Proof Suppose that G is isomorphic to a subgroup
of PGL,(C ). Let M be the largest normal subgroup of
odd order in G. If IM|>1, we suppose M is not cyclic.
By Lemma 2.3 and Lemma 2.4, we have

M= {(a,b)y,a" = b"= 1,b7"ab= da,
ged((r=1Dk,d)= 1,7/ =1(mod d), | M| = kd.
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Since b™'ab=a"#a and d>2, then k=2 by Lemma
2.1(iv), contradicting the hypothesis that M is a group
of odd order. Hence M is a cyclic group. By suitable
modification to proof of Lemma 2.3 (ii), we can show
that G is a cyclic group or dihedral group. If G is a 2-
group, then G is a dihedral group by Lemma 2.3 (ii).
If G is not a 2-group and IM| =1, then G is isomorphic
to a subgroup of Aut(PSL(2, p")) containing PSL(2,
p") by Lemma 2.3 and Lemma 2.5, where p is an odd
prime. If p=3 and r=1 , then PSL(2, 3) is isomorphic
to A, and Aut(PSL(2, 3)) is isomorphic to S,, then G
is isomorphic to A, or S,. If p">3, then N,(P) is a

p-1

Frobenius group with cyclic complement of order

by Lemma 2.6, where P is a Sylow p-subgroup of G.
Note that N,(P) is a dihedral group. Then p2—1 =2,

then p=5 and r=1. Hence G is isomorphic to A; or S;.
Suppose that G is isomorphic to S;. By Lemma 2.2,

there is g € PGL, (C) such that g"'Gg = (A,,
A, A, ,A,), where

4=y 0)) et = otai)= 2,

0(AA, )= 3,1 <ij<4,i+1 <]

However, by solving the equations, it is found that
there are no A,, Z,Aj e PGL,(C ), which make the
above formula hold. This leads to a contradiction.
Hence G is not isomorphic to S;.

Conversely, let G be isomorphic to a cyclic group,
a dihedral group, A,, S, or A;. According to Lemma 2.2,
we use the same method mentioned above and solve the
equations, then we obtain that there is a subgroup G’ in
PGL,(C ) such that G is isomorphic to G.

3 Types of stable subgroups

For x € .7, ,, we further discuss Stab(x) in this section
for a more accurate description.

Lemma 3.1 Letxe.%,,,
{(1)!. Then:

(1) A complete factorization of o has r, 1-cycles
and r, d-cycles, where O0<r, <2 and r,+r,d=n.

(ii) If there is 7 € Stab (x) such that o # 7 and
ot =o', Then |{ilo(i)=ill#1.

Proof Without loss of generality, we may assume
o(2)#2. Let x=[x,,-+,x,] such that (x,,x,,x;)=
(0,0 ,1), and let o - (x, ,--~,xn)=Z < (xy,0x,).

(i) Let =00, be a complete factorization into
disjoint cycles, and let this complete factorization of o
have r, d;-cycles, where 1 <i<t and 1=d, <d,<--<d,.
Without loss of generality, we may assume o, = (i,

and let o e Stab(x) \

. . 7 d
i,,). Since A - (x.l,xi2)= (x,,%,y) and A® - (x, ,

i

x,) = (x,,x,), it follows that there are linearly
independent vectors « and B, such that they are
eigenvectors of A but not A, so o?=(1), then r,=---
=r,=0. For any i e {ilo(i)=i}, we have the vector
(x,1)" a eigenvector of A, so 0<r, <2.

(ii) We need only consider the case {ilo(i)=1i}
#@. Then we can take i, € {ilo(i)=i}. Let 1+ (x,,

) . -1 -1
~x,)=B - (x,,,x,). Since c#7 and 707" =0,

it follows that linearly independent vectors B(x;, 1)" and

(x;, 1)" are eigenvectors of A. Then B - Xy, =X, FX
then iy #j, € {ilo(i)=i}, so | {ilo(i)=i}1=2.

Proposition 3.1 Let x € .7, ,. Then one of the
following holds:

(i) Stab(x) is a cyclic group of order m, where
mln or mln—1 or min-2.

(ii) Stab (x) is a dihedral group of order 2m,
where m|n or mln-2.

(iii) Stab(x) is isomorphic to A, or S,.

(1v) Stab(x) is isomorphic to A;.

Proof The proof is trivial by Theorem 2.1 and
Lemma 3. 1.

From Proposition 3. 1, we can get the possible
types of stable subgroups. Next, we do not fix n, and
then prove the existence of these possible types by some
examples.

