N

"
UST
http://justc.ustc.edu.cn Received: August 21, 2022; Accepted: November 16, 2022

Confidence intervals for high-dimensional multi-task regression

Yuanli Ma', Yang Li’™ andJ ianjun Xu®

!School of Data Science, University of Science and Technology of China, Hefei 230026, China;
’International Institute of Finance, School of Management, University of Science and Technology of China, Hefei 230026, China

BCorrespondence: Yang Li, E-mail: tjly@mail.ustc.edu.cn
© 2023 The Author(s). This is an open access article under the CC BY-NC-ND 4.0 license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

Graphical abstract

METHOD
T
Two-step projection estimator b= zz;:
Jj

o _~ . zlE z7x
Properties  Vn(b/ — b/) = \/ﬁﬁ + V7 Sese ex j = bF

J
j X

THEOREM

Confidence intervals Suitable set ]P{SA c §} >1— 0(sexp{—c0n(1‘2")/3})

for high-dimensional
multi-task regression ﬁ(ﬁ _ B) —A+ A4
Y = XB + E Asymptotic distribution A
4, ~N(0, Uz@j,jl), ||4||€2_°° =o(1)

SIMULATION
Sparse setting and approximately sparse setting

Application to TCGA-OV data

Statistical inference for coefficient matrix in high-dimensional multi-task regression.

Public summary
m We propose a two-step projection estimator for statistical inference in high-dimensional multi-task learning problems.
m We establish the asymptotic properties of the proposed estimator.

m The performance of our method is presented through simulation studies and a TCGA-OV dataset.

Citation: Ma Y L, Li Y, Xu J J. Confidence intervals for high-dimensional multi-task regression. JUSTC, 2023, 53(4): 0403. DOI: 10.52396/JUSTC-
2022-0115


mailto:tjly@mail.ustc.edu.cn
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://justc.ustc.edu.cn
https://doi.org/10.52396/JUSTC-2022-0115
https://doi.org/10.52396/JUSTC-2022-0115

N

UST

http://justc.ustc.edu.cn

+

Received: August 21, 2022; Accepted: November 16, 2022

Confidence intervals for high-dimensional multi-task regression

Yuanli Ma', Yang Li’™ and J ianjun Xu®

ISchool of Data Science, University of Science and Technology of China, Hefei 230026, China;
2International Institute of Finance, School of Management, University of Science and Technology of China, Hefei 230026, China

BCorrespondence: Yang Li, E-mail: tjly@mail.ustc.edu.cn
© 2023 The Author(s). This is an open access article under the CC BY-NC-ND 4.0 license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

Read Online

Cite This: JUSTC, 2023, 53(4): 0403 (9pp)

Abstract: Regression problems among multiple responses and predictors have been widely employed in many applica-
tions, such as biomedical sciences and economics. In this paper, we focus on statistical inference for the unknown coeffi-
cient matrix in high-dimensional multi-task learning problems. The new statistic is constructed in a row-wise manner
based on a two-step projection technique, which improves the inference efficiency by removing the impacts of important
signals. Based on the established asymptotic normality for the proposed two-step projection estimator (TPE), we generate
corresponding confidence intervals for all components of the unknown coefficient matrix. The performance of the pro-

posed method is presented through simulation studies and a real data analysis.
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1 Introduction

With the advent of massive data in recent years, great atten-
tion has been given to identifying relationships among mul-
tiple responses and predictors in various applications, includ-
ing multi-task learning in machine learning! !, imaging genet-
ics™* and genetic association!™”. Specifically, in cancer gen-
omic studies, some miRNAs are known to regulate protein
expression of various genes in cellular processes and their
dysregulation plays a crucial role in human cancer. Hence, in-
vestigating the relationship between miRNA expression and
protein expression is of great importance for human cancer
diagnosis®®“. A standard approach for quantifying these rela-
tionships is to perform a univariate regression model for each
response separately via the least squares estimation. Al-
though it is easy to implement, this method ignores the de-
pendence information among response variables, and it is also
not applicable to high-dimensional cases. Thus, it is neces-
sary to develop statistical tools that account for the depend-
ence structure of responses in multi-response regression
under high-dimensional settings.

