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Abstract : The purpose of this pgper isto characterize cryptogroups and normal cryptogroups by
ome partia order relations. It isproved that a completely regular semigroup Sis a cryptogroup
if andonly if S = < and Sisa norma cryptogrowp if and only if C = S.
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0 Introduction and preliminaries

A conpletey regular semigruop Sis caled a cryptogroup , if Green’ s relaion H is a congruence
on S, and Siscaled a normal cryptogroup , if Hisa congruenceon Sand S/ Hisa norma band.

Sme partid order relaions on semigroups can help us to redlize the properties of semigroups and
describe the dructure of semigroups. For exanple , we know that S = (Y; &) isanormd cryptogroup
if and only if for anya 3 Yo >0 andforany a & ,thereexigsauniqueb $ suchthat
a = b. AndletXa g bethemgp from S to $ gven by ¥a g = b, then Sis a grong semilattice of
oonpletely snple ssmigioups & and Xaq g are the gructure homonorphisms.

Let She a smigroup. The hinary rdlaiion Con Swhich was introduced by Gonrad in [1] is de2
fined asfollowing :

C={(a,b) S><S|foranys S, asa:asb=bs:;.
Burgess and Raphael proved in [2] that Cis a partid order rdation on Siff Sisweakly sparative, i.
e. ,if asa = asb = bsa = bsbforanys S, then a = b. In[3] Nambooripad introduced arother
binary relation N on a smigoup S:
N =% (a,b) S><S|a=axa=axb=bxa,forsomex §
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5 Sme Partid Orders on Conpletdy Reguar Samigroups 525

and proved that N isapartia order on Siff Sisaregular samigroup. In [4] , Drazin defined a binary
relation Son semigrowp S:
S:{(a,b) st|a2:ab:b%,

and proved that if Sisa conpletdy regular semigrowp , then Sis a partia order reationon S. For a
regular semigroup S, the naturd partia order relation is defined as follows:

S:<(a,b) sxsla=eb= tf, for ome e,f E(S)}.
Drazin proved that if Sis a completely regular semigroup , thenC A S A N. It iseasy to prove that
N A < for any regular semigroup.

A naturd quedion is under what conditions these binary relaions coincide. In this paper ,we
prove that if Sisa conpletey regular semigrowp , then Sand < incide if and only if Sis a cryp2
togoup , and Cand S coincide if and only if Sisa normal cryptogroup.

In order to edablish the main reaults, we need the following lemmas.

Lemma 1.9 Let S = (Y; %) be a conpletely regular semigroup and o 8 Y with
a =pB.

() Fa S, thenthereexissb $ suchtha a = b.

() HKFa E(S)andb Switha > b,thenb E(S).

() fe E(S) , then there exigs f E($) suchthat e > f.

Urfortunately , the partiad order relation S does not have the property smilar to () of Lemma

Example 1. Let S ! Lo ! ! be a metri i
mple 1. = , , , a metrix semigroup.
P 0 0 - 1 -1 Jorp

1 1 0
Obvioudy, S is a conpletdy regular semigow , D = { 0 j , J} and Ds

1 1 1 O
{ j{ L j} aretwo D2dasesdf S, andd > B . Derote a {0 J h, b

1
1 1 ) 5
1j,c:{_1j 3. Thenb® = b, ab=1¢,c" =¢, ac = b. ,(c,a | Sand
(b,a) | s.
Lemma 2.19 Let S be a conpletely regular semigroup. Then the following statements are €2
quivaent :

( ) Sisanormd cryptogrow ;

() ssaidies D2mgorization;

() Sisa dgrong semilatice of conpletely snple semigroups;

() Fordl a,x,y S, (axya)O = (ayxa)o.

Lemma 3.1% I Sisa conpletely regular semigroup andl is the largest i denpotent separating
congruence on S, then

() abza =1p"foranye E(S) withe< a, alea= bleb,
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() Ket :{a S|f0ranye E(S) with e < aO,ea:a;.

1 Main results

Proposition 1. Let Sbe conpletely regular ssmigroup , a, b S. Then aSbif and only if there
exigsse E(S) suchthat a = eb = be.

Proof. If aSb, then a> = ab = bawhichinpliesa = a’b = ba’.

Qonversely | if there exigse  E(S) witha = eb = be,then a®> = aeb = ab = bea = ba,
i.e.,a= a’b = ba

Though the partid order relation Son a conpletely regular ssmigroup does ot have the property
dmilarto () of Lemma 1, we have

Proposition 2. Let S = (Y; &) be acryptogowp. Thenforanya B Y, 0 =B, a S,
there exids b  $ such that bSa.

Proof. By Lemma 1 and Popodtion 1, forany a & ,0 =[ ,theeexisse  E($) such
that e = a’ea’. 9nce Hisaongruenceon S, we have e = a’ea’ Ha 'ea,where a tea  E(9).
De= alea Thenae = aa ‘ea = a’ea = ea. Lt b = ae = ea = eae. Then b’ = (eae)®
= e Db=a = ainpliesb’ = ab = ba, hence bSa.

Snce S A < for any conpletdy regular semigroup S, by Lemma 1 and Proposition 2, we have

Corollary 1. Let S = (VY; %) beacnyptogowp ,0 B Ywitha =B, a E(%).,andb

$. f bSa,thenb  E($).

Theorem 1. Let S = (Y; &) be aconpletely regular ssmigroup. Then the partid order relations
S = < if andonly if Sis a cryptogroup.