Lemma 3.2 Let xe.#,,. Then:

(1) If Stab(x) is isomorphic to A,, then n=0,4,
6,8(mod 12).

(i) If Stab(x) is isomorphic to S,, then n=0,6,
8,12(mod 24).

(iii) If Stab(x) is isomorphic to A5, then n=0,
12,20,30(mod 60).

Proof Consider Stab(x) acts on the set {1,2,---,
n}. For any 1 <i<n, the stabilizer of i, denoted by
G,, does not contain dihedral groups by Lemma 3.1,
then the size of the orbit of i is |Stab(x) |/1G,|, where
G, is cyclic. Therefore, the conclusion is obtained by
Lemma 3.1.

Example 3.1 The following examples show that
each finite subgroup of PGL,(C ) happens as a stable
subgroup.

(i) Letx=[1,£,,43,0] € #,,. Clearly (123),
(12)(34),(13)(24),(14)(23) eStab(x), then
Stab(x)=A4,.

(ii) Let x=[1,¢,,03,45,0,% ] €.#, . Obviously
(1234) eStab(x). Since

(!, D) 0as80.)= 08000,

it follows that (1 5)(24)(3 6) e Stab(x). According
to Proposition 3. 1, it follows that Stab ( x) is
isomorphic to §,.



372 FEAFHARFFIR

%51 %

14+ L+ LA
1+07 14457 144,

0,0 | € #,,,. Obviously (12345)(6

(Hl) Let X:[1,§5 ’Zé’ggagg’

{5+ G5+
1+, 71+
789 10) e Stab(x). Since
(1 -2, —s’é‘) ,
1 -1
(1,45,45.45,45,
VA S LG G+EG+E G+ 0
V8T T+ 1 +8 71 +0 71+
6 2
O
5 S
L4840 . 8+
T T
it follows that
(112)(25)(310)(46)(79)(811) e Stab(x).
According to Proposition 3. 1, it follows that Stab(x) is
isomorphic to As.
(iv) Let n=4, x=[1,¢,,03,-,{""] € My -
Clearly 0=(12 ---n) e Stab(x). Since

((1) (1)) (LG = (LG0T 4,

it follows that
7= 2n)3n-1)-(dn+2-d) e Stab(x),

® )=

1),

where d is integral part of nzi’ then o(7)=0(70)=2.

If n=6, then o(o)=n>5. If n=4 or 5, then Stab(x) is
not isomorphic to S, or A; by Lemma 3.2. So Stab(x)
is isomorphic to D,, by Proposition 3. 1.

(v) Letx=[1,-1,0,% ] €.7,,. Then Stab(x)
={(1),(12)(34),(13)(24),(14)(23){=D,.

(vi) Let x=[1,£,,82,0,% ] €./, 5. Clearly (12
3),(23)(45) eStab(x). Then Stab(x) is isomorphic
to D, by Lemma 3.2 and Proposition 3. 1.

(Vi) Let n=2, and let x=[1,{,,---,{"",2,2¢,,
2,207 0] € 4, 5., Since

g” O n— n—
(1) g 2,202, 2007 0 -

0
(sl 1,20,,2,00,200712,0)
it follows that
o= (12-n)(n+1n+2--2n) e Stab(x).
Then Stab(x) is isomorphic to a cyclic group or A, by
Lemma 3. 1 (ii) and Proposition 3. 1. According to

Lemma 3. 2, it follows that Stab(x) is not isomorphic
to A,, then Stab(x) is cyclic. Since

0
(o D) re g 20,2, 20 01

it follows that Stab(x) is a cyclic group of order n.
(viil) Let x=[x,,x,,:*,x,] €.7,,,n=5, where

x; €Cfor 1<<i<n and x, is transcendental over Q (x,,

=+,x,_, ). Suppose there is (1) #* o e Stab(x). Then

there is A € \GL,(C )\{1, | such that
A : (xl » X ’”"xn> = <x0(]) ’xo'(2) ""’xa(n) )
Without loss of generality, we may assume A = (il l;) .

We can take three different numbers i, ,i,,i; in the set
{1,---,n=1}, such that ¢™'(n) ¢ { i,,i,,i;}. Then
ax; +b ax;, +b ax, +b

= Xo(ip o = oy

x;, tc x, tc
1 7]

angl(n)+b
Soa,b,ceQ (x,,,x,,). But ——=—=x,, then

x(r’] (n) +c
x, is algebraic over Q (x,, -, x,,). This leads to a
contradiction. Hence Stab(x)= {(1)}.

no
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