An enormous effort has been mounted for variable selec-
tion and coefficient estimation in high-dimensional multi-
response regression. Among them, one popular way is to con-
sider the reduced rank regression model, including some
foundational works!'"'"?. Based on this framework, several
methods that apply a latent factor point of view have been
proposed to estimate the unknown coefficient matrix!*'“., An-
other class of methods relies on different kinds of regulariza-
tion!"" ", Specifically, a line of research for regularization
methods focuses on some structural prior knowledge of the
coefficient matrix, that is, the set of variables is assumed to be
structured into several groups. Please refer to Refs. [19-21]
for more details about this kind of method.
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To further assign uncertainty, some important progress has
been made in high-dimensional multi-response settings. For
instance, Greenlaw et al.”’ developed a hierarchical Bayesian
model and constructed confidence intervals for the unknown
coefficient matrix. More recently, by generalizing low-
dimensional projection estimation (LDPE)®” in the univariate
response case, Chevalier et al.”! proposed the desparsified
multi-task lasso method and applied it to source imaging.
However, when deriving the asymptotic distributions of es-
timators, this approach requires the number of nonzero rows
of coefficient matrix to be s = o(+/n/log(p)) for p covariates
and n samples. To further alleviate this requirement, we at-
tempt to use the two-step projection technique proposed by Li
et al.’, which treats important variables and others differ-
ently and can greatly improve the inference efficiency.

In this paper, we aim to develop a new methodology for
statistical inference in the setting of high-dimensional multi-
task regression. By taking group structures of the unknown
coefficient matrix into consideration, the proposed estimator
is constructed in a row-wise manner based on the two-step
projection technique, which enjoys the benefit of reducing the
estimation bias induced by these important signals. Under
suitable conditions, we establish the asymptotic normality of
the proposed two-step projection estimator along with corres-
ponding confidence intervals for all components of the un-
known coefficient matrix. Moreover, the satisfactory numer-
ical performance of the proposed method strongly supports
the theoretical results.

The rest of the paper is organized as follows. Section 2
presents the model setting and the new inference procedure
for high-dimensional multi-response regression. Theoretical
properties are established in Section 3. Numerical results and
areal data analysis are provided in Sections 4 and 5, respect-
ively. We conclude this work and possible future work in
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Section 6. The proofs of main theoretical properties are deleg- 1 o (8,8) = f.(O) f,()F
P prop g deov sy = L [ O ROROL
ated to Appendix. C4,Cq, IR [12]] I+
Notations. For any matrix B = (b'",--- ,b*")" = (b,,---,b,) = a2
n

(b;;) e R, denote by b’ and b; its ith row and jth column,

» 4 1/2
respectively. We use ||B||=[Zbe_/] to denote the
=1 j=1
Frobenius norm for matrix B. Given any K, By denotes the
submatrix of B consisting of columns in K. We write

P
IBllo, = Y Il and  |IBl,. =max||pl, where |ibl=
SIsp

i=1

q 1/2
[Z b ,-|) denotes the Euclidean norm for the vector b'. De-
j=1

note by supp(B) ={i€{l,---,p}: b' # 0} the nonzero rows of
B with size |supp(B)|.

2 Inference procedure via two-step pro-
jection estimator

2.1 Model setting

Consider the multi-task learning problem with a high-dimen-
sional multi-response linear regression model

y=B'x+e, (1)

where y =(y,,---,y,)" is a g-dimensional response vector,
B=@®",-,b"") = (b, ,b,) = (b;;) € R is the unknown
coefficient matrix, x = (x,,...,x,)" is the p-dimensional cov-
ariate vector, and e is the g-dimensional error vector, which is
independent of x. Following Li et al.””], the dimension p is al-
lowed to be much larger than the sample size n, and the di-
mension ¢ is regarded as a fixed number in this paper.
Suppose we have n independent observations (x',y’):, from
(x,y) in model (1). Using the matrix notation, the multi-
response linear regression model (1) can be rewritten as

Y=XB+E, (2)
where Y =(y,,---,y,)€R”™ is the response matrix,
X=(x, - .,x,)eR™ is the design matrix, and

E = (e, - ,e,) = (e;,;) € R™ is the random error matrix that is
independent of X. Without loss of generality, we assume that
e, ;s are independent and identically distributed random vari-
ables with mean zero and variance 0.

We aim to construct confidence intervals for the coeffi-
cients in B. Different from the classical assumption that B is
row-sparse, we allow B to have a more complex sparsity
structure. More specifically, we first establish the relation-
ship between the distance correlation™ > and sparsity struc-
ture. Define the population quantity

w; = dcorr’(x;,y)

with 1 <i< p for the effects caused by b'. Here, the distance
correlation dcorr(u,v) between two random vectors u € R*
and v € R* is defined as

deorr(u,v) = dcov(u,v)

Vdcov(u,u)dcov(v,v)

with the distance covariance defined as
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where the constant ¢, = m for d=d,d, and

fu(t,8), f.(t) and f,(s) are the characteristic functions of
(u,v), u and v, respectively. Please refer to Ref. [26] for more
details about the distance correlation.

Because dcorr(u,v) = 0 if and only if # and v are independ-
ent, we establish the following relationship between the popu-
lation quantity w; and the structure of B:

w=0eb=0, 1<i<p.