Prodf. Let Sbe acryptogoup. Thends = H.

fa,b S, b< a,thenb = a = eafor omee,f  E(S). And b’ = a°(&)° =
(ea) @ which inplies b° < a°. ByLemma 3, b’a = ab’. Let b’a = ab’ = c. Snce b = o =
ea,wehae b = b’af = eab’ = o = ec,whichinpliesb< c. fb $anda S thenf <
a,c=bta $ . Snce the natura partia order on any conpletely snple semigrowp istrivid , we
ondude b = ¢. ©,b = a’ = b’a,and b® = ab = ba. Tha is, bSa. Snce S A < toldsfor
any conpletdy regular semigroups, we get that S = <.

fe E(S),e< a, b= (ea’e) ! thent’ = e(ea’e)?® = (eate) e, i.e. , b’
esnce B° < eand bDe. © b = (eale) ™l = e(eale) ™t = a’e(eale ! =

aa te(eale) e = e(eate) led = e(eate) leala, and (ale(eale) le

(ale(eale) 'e) = ate(ea’e)?) (ea'e) te= ate(ea’e) e E(9).

dmilaly, e(eale) 'ea? E(S). D,b< a. 9nce <= S,wehaeb® = ba = ab,
which inplies b°a = ab’. Immediately , we have ea = ae. By Lemma 3, Kepd = S. Let aHb, i.
e.,a® =1t Thenat a° = b b. S,0 = Hand Hisa ocongruenceon S.

Theorem 2. Let S = (Y; &) be aconpletely regular semigroyp. Then C = Sif andonly if S
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isa norma cryptogroup.

Prodf. If Sisanorma cryptogrowp and a, b Swith bSa, then b? = ab = ba. For any s
S, from b?s = abs = bas, we have b?sb = absb = basb. Snce S/ Hisa rorma band , we have
bsbH b’sb = absbH asb® Hasb. Snce b = b’a, we have bsb = (bsb)bsb = (bsb)°b’ash =
(bsb)®asb = asb. By b* = ab = ba, we have bsb? = bsab = bsba, which induces that bsbHbsb?
= bsbaHb’saHbsa. Then bsa = bsa(bsb)® = bsab’(bsh)® = bsb(bsb)® = bsb. Snce C A Sfor
any conpletely regular semigowp!?! | we have that C = S.

Qonversdly, let S = (Y; &) be a conpletely regular ssemigoyp and C = Son S. f a, x,y
S, Then (axya)O = ao(axya)0 = (axya)oa0 which inplies (axya)OSaO. By the hypothess,
(axya)OCaO. D, (axya)o(ayxa)o(axya)0 = ao(ayxa)o(axya)o = (axya)o(ayxa)oao. Then
(ayxa)o(axya)O = (axya)o(ayxa)o. 9nce (ayxa)0 and (axya)0 lie in the ssame D2dass,
(ayxa)® = (axya)®. By Lemma 2, Sisa norma cryptogroup.

Proposition 3. Let S be a conpletdy reguar samigroyp. Then the partid order rdlaion N = <.

Prod. If a,b  Swith a £ b, then there exig e, f E(S) suchthat a = be = fb. ® a
= ap’ = ab''band a = b’a = bb'a. Thenab 'a = fbb''a = fb’a=fa=fb= a,and a
= ab'a=ab'b= bb'a. Hence aNb. Snce N A < for any regular semigroup , the proposition
yields.

We supply an exanple to explain that the condition in Propogtion 3 is ot necessary.

S W I Y

and S =9 l1,l2,13, 14, ls be amatrix smigowp. It is easy to se that Sis an inverse smgoup
and is not conpletely regular. The binary rations N = {(11,12), (l1,13), (11,14) , (11,15)}
=<insS.

Cordlary 2. Let S = (Y; %) be a conpletely regular semigroup. Then S = N if and only if
Sis a cryptogroup.

Prodf. The gatement follows from Theorem 1 and Propostion 3.

Cordlary 3.Let S = (Y; S) beaoonpletdy regular ssmigroup. Then the partia order relations
C=S = N =< if andonly if Sisa norma cryptogroup.

Prodf. The gatement follows from Theorem 1 and Theorem 2.

Let Sbe a ssmigow. The binary relation n should be defined as the following!® :

n:{(a,b) S><S|a:xb:by,xa:a,forsnmex,y Sl.}

It is easy to verify that n isa partid order relation on S.

Proposition 4. Let Sbe a ssmigroup. Then the binary rlations N = n if andonly if Sisareg?
ular semigroup.

Proof . If Sisareguar ssmigow and a, b Swith a n b, thenthereexigt x,y S’ such
tha a = xb = by, xa = a. Wecan suppose that x,y S.Letd V(a). Then ay = xby =
Xa = a, a= ada= bydaandyda- yda=ydada=yda Smlaly, adx: adx = adx.
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S a=eb= binwhiche= adx, f = yd aareidempotentsof S. It iseasy to verify that d x, yd
V(a).Leta® = dx, a3 = yd . Then a = aa’b=ba’%a Leaa= a’%aa®. Then aab

= aa*%aa’Dp= ayd ad xb = ad ad a= a. Smlally, a = baa = aaa. ©, aNb. Tha N An
istrivid.

Lee N = nonS. Snce n isapartid order rdaionon S, and N is a partia order relaion on
Sif andonly if Sisa regular semigroup!® | the satement holds.

Snce Cis dways a compatible binary relation on any semigroup and Cand n ooincide in normal
cryprogroup , We induce that the natura partid order is compatible on normal cryptogroups.
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