Similar to Li et al.”!, we regard x; as an important predict-
or if w; > cn™, where ¢ >0 and 0 <« < 1/2 are some con-
stants. Moreover, we define S, as follows to contain the in-
dices of all important predictors:

Sa={ief{l,---,p}:w; =cn™}.

The indices of the rest of the unimportant predictors are col-
lected by S¢. Correspondingly, any b' with i € S, is regarded
as an important signal in the form of a vector, while any b’
with i € §¢ is treated as a weak signal.

2.2 Two-step projection estimator

By borrowing ideas from Li et al.”, the proposed estimator is
constructed in a row-wise manner, i.e.,

. zY
b= 3)

Z;X;

for any je{l,---,p}, where the two-step projection residual
vector z; is defined by the following two-step procedure:

Step 1: Given a prescreened set S for those identifiable sig-
nals in B, we obtain the following residual vector by an exact
orthogonalization of x, against X;,;:

l/’ij) = (L = P X 4
where Ps,, = Xs, (X7, Xsv) "' X5

S\UY \G)
of the column space of X,
Step 2: Then, z; is constructed by the residual of lasso re-

; ) 5 ) :
gression of " against ., . That is,

z =y =yl Vi), )
where ¢ is the matrix composed of column vectors y;” for
keS8\{j}, and 9,(1,) is the lasso estimator depending on the
regularization parameter A;.

Based on the above two-step strategy, the two-step projec-
tion residual vector z; satisfies the following two properties:

(a) It is strictly orthogonal to X;,;, consisting of important
covariates.

(b) It is relaxed orthogonally to X;.,; consisting of other
covariates.

This kind of hybrid orthogonalization brings the benefit of
reducing the estimation bias of b/. To see this, plugging
model (2) to (3) yields

V(b= by = \n

is the projection matrix

z

E 71X,
L+ \/712 ——b".
Z]x, — z7jx,

Since property (a) shows that
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2x, =0 for keS\{j},
the above equality can be further rewritten as

zxk

Vb’ - b') = =

keS¢ k#j /

It is easy to see from the above that the influence generated
by these identifiable signals in $\{j} is eliminated from the
bias term of the estimation error.

Denote by 7, = ||z,ll/|z}x,|. Then the confidence interval of
b;, is constructed by

[ l},-,k -&'(1-a/2)b7;, 13_,-1,{ +&'(1-a/2)67; ] (6)

for any j=1,---,p and k=1,---,q, where ¢ denotes the
standard normal distribution function, « is the significance
level, and & is a consistent estimator of o. Following Cheva-
lier et al.” and Reid et al.”’), in this paper, we suggest the
cross-validation-based variance estimator

&° = median({d"" . _q)-
To be specific, fort=1,--,q,
=l /(n-3),

where &, is the rth column of E = Y — X B, with B, being the
multivariate group lasso estimator tuned by cross-validation,
and §= |supp(Ec\,)| means the number of nonzero rows of
B.,. A

Note that a prescreened set S for those identifiable signals
in B is necessary for the proposed method. In this paper, we
suggest utilizing DC-SIS™ to obtain a suitable prescreened
set § and we will provide the sure screening property of DC-
SIS in Proposition 1. In conclusion, the proposed method TPE
is summarized in Algorithm 1. However, we cannot guaran-
tee that all the truly important signals are retained in practice.
In view of this potential scenario, we alternatively propose a
variant two-step estimator based on the self-bias correction
idea.

Given a preliminary estimate such as the multivariate group

A ~ ~ T . .
lasso estimate B, = (b(‘JT, . ,bgT) , the variant two-step estim-

ator B, = (E‘VT, e I;C,T)T can be defined through each row as

o . G (Y-XB)

=bj+ ———, 1<j<p.
\ 0 ZIx/ SJsP

Some simple algebra shows that

Vb, - b)) =

keSekj / X

By introducing the preliminary estimate, we can see that

>, %( By < )Z IB* — Bl

keSekzj Y keSe k#j

vn

(max

If some truly important features are omitted in the prescreen-
ing step, the variant procedure can be a reliable choice since

the magnitude of the bias term depends on Zk o llb* — b
€S k]
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instead of the diverging term Z b

keSe k#

Algorithm 1 TPE algorithm

Require: X ¢ R, Y € R™, a prescreened set S, a signific-
ance level a;

2

B, argmin{”y_z% +/l||B||[2J};
E—Y-XB
Fortefl,---,q}, do

§ « Isupp(Bcy);

S e/ (n-5)

End for
6?2 «— median({&,}q...)
For je{l,---,p}, do

Z; < a two-step procedure described in Eqgs. (4) and

&)

LS

X,
IIZ_;II )
|Z,ij|,
Cl [ by~ (1—%)(77 b+ & (1—%)&7,]
End for
Ensure: CI, for j=1,---

J

,pandk=1,---,q

3 Theoretical properties

In this section, we provide statistical properties for the pro-
posed method TPE. First, we need to clarify some conditions
on the model.

Condition 1. The rows of X are independent and identic-
ally distributed (i.i.d.) from N(0,%}), and the eigenvalues of
0 =2"=(0,;) are bounded within the interval [1/L,L] for
some L > 1.

Condition 2.
Heefl,--,
rows of @.

Condition 3. s = o(max{n/log(p),n/s’}) with s=|S,|, and

D 181 = o(1/ Vlog(p)).

Condltlons 1 and 2 are the same as those in Ref. [24],
which provide theoretical guarantees for estimation and pre-
diction consistency in the two-step procedure. The first part
of Condition 1 is a common Gaussian assumption, which can
be relaxed to a general case such as sub-Gaussian. The second
part of Condition 1 assumes that the eigenvalues of @ are well
bounded from below and above, which is used for character-
izing the identifiability of the design matrix ¥ = in Eq. (5)
based on the bounded sign-restricted cone invertibility
factor”. Condition 2 imposes a typical constraint on the max-
imum column sparsity of @, which is needed to guarantee
consistent estimation in the two-step procedure.

Condition 3 entails the main contributions of the proposed
method. The first part of this condition allows the number of
identifiable signals s = o(max{n/log(p),n/s'}), which is much
weaker than o(y/n/log(p)) in Ref. [23]. Moreover, the order
of s can be much larger than o(n/log(p)) if s* < log(p). The
second part of Condition 3 imposes a constraint on the weak
signals in S, which is used to guarantee that the influence on

§' = max,, s; = o(n/log(p)), where s;=
pY ik # j,0;, #0} is the sparsity with respect to
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the weak signals cannot break the inference procedure. Next,
the following definition characterizes the theoretical proper-
ties of a suitable prescreened set S.

Definition 1 (suitable set). $ iscalled a suitable pre-
screened set if it satisfies: (a) $ is independent of (X,Y); (b)
with probability at least 1—¢,,, S, C S and |S| = O(s), where
€., 1s asymptotically vanishing.

Definition 1 is similar to the definition of an acceptable set
in Ref. [24]. The first part of this definition is applied to elim-
inate the dependence between S and the proposed estimator,
which can be achieved by the common sample splitting tech-
nique. The second part of this definition assumes the sure
screening property of S, which can be justified by the follow-
ing proposition.

Proposition 1. Under Condition 1, there exists a constant
¢, > 0 such that

P{S, c 8} > 1 —O(sexp{—con" ")),

where § is obtained by the sure independence screening pro-
cedure based on the distance correlation®’.

In what follows, we present the main theoretical results of
the proposed approach.

Theorem 1. Part a: Assume that S satisfies Definition 1.
The proposed two-step projection estimator satisfies

Vn(B-B)=A+4,

A, ~N(0,0°0,,) with 8,;=n7

forany j=1,...,p, where A; denotes the jth row of A.
Part b: Further assume that Conditions 1-3 hold. For some

constants € >0 and 6> 1, let A, =(1+¢€)+/26log(p)/(n6;;)
with j=1,...,p, where 4; is the regularization parameter in
Eq. (5). Then, for any j=1,...,p, with probability at least
1-¢,,—o(p'’), we have

I4ll,. =o(1) and lim7;n'” = 9;;/2.

The first part of Theorem 1 presents that the error
V(B - B) can be decomposed into a Gaussian term A with
zero mean and a bias term 4. The second part of this theorem
shows that the bias term 4 is asymptotically negligible with
high probability. In particular, we prove that 9;/,2 converges to
6, with asymptotic probability one, which ensures the ef-
fectiveness of the inference in terms of the length of the con-
fidence interval. It is worth noting that the product of the
noise term 7, and n'” converges to the same constant as that
of the estimator in Ref. [23] with asymptotic probability one.
Since the noise factor is proportional to the variance of the es-
timator, the lengths of the confidence intervals for the two es-
timators are theoretically equal. Based on the conclusion in
this theorem, we immediately obtain the asymptotic proper-
ties for all elements of the proposed two-step projection es-
timator, as shown in the following corollary.

Corollary 1. Under the conditions in Theorem 1, with a
given significance level @, we further have

limP —‘/ﬁlf”'* “bul ¢ o (1 - g) =l-a
0]/20_ 2

n—oo e
JJ
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forany j=1,---,pandk=1,---,q.

Note that Corollary 1 still holds if the noise level o is re-
placed by a consistent estimator . Therefore this corollary
provides theoretical guarantees for the constructed confid-
ence interval in (6).

4 Simulation studies

In this section, we conduct simulation studies to investigate
the performance of the proposed method compared with the
generalization of LDPE™ for multi-task regression™” (de-
noted by MLDPE for simplicity). The implementation of B,
with ¢,, group regularization is performed via the R package
RMTL®. Based on B, we obtain a consistent estimator &
for o by applying the method stated in Section 2.2. Moreover,
DC-SIS™ is utilized to obtain a suitable prescreened set S for
those important predictors. To accurately control the size of S,
we take the least squares estimates on the subsets of $§ and
then use a BIC-type criterion®” to choose the best subset.

In terms of the generation methods of the design matrix
and error matrix, we conduct some simulations based on the
following two models in both the sparse setting and the ap-
proximately sparse setting.

Model 1: The rows of the design matrix X are sampled as
independent and identically distributed copies from N(0,ZXy),
where Xy = (0.5""),,,. The error items of E are independent
and identically distributed N(0,0?) with o~ = 1.

Model 2: The entries of the design matrix X =(x;;) are
Bernoulli random variables with a success probability of 0.8.
All the columns of X are centered to have zero mean. The
entries of E are generated from a z-distribution with 10 de-
grees of freedom.

We set the number of responses ¢ = 200. Then, the sample
size n, the number of predictors p and the coefficient matrices
B in different settings are constructed as follows:

Sparse setting: We set (n,p)=(100,200),(150,400),
(200,800), respectively. Similar to Ref. [31], the elements in
the first five rows of B are drawn from a uniform distribution
on [-5,-1]U[1,5], and the elements in other rows are set to
be 0.

Approximately sparse setting: We set (n, p) = (100,400),
(150,600), (200, 1000), respectively. Similar to Refs. [22, 24],
the jth important signal satisfies ||b/|| =34, with
Ay = V2log(p)/n for  j=40, 80, 120, 160, 200, and
[16/]] = 34,/ j* for all other j. More specifically, to generate
the jth row of B with ||b/|| = 34,,,, we first generate a g-
dimensional vector v =(v,,...,v,) with items v, ~U[0,1],
k=1,...,q. Then, we normalize v such that |jv|]| = 1. Finally,
we set b/ = 31,,,v.

The primary purpose of our simulation is to yield the 95%
confidence intervals for the regression coefficients B. In each
setting, we run 100 replications and calculate the same three
performance measures as those in Ref. [24]: the average cov-
erage probability for all regression coefficients (CPA), the av-
erage coverage probability for important coefficients (CPI),
and the average length of confidence intervals for all regres-
sion coefficients (Length).

Tables 1 and 2 summarize the results for the two methods
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Table 1. Comparison of performance measures for two methods in the sparse setting.
Model Method TPE MLDPE TPE MLDPE
6 =1.006 6 =1.000
CPA 0.9508 (0.0064) 0.9531 (0.0041) 0.9498 (0.0016) 0.9512 (0.0019)
Model 1 CPI 0.9474 (0.0104) 0.8516 (0.0331) 0.9471 (0.0088) 0.8480 (0.0212)
Length 0.4323 (0.0114) 0.4200 (0.0111) 0.4297 (0.0021) 0.4172 (0.0029)
Case 1: n =100, p = 200,g = 200 PR o0
CPA 0.9711 (0.0058) 0.9742 (0.0047) 0.9191 (0.0094) 0.9254 (0.0086)
Model 2 CPI 0.9699 (0.0088) 0.9584 (0.0131) 0.9180 (0.0133) 0.8948 (0.0274)
Length 0.5059 (0.0306) 0.4926 (0.0296) 0.4027 (0.0000) 0.3921 (0.0000)
6 =1.024 6 =1.000
CPA 0.9550 (0.0010) 0.9551 (0.0013) 0.9498 (0.0010) 0.9501 (0.0000)
Model 1 CPI 0.9570 (0.0068) 0.8732 (0.0267) 0.9519 (0.0075) 0.8647 (0.0259)
Length 0.3535(0.0028) 0.3534 (0.0028) 0.3455 (0.0000) 0.3455 (0.0000)
Case 2: n =150, p = 400, g = 200 PRPPY 000
CPA 0.9749 (0.0030) 0.9755 (0.0029) 0.9191 (0.0056) 0.9202 (0.0051)
Model 2 CPI 0.9735 (0.0085) 0.9678 (0.0092) 0.9115 (0.0122) 0.9035 (0.0144)
Length 0.4112 (0.0108) 0.4114 (0.0139) 0.3198 (0.0000) 0.3201 (0.0000)
0 =1.039 ¢ =1.000
CPA 0.9581 (0.0019) 0.9563 (0.0019) 0.9499 (0.0014) 0.9478 (0.0012)
Model 1 CPI 0.9606 (0.0076) 0.8863 (0.0090) 0.9536 (0.0069) 0.8736 (0.0112)
Length 0.3117 (0.0010) 0.3124 (0.0036) 0.2997 (0.0000) 0.3005 (0.0000)
Case 3: n =200, p = 800,q = 200
6=1.279 6 =1.000
CPA 0.9752 (0.0029) 0.9749 (0.0026) 0.9213 (0.0051) 0.9207 (0.0057)
Model 2 CPI 0.9769 (0.0049) 0.974 (0.0044) 0.9245 (0.0076) 0.9158 (0.0104)
Length 0.3544 (0.0132) 0.3546 (0.0130) 0.2760 (0.0000) 0.2762 (0.0000)

in different settings. Clearly, the results in the sparse setting
and approximately sparse setting are similar. In Gaussian set-
tings, it can be seen from CPA (or CPI) that the average cov-
erage probabilities for all regression coefficients (or import-
ant coefficients) of the proposed method are approximately
95%, while the average coverage probabilities for all regres-
sion coefficients (or important coefficients) of MLDPE devi-
ate from 95% slightly. In view of Length, the average lengths
of the confidence intervals for the two methods are roughly
the same. In non-Gaussian settings, the performance of both
TPE and MLDPE tends to worsen.

In each setting, we further set 6 =1 to calculate perform-
ance measures for comparison. We can see that the perform-
ance of the proposed method remains stable, while the per-
formance of MLDPE fluctuates slightly. In summary, the pro-
posed method outperforms MLDPE in both the sparse setting
and the approximately sparse setting.

5 Application to TCGA-OV data

The Cancer Genome Atlas (TCGA) is a cancer genomics pro-
gram incorporating clinical data on human cancers and tumor
subtypes, including aberrations in gene expression, epigenet-
ics (miRNAs, methylation), and protein expression. In this
section, we apply our methodology to the ovarian serous cyst-

0403-5

adenocarcinoma (TCGA-OV) data downloaded from the
TCGA website”. We regarded the miRNA expression quanti-
fication obtained by the miRNA-seq experimental strategy as
predictors, and protein expression quantification using the re-
versed-phase protein array technique as responses. Our goal is
to explore the regulatory effect of miRNA on protein expres-
sion in ovarian cancer.

After preliminary data processing, the number of miRNAs
was reduced to 1530, and the number of proteins was 216.
Then, we utilize the DC-SIS method to perform feature
screening on the predictors, select the first 400 important
miRNAs as predictors, and choose the first 50 proteins with
larger variance as response variables. Finally, we obtained
n =300 common samples with p =400 miRNAs as predict-
ors and ¢ = 50 proteins as responses. It is worth noting that
both predictors and responses are centered and normalized to
have zero mean and a common ¢,-norm /n.

By applying the proposed method, we obtain 95% confid-
ence intervals for all unknown coefficients. As a result, the
top 45 important miRNAs are selected in Table 3, 32 of
which highlighted in bold are also chosen by MLDPE. These
selected miRNAs play important regulatory roles in cancer.
For example, compared to normal ovaries, some miRNAs are

@ https://portal.gdc.cancer.gov/.
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Table 2. Comparison of performance measures for two methods in the nonsparse setting.
Model Method TPE MLDPE TPE MLDPE
6=1.118 6 =1.000
CPA 0.9683 (0.0095) 0.9686 (0.0103) 0.9474 (0.0013) 0.9480 (0.0013)
Model 1 CPI 0.9677 (0.0102) 0.9671 (0.0122) 0.9443 (0.0059) 0.9458 (0.0054)
Length 0.4664 (0.0323) 0.4616 (0.0318) 0.4172 (0.0012) 0.4129 (0.0011)
Case 1: n =100, p =400,q = 200
6 =1.290 6 =1.000
CPA 0.9760 (0.0048) 0.9756 (0.0050) 0.9208 (0.0097) 0.9202 (0.0094)
Model 2 CPI 0.9754 (0.0050) 0.9759 (0.0048) 0.9250 (0.0108) 0.9239 (0.0112)
Length 0.5109 (0.0235) 0.5058 (0.0232) 0.3961 (0.0000) 0.3921 (0.0000)
6 =1.049 6 =1.000
CPA 0.9578 (0.0022) 0.9577 (0.0024) 0.9484 (0.0012) 0.9481 (0.0013)
Model 1 CPI 0.9573 (0.0057) 0.9558 (0.0073) 0.9502 (0.0055) 0.9463 (0.0048)
Length 0.3581 (0.0053) 0.3583 (0.0052) 0.3428 (0.0000) 0.3429 (0.0000)
Case 2: n =150, p = 600, g = 200
6 =1.307 6 =1.000
CPA 0.9767 (0.0063) 0.9765 (0.0065) 0.9198 (0.0055) 0.9197 (0.0055)
Model 2 CPI 0.9746 (0.0072) 0.9740 (0.0073) 0.9162 (0.0102) 0.9173 (0.0102)
Length 0.4184 (0.0335) 0.4183 (0.0332) 0.3203 (0.0000) 0.3201 (0.0000)
6 =1.045 6 =1.000
CPA 0.9580 (0.0024) 0.9582 (0.0023) 0.9485 (0.0000) 0.9487 (0.0000)
Model 1 CPI 0.9581 (0.0073) 0.9582 (0.0077) 0.9500 (0.0066) 0.9502 (0.0066)
Length 0.3132 (0.0041) 0.3132 (0.0041) 0.2997 (0.0000) 0.2998 (0.0000)
Case 3: n =200, p = 1000, q = 200
6 =1.345 6 =1.000
CPA 0.9783 (0.0035) 0.9781 (0.0035) 0.9132 (0.0051) 0.9127 (0.0051)
Model 2 CPI 0.9774 (0.0050) 0.9768 (0.0049) 0.9093 (0.0110) 0.9102 (0.0080)
Length 0.3726 (0.0159) 0.3727 (0.0158) 0.2771 (0.0000) 0.2772 (0.0000)
Table 3. 45 miRNAs selected by TPE. The miRNAs also selected by MLDPE are highlighted in bold.
hsa-mir-486-2 hsa-mir-181a-2 hsa-mir-16-1 hsa-mir-24-1 hsa-mir-769
hsa-mir-26a-1 hsa-mir-214 hsa-mir-16-2 hsa-mir-130a hsa-mir-130b
hsa-mir-125b-1 hsa-mir-99a hsa-mir-9-1 hsa-mir-22 hsa-mir-377
hsa-mir-194-2 hsa-mir-101-2 hsa-mir-508 hsa-mir-21 hsa-mir-1247
hsa-mir-26a-2 hsa-mir-200a hsa-mir-605 hsa-mir-30c-2 hsa-mir-132
hsa-mir-199a-1 hsa-mir-24-2 hsa-mir-766 hsa-mir-29a hsa-mir-433
hsa-mir-486-1 hsa-mir-365b hsa-mir-378¢ hsa-mir-150 hsa-let-7f-2
hsa-mir-30c-1 hsa-mir-181a-1 hsa-mir-654 hsa-mir-223 hsa-mir-182
hsa-mir-509-3 hsa-mir-127 hsa-mir-378a hsa-mir-432 hsa-mir-493

dysregulated in ovarian cancer. It is worth noting that the im-
portance is reflected by the magnitude of the sum of absolute
values for these estimated coefficients over all 50 proteins.
Among these selected miRNAs, hsa-mir-182, hsa-mir-200a,
hsa-mir-223, and hsa-mir-16 are upregulated, and hsa-mir-
432, hsa-mir-493, hsa-mir-9 and hsa-mir-377 are downregu-
lated'*?. Due to the dysregulation of these miRNAs, some of
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them could potentially be used as diagnostic biomarkers, in-
cluding hsa-mir-214 and hsa-mir-21%%.

Experimental results show that the average length of con-
fidence intervals obtained by TPE method is 0.4372, while
MLDPE method yields the average length of 0.4136. It is
clear that the average lengths of both methods are around the
same level. The No.l miRNA chosen by both TPE and
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Fig. 1. Estimates of the unknown coefficients of miRNA hsa-mir-486-2 (red squares for TPE and black dots for MLDPE) and the corresponding 95%

confidence intervals (obtained by TPE) over all 50 proteins.

MLDPE is hsa-mir-486-2, which was also identified as a po-
tential biomarker for lung adenocarcinoma’. For the un-
known coefficients of hsa-mir-486-2, Fig. 1 displays their es-
timates and the corresponding 95% confidence intervals over
all 50 proteins, which further justifies the important regulat-
ory roles of hsa-mir-486-2.

6 Conclusions

In this paper, we develop a new inference methodology based
on the two-step projection estimator (TPE) in high-
dimensional multi-task regression. The proposed estimator is
established in a row-wise manner, which has the benefit of re-
ducing the estimation bias induced by these important signals.
In addition, we provide strict theoretical guarantees for our
method, including asymptotic normality and corresponding
confidence intervals. Moreover, the numerical results of the
proposed method indicate that the proposed method works
quite well. Specifically, we apply this approach to an ovarian
cancer dataset and identify several miRNAs that are closely
associated with protein expression levels. Results demon-
strate that these miRNAs can potentially serve as biomarkers
in disease research, aiding in the diagnosis of the ovarian
cancer.

It would be interesting to extend our method to more gen-
eral settings, such as multi-response linear regression models
with measurement errors and generalized linear models. It is
also of interest to build a relationship between the two-step
projection technique and the partially penalized procedure in
high-dimensional multi-response settings. These generaliza-
tions are interesting topics for future research.
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The proof of Proposition 1 is similar to that of Theorem 1 in Ref. [25]. We first verify whether Conditions (C1) and (C2) re-
quired by Theorem 1 of Ref. [25] still hold in this paper. Since both x and e obey the multivariate normal distribution, we can de-
duce that x and y have a multivariate normal distribution because x is independent of e. Thus, Condition (C1) in Ref. [25] still
holds in the framework of this paper. Recall that S, is defined as follows to contain the indices of all important predictors:

Sa={ie{l,---,p}:w >cn™},

where ¢ > 0 and 0 < k < 1/2 are some constants. As a result, Condition (C2) in Ref. [25] also holds in this paper.
Based on the above facts, applying the second conclusion of Theorem 1 in Ref. [25] yields

P{S, c 8§} > 1 - O(s[exp{—c,n' ) + nexp{—c,n’}])

for any 0 <y <1/2-«k, where ¢, and ¢, are some positive constants. Similar to Ref. [25], by choosing the optimal order
y=(1-2x)/3, we further have P{S, S} > 1-O(sexp{—con'?}) with constant ¢, >0, which completes the proof of
Proposition 1.

A.2  Proof of Theorem 1

Under the conditions in Theorem 1, we can deduce that the theoretical properties of z; are the same as those in Ref. [24]. There-
fore, the details for deriving the properties of z; are omitted here. We proceed to prove the main results in Theorem 1. For any

T
J

T 0
Z;X;

je{l,---,p}, in view of the definition b=

plugging model (2) to (3) yields
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7 xb' +E) .
. , Zix ; ,
V(b b = V| —— b’ —WZ e VL~ b,

ZjX; X

With the aid of z]x, =0 for ke $\{j}, some simple algebra shows
— Z/x
V(b - b’) = kw f%kA
k#j ’ X; keSe kxj 2%

where A, and 4. are the jth row of A and 4, respectively. In what follows, we introduce the properties of A and A in the follow-
ing two parts.

~N(0.6,,0°), or E"z, ~ N(0,|z,|0>1

I,.,), equivalently. The proof is sim-

. . ZJE

Part 1: In this part, we will prove that A, = Vn— -

Z;X;

ilar to that of Proposition 2.1 in Ref. [23]. Clearly, E"z; is a Gaussian vector and its mean is 0, we then only need to prove that
the covariance of E"z; equals ||z,|[0”’1,.,. By the definition of covariance, it follows that

cov(E'z;) =E(E"z,z; E) - E(E"z,)B(z E) = E(E" 2,z  E) := [M"] .

Then, for any 1 <t, 1 < ¢, some simple algebra gives

Mf? = E(uITEszz]T,Eu/) = E(efzjz;e,/) = E(Z}e,' e,sz) = Zj,lE(el,t'el,t)Zj.] +.. +Zj,nE(3n,z’ en,t)zj.n'

where z; = (z;,,-*+,z.)", and u, = (0,---,0, 1 ,0---,0)" is a unit column vector. Since e’ ~ N(0,0°1,,,), we can derive that

~—— qxq
ith
2 -
o, 1=t1;
cov(e e, ) = {0 t21

Thus, if f = £, combining the above results shows
n
0 2 2 _ 2 2
MY =20 =iz o,
i=1

which further entails A;. ~ N (0,@_ ;0°1). It completes the proof of this part.
Part 2: In this part, we will prove that ||4||,, . = o(1) with asymptotic probability one. For any 1 < j < p, it follows that

Z = SR )ankn

keSekzj I keSe

4,1l = Vn < \/_(max

ke§e k)

In view of the properties of z; in Ref. [24], for sufficiently large n and 6 > 1, it follows that

T

Z/x
P4 max

keS<kej| 27X

log(p)/n} 2 1-0(p"),

where C is a positive constant.
Denote by events

E={5,cS} and & = {max

ke$e k)

<C Vlog(p)/n}

Our theoretical analysis will depend on the event &, = ENE.. It follows from the definition of the suitable prescreened set S that

PE)=1-PEUVE) 2 1-PE)-PE) > 1-¢,—0(p').

Z

In view of ZA . IB*]] = o(1/ 4/log(p)) in the second part of Condition 3, combining the above results yields
I4ll.... = max{i4; || < V- C flog(p)/n-o(1/ \log(p)) = o(1)
<j<p

with probability at least 1 —¢,, —o(p'™).
In addition, the convergence of 7;n'
pletes the proof of Theorem 1.

is essentially the same as that of Ref. [24]. Therefore, it is omitted here. Finally, it com-
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